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MATHEMATICAL PHYSICS
A. D. SUKHANOV

ON THE QUESTION OF THE CONNECTION
BETWEEN OPERATORS IN THE HEISEN-
BERG AND INTERACTION REPRESENTA-
TIONS
(Presented by Academician N. N. Bogolyubov on 7 III 1962)

1. In the Hamiltonian formalism there exists the following relation (1,2) be-
tween operators in the Heisenberg and interaction representations:

𝐹(𝑥) = 𝑆+(𝜎, −∞)𝐹in(𝑥)𝑆(𝜎, −∞) = 𝑆(∞, 𝜎)𝐹out(𝑥)𝑆+(∞, 𝜎), (1)

where 𝐹out(𝑥) (or 𝐹in(𝑥)) is an operator in the interaction representation, and
𝑆(∞, 𝜎) (or 𝑆(𝜎, −∞)) is the Dyson matrix (3), which becomes the 𝑆-matrix
as 𝜎 → −∞ (or 𝜎 → ∞).

In (4) it was established that the definition of the Heisenberg field 𝐴(𝑥) contains
a finite arbitrariness, which may be connected both with the arbitrariness in
the 𝑇 -product (5) for a given 𝑆-matrix in the whole momentum space, and with
the arbitrariness in defining the 𝑆-matrix off the energy surface. It is natural to
expect that this arbitrariness, in accordance with (1), should find some reflection
in the definition of 𝑆(∞, 𝜎).
Therefore it is of interest, assuming that a finite 𝑆(∞, 𝜎) exists, to investigate
formula (1) in the lowest orders of perturbation theory in order to clarify the
nature of possible ambiguities in 𝑆(∞, 𝜎). For this purpose we shall use the
formal expression

𝑆(∞, 𝜎) = 𝑇 exp {−𝑖 ∫
∞

𝜎
𝐻out(𝑥′; 𝜎′) 𝑑𝑥′} , (2)

where 𝐻out(𝑥; 𝜎) is the effective interaction Hamiltonian (6). However, the
subsequent results in fact do not depend on the still unresolved question of
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the finiteness of expression (2), since below we use it only in first order, where
this question does not arise. A preliminary study (6) of it showed that, if a finite
expression of the form (2) is obtained, the coefficient functions of 𝑆(∞, 𝜎) will
contain arbitrariness (for a given 𝑆-matrix in the whole momentum space) only
beginning with the second order. One may also hope (6) that for the Thirring
field the arbitrariness in the coefficient functions of 𝑆(∞, 𝜎) of any order is
absent. At the same time (4), arbitrariness in the definition of the field 𝐴(𝑥)
occurs in any theory and, moreover, even in first order.

2. Let us consider the case of a neutral scalar self-interacting field. In (4) an
expression was obtained for the field 𝐴(𝑥) of the form

𝐴(𝑥) = 𝑇 (𝜑out(𝑥)𝑆)𝑆+ =

= 𝜑out(𝑥) + ∫ 𝐷adv(𝑥 − 𝑦)𝐽(𝑦) 𝑑𝑦 + 𝑃(□𝑥)𝐽(𝑥), (3)

where 𝑃(□𝑥) is a polynomial in powers of □𝑥 with arbitrary real coefficients. If,
in accordance with the generally accepted procedure, we pass in (3) from the
𝑆-matrix to 𝑆(∞, 𝜎), regarding, by definition, such a passage as unambiguous,
then we obtain

𝐴(𝑥) = 𝑇 (𝑆(∞, 𝜎)𝜑out(𝑥)𝑆(𝜎, −∞))𝑆+ = 𝑆(∞, 𝜎)𝜑out(𝑥)𝑆+(∞, 𝜎). (4)

Expanding formally the right-hand side of (4), being guided here by the known
rules for expanding expressions of the form 𝑆𝜑out(𝑥)𝑆+, we obtain, to first order,

𝐴(𝑥) = 𝜑out(𝑥) + 𝑒 ∫ 𝐷adv(𝑥 − 𝑦)𝑗(𝑦) 𝑑𝑦. (5)

Thus, although the transition from (3) to (4) leads to a formula of the form (1),
the formal handling of 𝐴(𝑥) of the form (4) leads to the loss of the product in
the expression for the field (see (5)).

The simplest way to eliminate the contradiction between (3) and (5) is to include
the product in the coefficient functions 𝑆(∞, 𝜎) of first order by replacing 𝑒𝑗(𝑥)
by 𝑒[𝑗(𝑥) − 𝑃 (□𝑥)𝐾𝑥𝑗(𝑥)], where 𝐾𝑥 ≡ □𝑥 − 𝑚2. Then, instead of (5), from (4)
we obtain

𝐴(𝑥) = 𝜑out(𝑥) + 𝑒 ∫ 𝐷adv(𝑥 − 𝑦)𝑗(𝑦) 𝑑𝑦 + 𝑒𝑃(□𝑥)𝑗(𝑥), (6)

which is in agreement with the first order of (3). It is not hard to see, how-
ever, that the presence in 𝑆(∞, 𝜎) of such a product corresponds to different
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definitions of the 𝑆-matrix off the energy surface, i.e., to only one possible in-
terpretation(4) of the product in the definition of the field 𝐴(𝑥). Meanwhile the
question of greatest interest is what product is possible in 𝑆(∞, 𝜎) for a fixed
definition of the 𝑆-matrix in the entire momentum space, which would corre-
spond to the possibility of different definitions of the 𝑇 -product in (3)(4). Such
a product cannot be included in the coefficient functions 𝑆(∞, 𝜎) of first order,
so that it is necessary to clarify the meaning of the formal transition from (4)
to (5).

The point is that the 𝑆-matrix is defined in the entire momentum space if its
coefficient functions are integrable in some class of smooth functions. But when
the results of multiplying the 𝑆-matrix by other quantities, for example by
𝜑out(𝑥), are expanded, products of generalized functions may arise which are
not always integrable in the same class of functions. In particular, it is known
that products of the form 𝑆𝜑out(𝑥) are defined, and for the 𝑆-matrix a product
arises only when expanding products of the form 𝑇 (𝑆𝜑out(𝑥))(4).

However, in the case of the Dyson matrix it is necessary to take into account that
its coefficient functions are integrable in a narrower class of functions. Therefore,
already when expanding the product 𝑆(∞, 𝜎)𝜑out(𝑥) a product arises, since here
we encounter the multiplication of 𝐷−(𝑦−𝑥) by 𝜃(𝑦0−𝑥0) (for simplicity we take
the surface 𝜎 to be plane). In other words, if the definition of 𝜑out(𝑦)𝜑out(𝑥) is
fixed, then for the indeterminate expression appearing in the expansion of (4)
we may introduce the definition

𝜃(𝑦0 − 𝑥0)𝜑out(𝑦)𝜑out(𝑥) = 1
𝑖 𝜃(𝑦0 − 𝑥0)𝐷−(𝑦 − 𝑥) + 1

2𝑖𝑃(□𝑥)𝛿(𝑥 − 𝑦). (7)

If it is used in expanding the right-hand side of (4), then without difficulty we
obtain expression (6), which agrees with (3).

Thus, the product noted in (4) in the definition of the field (for fixed 𝑆-matrix)
in first order of perturbation theory and for all theories can be connected only
with a product of the form (7) in the definition of the ordinary contraction
between 𝑆(∞, 𝜎) and 𝜑out(𝑥).

3. Let us now turn to consideration of the relation of the form (1) between
the interaction Hamiltonians in two representations. According to (5), the
Hamiltonian in the Heisenberg representation has the form

𝐻(𝑥; 1) = −𝑇 (𝑆 ∫ 𝛿ℒ(𝑦; 𝑔)
𝛿𝑔(𝑥) ∣

𝑔=1
𝑑𝑦) 𝑆+ ≡ 𝑇 (𝑆𝐻out(𝑥; 1)) 𝑆+, (8)

where ℒ(𝑦; 𝑔) is the effective interaction Lagrangian (5).

Since H(𝑥; 1), in contrast to the field 𝐴(𝑥), is a quantity connected with exper-
iment, it makes sense to consider (8) only when the 𝑇 -product is fixed. Here,
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however, another interesting problem arises. It is easy to see that Hout(𝑥; 1) does
not coincide with the effective Hamiltonian obtained in (6) in the interaction
representation,

Hout(𝑥; 𝜎) = − lim
𝑔→𝜃𝜎

∫ 𝛿ℒ(𝑦; 𝑔)
𝛿𝑔(𝑥) 𝑔′(𝑥) 𝑑𝑥0𝑑𝑦,

on which 𝑆(∞, 𝜎) in (2) depends. Thus it turns out that several Hamiltonians
in the interaction representation may correspond to one H(𝑥; 1), which would
be strange if one did not allow the existence of a certain operation connected
with multiplication by 𝑆(∞, 𝜎).
It should be noted in this connection that the expressions for Hout(𝑥; 1) and
Hout(𝑥; 𝜎) are not completely equivalent. For example, Hout(𝑥; 1) contains no
terms depending quadratically on the normals, and cannot stand in the Tomon-
aga–Schwinger equation (1) for theories with derivative couplings (7). Moreover,
if one admits the existence of an expression for 𝑆(∞, 𝜎) of the form (2), then us-
ing in it Hout(𝑥; 1) instead of Hout(𝑥; 𝜎) would lead to a violation of the internal
closure of Bogoliubov’s method (5), for then, even to obtain a finite 𝑆-matrix,
one would have to use a definition of the 𝑇 -product different from that already
fixed in (8).

On the other hand, transforming (8) by analogy with the transformation of
expression (3), we arrive (in accordance with (1)) at the expression

H(𝑥; 1) = 𝑆(∞, 𝜎) Hout(𝑥; 1) 𝑆+(∞, 𝜎), (9)

from which the impression is created that the “true”Hamiltonian in the inter-
action representation is Hout(𝑥; 1). However, from the preceding it is clear that
expression (9) is undefined until the rules for multiplying 𝑆(∞, 𝜎) by Hout(𝑥; 1)
have been fixed in it.

In this connection let us consider (9) to accuracy through second order, for
which it is sufficient to use 𝑆(∞, 𝜎) to first-order accuracy. Then it is not
difficult to show that one and the same expression for H(𝑥; 1) can be obtained
by consistently choosing the Hamiltonian in the interaction representation and
the rules for multiplying 𝑆(∞, 𝜎) by it.

It should only be emphasized that if above, in the case of the field 𝐴(𝑥), it was
sufficient to define the multiplication of 𝜑out(𝑦)𝜑out(𝑥)⏟⏟⏟⏟⏟⏟⏟ by the 𝜃-function, for
example in the form (7), then in the present case, even if we somehow define
𝜃(𝑦0 − 𝑥0) 𝜑out(𝑦)𝜑out(𝑥)⏟⏟⏟⏟⏟⏟⏟, products of a larger number of ordinary contractions
by a 𝜃-function will still remain undefined.

As an example let us consider a theory with ℒ(𝑥) = 𝑒 ∶ 𝜑4(𝑥) ∶. Then from (8)
we have

H(𝑥; 1) = Hout(𝑥; 1) + 𝑖 ∫[ℒ(𝑥)ℒ(𝑦) − 𝑇 (ℒ(𝑥)ℒ(𝑦))] 𝑑𝑦. (10)
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In order to obtain an analogous expression from (9), it is necessary to introduce
definitions of the form

𝜃(𝑦0 − 𝑥0) 𝜑out(𝑦)𝜑out(𝑥)⏟⏟⏟⏟⏟⏟⏟ = 1
𝑖 𝜃(𝑦0 − 𝑥0)𝐷−(𝑦 − 𝑥) (11)

and so on. However, even for formula (9) with Hout(𝑥; 1) as the Hamilto-
nian in the interaction representation, such simple definitions cannot always
be used. In particular, in scalar electrodynamics H(𝑥; 1) contains the term
2𝑒2 ∶ 𝜑∗(𝑥)𝜑(𝑥)[𝑛𝛼𝐴𝛼(𝑥)]2 ∶ by virtue of the corresponding definition of the
𝑇 -product (7). In this case, in order to obtain H(𝑥; 1) from (9), it is necessary
to use the definition

𝜃(𝑦0 − 𝑥0) 𝜕𝜑
𝜕𝑦𝛼

𝜕𝜑∗

𝜕𝑥𝛽⏟
= 1

𝑖 𝜃(𝑦0 − 𝑥0)𝜕2𝐷−(𝑦 − 𝑥)
𝜕𝑦𝛼𝜕𝑥𝛽 − 1

2𝑖𝑛𝛼𝑛𝛽𝛿(𝑥 − 𝑦). (12)

An even greater arbitrariness must be introduced into the definitions of products
of contractions in the case where, in a formula of the form (9), 𝐻out(𝑥; 1) is
replaced by 𝐻out(𝑥; 𝜎). Only formula (11) remains valid. To define the product
of two contractions on the 𝜃-function, however, it is necessary to use the formula

𝜃(𝑦0−𝑥0) 𝜑out(𝑦)𝜑out(𝑥)⏟⏟⏟⏟⏟⏟⏟ 𝜑out(𝑦)𝜑out(𝑥)⏟⏟⏟⏟⏟⏟⏟ = − 1
𝑖2 𝜃(𝑦0−𝑥0)𝐷−(𝑦−𝑥)𝐷−(𝑦−𝑥)+ 1

4𝑖𝐵 ∶ 𝜑2(𝑥)𝜑2(𝑦) ∶ 𝛿(𝑥−𝑦),
(13)

where 𝐵 is a logarithmically divergent coefficient (5). Analogous formulas also
hold for products of three and four contractions of fields on the 𝜃-function. Let us
only note that, when defining expressions of the form 𝜃(𝑦0 − 𝑥0)𝜑out(𝑥)𝜑out(𝑦),
the additional terms must be introduced with the opposite sign, which also
applies to formula (7).

Thus, both 𝐻out(𝑥; 1) and 𝐻out(𝑥; 𝜎) may be used in a formula of the form
(9). Consequently, at least in the second order, the concern disappears that the
presence in 𝐻out(𝑥; 𝜎) of counterterms (6) might lead to divergences in observable
quantities. Such quantities include 𝐻(𝑥; 1), and not 𝐻out(𝑥; 𝜎), and although
the coefficient functions 𝑆(∞, 𝜎) are assumed finite, while 𝐻out(𝑥; 𝜎) contains
(6) divergent coefficients, we can always define the rules for multiplying 𝑆(∞, 𝜎)
by 𝐻out(𝑥; 𝜎) in such a way that 𝐻(𝑥; 1) of the form (9) is finite.

4. Thus, it has been established that if the 𝑆-matrix in the entire momen-
tum space is specified uniquely, then 𝑆(∞, 𝜎), irrespective of the possible
arbitrariness in the coefficient functions of higher orders (6), contains a
significant arbitrariness associated with the possibility of fixing in differ-
ent ways the rules for multiplying 𝑆(∞, 𝜎) by operators in the interaction
representation.

In conclusion I express my gratitude to B. V. Medvedev and D. A. Slavnov for
a fruitful discussion.
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