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Abstract
Full Text

V. P. MIKHAILOV

ON RIESZ BASES IN £,(0,1)
(Presented by Academician I. G. Petrovskii on 23 I 1962)

A sequence ¢, (z),...,¢,(x),..., = € (0,1), from £4(0,1) is called a basis in
L45(0,1) if for every element f(z) € £5(0,1) there exists a unique expansion

f= o+t cppn + o, (1)
converging to f in the mean.

Following N. K. Bari (1), we shall call the basis ¢, ..., ¢,, ... a Riesz basis if
there exists a constant v > 1 such that, for every f(x) € £4(0,1), the inequalities

VYNl S UAP <Yl (2)
hold.

Consider the ordinary linear differential operator of order n

Wy) =y™ +py(2)y" Y + -+ p,(2)y, (3)

defined on the interval [0,1]. We shall assume that the coeflicients p,(z) are
summable on (0, 1) together with their derivatives up to order (n—s), s = 1,...,n.
We are interested in the problem of eigenfunctions of the operator I(y) under
the boundary conditions

u(y) = Uuo(y) + Uul(y) =0, v=1,..,n, (4)

(k,—1)

k, — k
U, 0 s U(y) = B 4 Byt s

kl/
lIO(y) = auy((] ) + @y k,—1Y0

|au|+|ﬁz/| 7& 0; n—12> kl > k2 =2 kn; ku+2 < ku; Yo =

The system adjoint to {¢; } is the system of eigenfunctions {¢} } of the operator
I*(y) (adjoint to I(y)) under the boundary conditions (4*), adjoint to the condi-
tions (4). (We note that ¢} corresponds to the eigenvalue A; = A\, where X, is
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the eigenvalue corresponding to ¢,.) In what follows, the functions ¢, and ¢},
will be assumed normalized so that (¢, ¢}) = 0y, k,j = 1,2, ...

The conditions (4) are called regular (27%) if certain determinants 6, and 6, for
odd n, and 6_;, 6, for even n, are nonzero ((*),p.51). We note that 6,6,,0_,
and hence also the regularity of the conditions (4), depend only on the coef-
ficients «,, and f,, v = 1,...,n, at the highest derivatives in the conditions

(4).

We shall say that the conditions (4) are strongly regular if they are regular
and, in addition, for even n, 62 # 46,60_,.

In (3) it was in fact established that the root functions {(, } of the operator I(y)
under strongly regular boundary conditions (4) form a basis in £4(0, 1).

The purpose of the present note is to prove the following assertion:
Theorem. The totality of root functions of the operator (3) under stren—
regular boundary conditions (4), forms a Riesz basis in the space £4(0,1).

Since, under the hypotheses of the theorem, the eigenvalues (except for a finite
number of them) are simple, it is clearly sufficient to carry out the proof of
the theorem for the case when all eigenvalues are simple and, thus, the root
functions coincide with the eigenfunctions.

In (%10) more general problems were considered for certain operators. As ap-
plied to our problem, the results of these papers, as well as of (11), are contained
in the theorem formulated above as special cases.

Let us note that the theorem remains valid also in the case when the coefficients
I(y) in (3) are, as in Birkhoff (?), analytic functions of A, and when, as in
Tamarkin (3), certain integral operators are added to the boundary conditions

(4).
The proof of the theorem is based on several lemmas.

Lemma 1. If the conditions (4) for the operator l(y) are regular (strongly
reqular), then the adjoint conditions (4*) for the adjoint operator I*(y) are also
reqular (strongly regular).

By a direct verification we see that the principal coefficients in the conditions
(4*) are determined only by the principal coefficients of (4). Therefore the proof
of Lemma 1 can be carried out by comparing the asymptotic formulas for the
eigenvalues A\, and \} as |k| — oo (%).

Consider, for f(£) € £5(0,00), the Hilbert transform (7)

P = [ HEE 9
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which is an analytic function of x for Imz > 0 and for Imz < 0. Denote by

the integral
[ 1R dp,
0

Lemma 2. For every ¢, F(x) € £5(0,00e¥), and for ¢ =0 (mod 7)

112, g i

||F||£2(o,ooew) = ||f“£2(0,oo)7

while for ¢ # 0 (mod )

™
11 2, (0,00e) < Tsing] 1£1 £, 0,00)-

If 1 = 0 (mod 7), then Lemma 2 is known (}). For what follows it is convenient
to introduce into consideration the kernel

N
Ky(z,8) = Z e (actif)ah—(y i)k, ©)

where IV is some natural number; «, 3,7, d are real numbers, « > 0, v > 0, and
B and ¢ are such that, when « =0, § = 27 or § = —27, and when v =0, § = 27
or 6 =—2m, xz € [0,1], £ € [0, 1].

Let f(z) € £4(0,1). Then
1
Fy(o) = [ Ky(o,0f©)d¢
0
is an analytic function of z for every N.

Lemma 3. There exists a constant C,, independent of N and of f(§), such
that

[En] < Coll£1- (7)

Ifa=v=0, and 8 = 4+27, § = +2m, then

FN(I) = ¢, + ¢ 627Tza: 4ot C2T”N$,

where ¢, = (f, eT27¢). Inequality (7) in this case is-
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is a simple consequence of Bessel’ s inequality for trigonometric series. Let
a >0, v > 0. Represent Fy(z) in the form

1 d 1 —(N+1)8(z,€)
Fvto = [ 25 - [ T e a=rOw) - Y ®

© d ! d
R e e ELMERR NENNC

where

a+ip
v+ i

)

0(x,€) = —(a +iB)x — (7 + )€ = —(y +i0)(€ — Aze¥), A= \

¥ = arg(a+if) —arg(y+1id)+m, and € is for the time being an arbitrary number
from (0,1). We note that 8(z,£) = 0 only when z = & = 0 (since « > 0, v > 0).
It is verified directly that

1@oc| < [fI/VE=e=7, [ @rc]gyen) < IFI/ VI == (10)

Now take € > 0 so small that for x < e, £ < ¢ the inequality

[1—e @8 —0(x,€)| < |6%(z, )]

holds. Then, according to (10) and Lemma 2,

1 ™
01 = 191, 00 + 12108 ) < (14 = + gy ) P

(11)

(when applying Lemma 2 we extended the function f(§) from the interval (0, ¢)
to the interval (0,00) by zero). Taking (10) and (11) into account, we obtain
from (9) estimate (7) for F)(x). The estimate for Fﬁ(x), uniform in N, is
obtained analogously.

Let now a > 0, v = 0 (similarly, « = 0, v > 0); then 6(z, &) in (9) vanishes at
two points of the square 0 <z <1, 0 < ¢ < 1: at the point x = £ = 0 and at
the point = 0, £ = 1 (similarly at the points z = =0, z =1, £ =0). To
obtain estimate (7) in this case, we first divide the interval 0 < £ < 1 into two
parts (0,1/2) and (1/2,1). In each of these parts the required estimate (7) is
obtained by the method described above for the case o > 0, ~ > 0.
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Let

N
KN(I, é-) _ Z %ef(oﬁrzﬁ)mkf(’wzé)gk? (12)
k=1

where a, 8,7, 8, N are the same constants as in the kernel (6).

Lemma 4. Let f(§) € £5(0,1). Then

1
Fu(o) = [ Rl €056 de
0
belongs to £,(0,1) for every N, and the estimate

|Fnll < Gl (13)

holds, where the constant C; does not depend on N and f(x).
Consider now the kernel

Ry(x,8) = > or(@)ei(9), (14)

k<N

consisting of eigenfunctions of the operator I*(y) under the conditions (4*).

Lemma 5. Let f(z) € £4(0,1). Then

o (2) = /O Ry (2, ) f(€) dé

for every N belongs to £5(0,1), and the estimate

lgnl < Collf]

holds, where the constant C, does not depend on N and f(§).

Assume, for definiteness, that the order of the operator (3) is odd, n = 2u — 1.
For the normalized eigenfunctions ¢j(x) of the adjoint problem, by virtue of
Lemma 1 one can write, uniformly with respect to « € [0, 1], the asympto-

asymptotic in k as |k| — oo expressions

+ Bét (2k+o0) + Bsi (2mk+0)(1—x)
I (O L M

By

s#v
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B , 1
+ (A;i + k) eZkmito)r O (l?) , (15)

where

. 1 2s
wS:exp[m(l—&————ﬂ, s=0,41,...;
2n n

o is a complex number; Al and A, (B! and B; ) are certain constant numbers
which should be substituted in (15) in place of AF (B¥) for k > 0 and k < 0,
respectively; BE # 0. By direct verification we see that the kernel Ry (z,€) is
represented in the form

M

s:l

77(s)

FH NO(1 =21 — &)+ DK (2,6) + E, K (1 —2,6)+
+GRY (@1 + HEY (1 —2,1- 9] + Ky(,), (16)
where M is some natural number; D, ..., ﬁs are certain complex numbers, while

the functions Kgi)(x,f) and I?ﬁ)(m,f) are kernels of the type (6) and (12),

respectively; the kernel K n(z,€) is uniformly bounded with respect to N and
uniformly continuous in z, €.

Lemma 5 now follows immediately from Lemmas 3 and 4 with the aid of repre-
sentation (16).

To prove the theorem it remains for us to use a theorem of N. K. Bari (1).

Bari’ s theorem. In order that the basis {¢;} be a Riesz basis, it is necessary
and sufficient that there exist a bounded, invertible, Hermitian, positive operator
A taking the system {¢,} into its conjugate system {¢}}.

Thus, suppose that the operator A is given on the basis by: Ay, = ¢}, k =
1,2, .... By this it is defined for any

fn=c_yo_n+Fenen N=0,1,..,

+N 1
o= (Lo, Afy=3 = / Ry(,€)f(€) de,
k=—N 0
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where Ry (z,€) is the kernel (14). By virtue of Lemma 5, the operator A extends
to all of £,(0,1), and |A]| < Cy. Let f and g € £5(0,1),

f=copo+ - +enen +o0, g=bypg+ - +byoy+-,

then

(Af,g) = coby + -+ cyby + - = (f, Ag),

i.e. A is a Hermitian operator.

Moreover,

(Af, f) = leol® + -+ ley* +- >0,

and (Af, f) = 0 only under the condition f = 0. Thus the operator A satisfies
all the conditions of Bari’ s theorem. Hence the basis {¢,} is a Riesz basis.

Moscow State University
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