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MATHEMATICS
A.S. FOKHT

ON A BOUNDARY ESTIMATE FOR THE SO-
LUTION OF AN ELLIPTIC-TYPE EQUATION
OF ARBITRARY ORDER WITH CONSTANT
COEFFICIENTS

(Presented by Academician N. N. Bogolyubov, 31 IIT 1962)

§ 1. The estimates available in the literature (1) for the growth of solutions of
an elliptic-type equation near the boundary of their domain of definition were
obtained in the metric C, chiefly on the basis of a study of the corresponding
Green’ s function. S. M. Nikol’ skii (?) obtained, by another method, estimates
exact in order for the growth of a harmonic function and its derivatives near
the boundary of a domain in the sense of L,,.

The present work is devoted to obtaining similar estimates in the metric L,
but for a general elliptic-type equation with constant coefficients of arbitrary
order in an arbitrary bounded N-dimensional domain with sufficiently smooth
boundary. The investigations are in fact carried out in the two-dimensional case.
They are transferred to the N-dimensional case by analogy.

In the case of two dimensions we are concerned with a solution u of a differential
equation that is the Euler equation for the functional (Dirichlet integral):

// 0'u 2 i zl: b 0'u o'u ded
EEna iyt = il’axl*iayi Oz l-PoyP ray.
i#+p
(L,1)

, and

It is assumed that G is a bounded domain with boundary T of class C'“+1)

that the coefficients a,, b;, satisfy the inequality

kaZ < Zazé +2 Z bip€ilys (1,2)

2,p=0
i#p

where k >0, b;, = b,,.
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§2. Let 0 <h <§/2<d<1,1>0 be anatural number, and

. (h) /ht(t Ryl ldr, (h<t<0),

0, t<h),
1, (0<t; 0<t< +00),

—

where C,,(h) is determined from the condition A,,(d) = 1.

The function A,,(t) > 0 is continuous together with its derivatives up to order
I inclusive on the whole real semiaxis and satisfies on [k, §] the inequalities:

2(l+m)

(I ON) ™ < A2, (0); (2,2)
3(ll+2w1—s)

(I @) < B, (8= hy2i=stm; (2,3)

(t —h)2Wm < DA (1), (2,4)

where A,,, B,,,D,, are constants independent of h and ¢; m > 0 is arbitrary;
s <14+ m is an integer.

§ 3. Introduce, near the boundary I', a new coordinate system (s,t): ¢ is the
distance of the point to I' in the direction of the normal, and s is the length
of the arc of I'. Let G5 be the domain obtained by removing from G the strip
determined by the inequality 0 < ¢ < 4.

We construct the auxiliary function n(z,y) in the following way:

0 on G — Gy,
77(3571/) = )‘m(t) on Gh - G(S = Hh,éa (371)
1 on G5‘

Since I' € C'"*1), the partial derivatives with respect to = and y of n(z, y) will be
expressed linearly through the partial derivatives with respect to the variables
s and t introduced near the boundary, and the inequality

_ O

p
(k) (p)
> > < ) : m < m 9 )
927 0y > (s, )] - A ()] < MINE (2)] (3,2)

k=1

will hold, where v, (s,t) are continuous (bounded) functions on I, s,
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M :pn(lgx\wk(s,tﬂ, b= 1727"' 7l'

§ 4. Let a function u(x,y) be defined on G, having generalized derivatives up
to order [ inclusive and such that, for every h > 0 (see (1,1)),

D) (u) < +oc. (4,1)

It follows from (4,1) and (1,2) that the function u(x,y) has generalized deriva-
tives of order { with integrable square on Gj,.

We impose on the function u the following additional conditions, namely: what-
ever h > 0 may be, and for any function v C D(Gl)} (v) < 400 such that

OFv

SoE| =0 (k=001 (4,2)

h

T

(where T', is the boundary of the domain G}, and n is the inward normal), the

equality holds:
(u, ) // ou ot
¢, |5 Rre 19yt Ozt Z@y

ol o O
i Z (3$l 19y’ dxl-POyP 8xl*p8yp &’Eliayi) dwdy=0. (43)

1,p=0
i#p

Then w is called a generalized solution of the Euler equation corresponding to
the functional (1,1).

The equality holds:

1 1 l i s l—s
W) B d'u o°n 0" %u S i
D, (u, un) = // {Zai D1y E: Z Oyidz I Drl—i—s+igyi—i i+
Gy, s=0 j=0

=0

l l i s l—s [
b5} n 0" Su s—7 i 0'u
+2 b KZ 2 5yi6ar 3 9t oy T ) Gty
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. P s 81_9 I 8lu
ZZ ayjaxs Jal.l p— 5+]ayp JC pC W d.’L‘dy:O (4,4)

s=0 j=

We single out the terms obtained for s = 0 on the left-hand side and estimate
them with the aid of the remaining terms.

After applying Schwarz’ s inequality, (3.2), (2.2), (2.3), and (1.2), we shall have:

//G [;Ck( dxl- kua k)j ndxdy <

2

< C{ V[TMZ%C{C (%) (t — h)2l+2m dxdy‘|} X
S

Introduce the notation:

1/2

8l Sq 2
(8 g ) (t — h)2HHm=9) dy dy . (4.5)
T s—1 y

h,s 1=

gl—s 2 1/
([ ) v
. 9 1/2

Ih:l//n kz: (8“’“8 k) ndxdy] ;

9 1/2

l I
0) _ k O'u 2l+2m .
1 = E _ — 4.
h,m l//n = Cl <axlkayk> (t h) dr dy} 5 ( 6)

1/2

l 1 2
—=(0) o'u m
N | A S
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From (4.5) and (4.6), taking (2.4) into account, we obtain the inequality

1
I;lozn < \/WE Z I}(Ll;ns) (E is a constant). (4.7)
s=1

Next, letting h tend to zero, we obtain

l
o < /Ay mE Z e, (4.7)
and then, for m = 0, we have

| < Cl (4.8)

”uHW;” (G |u”W2 -1y 5)’

where, as usual, it is denoted that

T // Z M kay ) 2" d dy. (4.9)

Let us note that inequality (4.8) is also valid for variable coefficients a,(zx,y),
b;,(w,y), which satisfy condition (1.2); and the proof given above changes in no
way in this case.

§ 5. If, instead of the function wu, one considers its partial derivatives
O"u/dx 0y’ (where r > 0 is any integer, i = 0,1,2,...,7), then, in the case
of constant a;,b;,, these partial derivatives will also be a solution of the Euler
equation corresponding to the functional (1,1), and for them the equality (4,3)
will hold. Therefore, for each of the indicated partial derivatives the inequality
(4,7") is valid. Applying it successively for r = 1,2,... and each time putting,
respectively, m = 1,2, ..., we finally obtain

||u||WéTl1(G) < Cr”unwé’:b) (571)

,1)(1_[0,6)’

where r =1, 1+ 1,...; C, is a constant; Il = G — G.

§ 6. The estimates obtained are sharp with respect to the order ¢, as is shown
by the following example.

Consider, in the unit disk, the harmonic function (I = 1)

u= Z a,p" cosnb, (6,1)
n=N
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where

For it,

2m oS
I—// ulpdpdd =7 < +oo. (6,3)
oo N2n+1

On the other hand, the inequality holds:

1 2
ou
I :/ / (—) (1—p)*pdpdf
' 1-5 Jo Ip

[e%s) 1
=7 Z nzai/ (1—p)*p?>thdp > (6,4)
1-6
o0 o0 1
= C _—_——
Cle) 2 ai TR (@) 2 Grer =+
where
3T

§ 7. For arbitrary functions that are not solutions of equations of elliptic type,
the inequalities (5,1) and (4,8), of course, do not hold. For example, for the

1
function w(t) = W
n

5 §
/ Y2 dt < 400,  but / Wi dt = +oo
0 0

Consequently, for it (5,1) does not hold when I =1, r = 1.
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