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Abstract
Full Text
MECHANICS
L. N. SLEZKIN

ON THE APPLICATION OF ASYMPTOTIC
METHODS TO THE STUDY OF GYRO-
SCOPIC SYSTEMS
(Presented by Academician A. Yu. Ishlinskii, 25 V 1962)

Consider the system of equations

̈𝛼 + ̇𝛽 = 𝜀𝑓1( ̇𝛼, ̇𝛽, 𝛼, 𝛽, 𝛼, 𝛽);
̈𝛽 − ̇𝛼 = 𝜀𝑓2( ̇𝛼, ̇𝛽, 𝛼, 𝛽, 𝛼, 𝛽),

(1)

where 𝜀 is a small parameter.

We seek the solution of (1) in the form

𝛼 = 𝛼0 − 𝑎 sin 𝜓 + 𝜀𝑢1(𝑎, 𝜓, 𝛼0, 𝛽0) + 𝜀2𝑢2(𝑎, 𝜓, 𝛼0, 𝛽0) + ⋯ ,
𝛽 = 𝛽0 + 𝑎 cos 𝜓 + 𝜀𝑣1(𝑎, 𝜓, 𝛼0, 𝛽0) + 𝜀2𝑣2(𝑎, 𝜓, 𝛼0, 𝛽0) + ⋯ , (2)

where 𝑢𝑖 and 𝑣𝑖 are periodic functions of 𝜓 with period 2𝜋, and the quantities
𝛼0, 𝛽0, 𝑎, 𝜓 are determined from the system of equations

𝑑𝑎/𝑑𝑡 = 𝜀𝐴1(𝑎, 𝛼0, 𝛽0) + 𝜀2𝐴2(𝑎, 𝛼0, 𝛽0) + ⋯ ,
𝑑𝜓/𝑑𝑡 = 1 + 𝜀𝐵1(𝑎, 𝛼0, 𝛽0) + 𝜀2𝐵2(𝑎, 𝛼0, 𝛽0) + ⋯ ,

𝑑𝛼0/𝑑𝑡 = 𝜀𝑎1(𝑎, 𝛼0, 𝛽0) + 𝜀2𝑎2(𝑎, 𝛼0, 𝛽0) + ⋯ ,
𝑑𝛽0/𝑑𝑡 = 𝜀𝑏1(𝑎, 𝛼0, 𝛽0) + 𝜀2𝑏2(𝑎, 𝛼0, 𝛽0) + ⋯ .

(3)

It has been shown, analogously to (1), that for the unambiguous choice of the
coefficients of 𝜀𝑘 in (2) and (3) one may take, as additional conditions, the
absence of the zero harmonic in 𝑢𝑖, 𝑣𝑖 and the absence of the first harmonic in
𝑣𝑖.

Using (2) and (3), one can obtain expressions for 𝑑𝛼/𝑑𝑡, 𝑑𝛽/𝑑𝑡, 𝑑2𝛼/𝑑𝑡2,
𝑑2𝛽/𝑑𝑡2, arranged according to powers of the parameter 𝜀. Using these
expressions, as well as expressions (2), we represent the right- and left-hand
sides of (1) as series in powers of 𝜀.

Requiring that expression (2) satisfy equations (1) with accuracy up to 𝜀𝑚+1,
we equate the coefficients of like powers of 𝜀 in the expansions of the left- and
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right-hand sides of equations (1) up to order 𝑚, inclusive. As a result we obtain
the following systems of equations:

𝜕2𝑢1
𝜕𝜓2 + 𝜕𝑣1

𝜕𝜓 = 𝑓10 + 𝐴1 cos 𝜓 − 𝑎𝐵1 sin 𝜓 − 𝑏1,

𝜕2𝑣1
𝜕𝜓2 − 𝜕𝑢1

𝜕𝜓 = 𝑓20 + 𝐴1 sin 𝜓 + 𝑎𝐵1 cos 𝜓 + 𝑎1,

𝜕2𝑢2
𝜕𝜓2 + 𝜕𝑣2

𝜕𝜓 = 𝑓11 + 𝐴2 cos 𝜓 − 𝑎𝐵2 sin 𝜓 − 𝑏2,

𝜕2𝑣2
𝜕𝜓2 − 𝜕𝑢2

𝜕𝜓 = 𝑓21 + 𝐴2 sin 𝜓 + 𝑎𝐵2 cos 𝜓 + 𝑎2,

(4)

⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯

where

𝑓10 = 𝑓1(𝑎, sin 𝜓, −𝑎 cos 𝜓, −𝑎 cos 𝜓, −𝑎 sin 𝜓, 𝛼0 − 𝑎 sin 𝜓, 𝛽0 +
+ 𝑎 cos 𝜓),

𝑓20 = 𝑓2(𝑎 sin 𝜓, −𝑎 cos 𝜓, −𝑎 cos 𝜓, −𝑎 sin 𝜓, 𝛼0 − 𝑎 sin 𝜓, 𝛽0 +
+ 𝑎 cos 𝜓).

𝑓11 = 𝜕𝑓1
𝜕𝛼 (−2𝐴1 cos 𝜓 + 2𝐵1𝑎 sin 𝜓 + 𝜕2𝑢1

𝜕𝜓2 ) +

+ 𝜕𝑓1
𝜕𝛽 (−2𝐴1 sin 𝜓 − 2𝐵1𝑎 cos 𝜓 + 𝜕2𝑣1

𝜕𝜓2 ) +

+ 𝜕𝑓1
𝜕𝛼 (𝑎1 − 𝐴1 sin 𝜓 − 𝑎𝐵1 cos 𝜓 + 𝜕𝑢1

𝜕𝜓 ) +

+ 𝜕𝑓1
𝜕𝛽 (𝐴1 cos 𝜓 − 𝑎𝐵1 sin 𝜓 + 𝜕𝑣1

𝜕𝜓 + 𝑏1) +

+ 𝜕𝑓1
𝜕𝑎 𝑢1 + 𝜕𝑓1

𝜕𝛽 𝑣1 − 𝑏1
𝜕𝑣1
𝜕𝛽0

− 𝐴1
𝜕𝑣1
𝜕𝑎 − 𝑎1

𝜕𝑣1
𝜕𝛼0

− 𝐵1
𝜕𝑣1
𝜕𝜓 − 𝜕𝑎1

𝜕𝑎 𝐴1 − 𝜕𝑎1
𝜕𝛼0

𝑎1 −

− 𝜕𝑎1
𝜕𝛽0

𝑏1 + sin 𝜓 [𝐴1
𝜕𝐴1
𝜕𝑎 + 𝜕𝐴1

𝜕𝛼0
𝑎1 + 𝜕𝐴1

𝜕𝛽0
𝑏1 − 𝑎𝐵2

1] +

+ cos 𝜓 [𝑎 (𝜕𝐵1
𝜕𝛼0

𝑎1 + 𝜕𝐵1
𝜕𝑎 𝐴1 + 𝜕𝐵1

𝜕𝛽0
𝑏1) + 2𝐴1𝐵1] −

− 2𝐴1
𝜕2𝑢1
𝜕𝑎 𝜕𝜓 − 2𝑎1

𝜕2𝑢1
𝜕𝛼0 𝜕𝜓 − 2𝑏1

𝜕2𝑢1
𝜕𝛽0 𝜕𝜓 .

We have an analogous expression for 𝑓21. The arguments of 𝜕𝑓1/𝜕𝛼, 𝜕𝑓1/𝜕 ̇𝛼,
𝜕𝑓1/𝜕 ̇𝛽, … in the expressions 𝑓11 and 𝑓21 are the same as in 𝑓10 and 𝑓20.
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Representing in the form of Fourier series

𝑓10 = 𝑔10(𝑎, 𝛼0, 𝛽0) +
∞

∑
𝑛=1

[𝑔1𝑛(𝑎, 𝛼0, 𝛽0) cos 𝑛𝜓 + ℎ1𝑛(𝑎, 𝛼0, 𝛽0) sin 𝑛𝜓] ,

𝑓20 = 𝑔20(𝑎, 𝛼0, 𝛽0) +
∞

∑
𝑛=1

[𝑔2𝑛(𝑎, 𝛼0, 𝛽0) cos 𝑛𝜓 + ℎ2𝑛(𝑎, 𝛼0, 𝛽0) sin 𝑛𝜓] ,
(5)

𝑢1 = 𝑣𝛼
0 (𝑎, 𝛼0, 𝛽0) +

∞
∑
𝑛=1

[𝑣𝛼
𝑛(𝑎, 𝛼0, 𝛽0) cos 𝑛𝜓 + 𝑤𝛼

𝑛(𝑎, 𝛼0, 𝛽0) sin 𝑛𝜓] ,

𝑣1 = 𝑣𝛽
0 (𝑎, 𝛼0, 𝛽0) +

∞
∑
𝑛=1

[𝑣𝛽
𝑛(𝑎, 𝛼0, 𝛽0) cos 𝑛𝜓 + 𝑤𝛽

𝑛(𝑎, 𝛼0, 𝛽) sin 𝑛𝜓] ,

substituting (5) into (4), equating the coefficients of equal harmonics, and re-
calling the additional conditions indicated above, we find:

𝑏1 = 𝑔10, 𝑎1 = −𝑔20; (6)

𝐴1 = −𝑔11 + ℎ21
2 , 𝐵1 = ℎ11 − 𝑔21

2𝑎 ,

𝑣𝛼
1 = ℎ21 − 𝑔11

2 , 𝑤𝛼
1 = −𝑔21 + ℎ11

2 , 𝑣𝛼
0 = 𝑣𝛽

0 = 𝑣𝛽
1 = 𝑤𝛽

1 = 0; (7)

𝑤𝛼
𝑛 = 𝑔2𝑛 − 𝑛ℎ1𝑛

𝑛(𝑛2 − 1) , 𝑣𝛼
𝑛 = −ℎ2𝑛 + 𝑛𝑔1𝑛

𝑛(𝑛2 − 1) , (8)

𝑤𝛽
𝑛 = −ℎ2𝑛𝑛 + 𝑔1𝑛

𝑛(𝑛2 − 1) , 𝑣𝛽
𝑛 = ℎ1𝑛 − 𝑛𝑔2𝑛

𝑛(𝑛2 − 1) , 𝑛 = 2, 3, …

Approximations of higher orders can be found similarly. As an example, let us
consider the equations of motion of a balanced gyroscope in a gimbal suspension
on a fixed base, in the presence of small friction in the suspension axes,

(𝐵 + 𝐷) ̈𝜃 + (𝐵 + 𝐸 − 𝐶) ̇𝜓2 cos 𝜃 sin 𝜃 + 𝐴(𝜑̇ − ̇𝜓 sin 𝜃) ̇𝜓 cos 𝜃 = 𝑀𝜃,

𝑑
𝑑𝑡 {[𝐹 + (𝐵 + 𝐸) cos2 𝜃 + 𝐶 sin2 𝜃] ̇𝜓 − 𝐴(𝜑̇ − ̇𝜓 sin 𝜃) sin 𝜃} = 𝑀𝜓, (9)

𝑑
𝑑𝑡 [𝐴(𝜑̇ − ̇𝜓 sin 𝜃)] = 𝑀𝜑,
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where Ψ is the angle of rotation of the outer ring; 𝜃 is the angle of rotation
of the inner ring; 𝜑 is the angle of proper rotation of the rotor; 𝐴 is the polar
moment of inertia of the rotor; 𝐵 is the equatorial moment of inertia of the
rotor; 𝐷, 𝐸, 𝐶 are the moments of inertia of the inner ring with respect to the
axes 𝑋, 𝑌 , 𝑍, respectively; 𝐹 is the moment of inertia of the outer ring with
respect to its axis of rotation.

We assume

𝑀𝜑 = 0, 𝑀𝜃 = −𝑙1 ̇𝜃 − 𝐿1 sgn ̇𝜃, 𝑀Ψ = −𝑙2Ψ̇ − 𝐿2 sgn Ψ̇.

Denoting 𝐴(𝜑̇ − Ψ̇ sin 𝜃) = 𝐻, representing 𝜃 = 𝜃0 + Δ𝜃 and the trigonomet-
ric functions of 𝜃 to within small quantities of first order with respect to Δ𝜃,
introducing the dimensionless time

𝜏 = 𝐻 cos 𝜃0 𝑡
√𝐺𝐼0

,

where

𝐺 = 𝐵 + 𝐷, 𝐾 = 𝐵 + 𝐸 − 𝐶, 𝐼0 = 𝐹 + 𝐶 + (𝐵 + 𝐸 − 𝐶) cos2 𝜃0,

and denoting
𝐾

√𝐺𝐼0
sin 2𝜃0 = 𝑐1,

√𝐼0
𝐺 tg 𝜃0 = 𝑐2, 𝐾

𝐺 cos 2𝜃0 = 𝑐3,

𝑙1
𝐻 cos 𝜃0

√𝐼0
𝐺 = 𝑚1, 𝐿1√𝐺𝐼0

𝐻2 cos2 𝜃0
= 𝑀1,

𝑙2
𝐻 cos 𝜃0

√ 𝐺
𝐼0

= 𝑚2, 𝐿2𝐺
𝐻2 cos2 𝜃0

= 𝑀2,

√ 𝐺
𝐼0

Δ𝜃 = 𝛼, Ψ = 𝛽,

we bring the equations to the form

̈𝛼 + ̇𝛽 =

= −𝑐1
2

̇𝛽 2 + 𝑐2 ̇𝛼 ̇𝛽 − 𝑐3𝛼 ̇𝛽 2 − 𝑚1 ̇𝛼 − 𝑀1 sgn ̇𝛼,

̈𝛽 − ̇𝛼 = 𝑐1(𝛼 ̇𝛽 + ̇𝛼 ̇𝛽) − 𝑐2𝛼 ̇𝛼+
+2𝑐3𝛼 ̇𝛼 ̇𝛽 − 𝑚2 ̇𝛽 − 𝑀2 sgn ̇𝛽. (10)

Fig. 1
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Fig. 1

Figure 1: Fig. 1

Considering the right-hand sides of (10) as 𝜀𝑓1 and 𝜀𝑓2, we obtain that system
(3) in the first approximation assumes the form

𝑑𝛼0
𝑑𝜏 = 0, 𝑑𝛽0

𝑑𝜏 = (−𝑐1
4 + 𝑐2

2 − 𝑐3
2 𝛼0) 𝑎2, (11)

𝑑𝑎
𝑑𝜏 = −𝑎

2(𝑚1 + 𝑚2) − 2
𝜋 (𝑀1 + 𝑀2), 𝑑𝜓

𝑑𝜏 = 1 + 𝑐1
2 𝛼0 − 𝑐2𝛼0 + 5

8𝑐3𝑎2,

in which it is not difficult to integrate it. In the absence of friction, from the
second equation of system (11) we obtain a constant drift of the gyroscope (2).
The same has been done not under the assumption 𝑀𝜑 = 0, but under the
assumption 𝜑̇ = const.

In conclusion, we make a few remarks. To exclude special solutions of (1) from
consideration, appropriate restrictions must be imposed on the dependence of
𝑓1 and 𝑓2 on the higher derivatives. As for possible generalizations of what has
been set forth above and questions connected with mathematical justification,
here one can also use the ideas set forth in (1). The first approximation, as
always, is equivalent to the averaging method (3).

I express my deep gratitude to my supervisors A. Yu. Ishlinskii and D. M.
Klimov for advice and discussion.

Moscow State University
named after M. V. Lomonosov

Received
23 V 1962
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