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Abstract
Full Text

A. B. KISHCHENKO

ON THE INTERACTION OF CHARGES
WITH AN ELECTRON PLASMA IN A MAG-
NETIC FIELD
(Presented by Academician M. A. Leontovich, January 6, 1962)

The radiation of charges passing through an electron plasma in an external mag-
netic field has been studied in a number of works (1,2,9). In the present paper
the energy losses of a charged particle moving along the external magnetic field
H0 are determined. It is assumed that the velocity of the particle is consid-
erably greater than the thermal velocity of the plasma electrons. In limiting
cases, previously known results (2) are obtained. Coherent radiation arising
when a spherically symmetric bunch passes through a magnetoactive plasma is
also considered. We note that the influence of the magnetic field on Coulomb
collisions of charged plasma particles having velocities of the order of the mean
thermal velocity was investigated by S. T. Belyaev (3) and V. P. Silin (4).
For the energy losses per unit path length we have

−𝑑𝐸
𝑑𝑧 = − ∫ 𝜌

𝑣 (vE) 𝑑r, (1)

where 𝜌 is the charge density, v is the velocity of its motion, and E is the electric
field produced by the charge in the plasma. The function 𝜌 for a point charge
has the form

𝜌 = 𝑞𝛿(r − v𝑡). (2)

For a bunch we choose the charge-density distribution in the form

𝜌 = 𝑞 𝛼2

4𝜋 𝑒−𝛼|r−v𝑡|, (3)

where 𝑞 is the total charge of the bunch, and the parameter 𝛼 characterizes the
dimensions of the bunch.

The field E can be determined by using Maxwell’s equations and the equations
of motion of the electron“fluid.”In doing so, we introduce into the equations of
motion a friction term that provides a small damping of the waves. Quantities
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depending on the coordinate r and time 𝑡 are expanded in plane waves exp 𝑖(kr−
𝜔𝑡). We represent the dielectric-permittivity tensor in the form

𝜀𝑖𝑗 = 𝑎𝛿𝑖𝑗 + 𝑏𝜀𝑖𝑗𝑙ℎ𝑙 + 𝑑ℎ𝑖ℎ𝑗, (4)

where h is a unit vector in the direction of the external magnetic field, and 𝜀𝑖𝑗𝑙
is the antisymmetric tensor of rank three. The coefficients 𝑎, 𝑏, 𝑑 are equal to

𝑎 = 1 − 𝜔′

𝜔
Ω2

𝜔𝑎′2 − 𝜔2
𝐻

, 𝑏 = −𝑖 Ω2𝜔𝐻
𝜔(𝜔𝑎′2 − 𝜔2

𝐻)
, 𝑑 = Ω2𝜔2

𝐻
𝜔𝜔′(𝜔𝑎′2 − 𝜔2

𝐻)
,
(5)

where Ω is the Langmuir frequency, 𝜔𝐻 is the gyrofrequency of the electrons,
𝜔′ = 𝜔 + 𝑖𝜈, and 𝜈 is the frequency of “close”collisions. We shall regard the
frequency 𝜈 as small in comparison with the frequency of the emitted waves.
The introduction of 𝜈 makes it possible to establish the direction in which the
poles of the integrand in expression (1) are to be bypassed.

For the energy losses per unit path we obtain

−𝑑𝐸
𝑑𝑧 = −𝑞2𝑖

𝜋 ∬ Φ2(𝑘) [−𝑛4𝜒2
3 + 𝑛2𝑎(1 + 𝜒2

3) − 𝑎2 − 𝑏2] 𝑘 𝑑𝑘 𝑑𝜔
𝜔{(𝑎 + 𝑑𝜒2

3)𝑛4 + 𝑛2[−2𝑎2 − 𝑏2 − 𝑎𝑑 + (𝑏2 − 𝑎𝑑)𝜒2
3] + (𝑎 + 𝑑)(𝑎2 + 𝑏2)} ,

(6)

where 𝑘 is the magnitude of the wave vector, 𝑛 = 𝑘𝑐/𝜔, 𝜒3 = 𝜔/𝑘𝑣. The function
Φ(𝑘), in the case of an arbitrary spherically symmetric charge distribution, is
determined by the relation

Φ(𝑘) = 4𝜋
𝑘 ∫

∞

0
sin 𝑘𝑅 ⋅ 𝜌(𝑅) 𝑅 𝑑𝑅. (7)

For a point charge the function Φ(𝑘) is equal to 1, while for a bunch with charge
density (3) we find

Φb(𝑘) = 𝛼4

(𝑘2 + 𝛼2)2 . (8)

The integration over 𝑘 in formula (6) is carried out from |𝜔/𝑣| to 𝑘𝑚. The in-
troduction of the parameter 𝑘𝑚 is connected with the fact that the macroscopic
description of collisions becomes inapplicable for small collision parameters. Per-
forming the integration over 𝑘, we obtain the following expression for the energy
losses of a point charge per unit path:
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− (𝑑𝐸
𝑑𝑧 )

𝑗
= 𝑞2

4𝑣2 ∫
⎡
⎢
⎢
⎢
⎣

−(1 − 𝛽2) − Ω2

𝜔2 − 𝜔2
𝐻 − Ω2 − (−1)𝑗

(1 − 𝛽2)2 + Ω2(1 + 𝛽2)
𝜔2 − 𝜔2

𝐻 − Ω2

[(1 − 𝛽2)2 + 4𝛽2 𝜔2 − Ω2

𝜔2
𝐻

]
1/2

⎤
⎥
⎥
⎥
⎦

𝛿𝑗(𝜔2) 𝑑𝜔2,

(9)

where 𝛽 = 𝑣/𝑐, and 𝑗 is the wave number (𝑗 = 1, 2). The function 𝛿𝑗(𝜔2) is
equal to +1 or −1 depending on the direction in which the singular point is
encircled in the integration in the 𝑘-plane. Using expressions (4) and (5), one
can obtain

𝛿𝑗 = sgn {(−1)𝑗 [(1 + 𝛽2)𝑞 + 2𝛽2(𝑞 + 𝑝)𝑝] + [(1 + 𝛽2)𝑞 + 2𝛽2𝑝2] √(1 + 𝛽2)2 + 4𝛽2𝑝} ,
(10)

where

𝑞 = 3𝜔2 − 2Ω2 − 𝜔2
𝐻

𝜔2
𝐻

, 𝑝 = 𝜔2 − 𝜔2
𝐻 − Ω2

𝜔2
𝐻

. (10a)

The integration in expression (8) is carried out over the frequency regions for
which the inequalities

𝑘2
𝑚𝑣2

𝜔2 ≫ 𝛽2𝑛2
𝑗 ≫ 1, (11)

are satisfied, where the refractive indices 𝑛1,2 are determined by the expression

𝑛2
𝑗 = 2𝛽2(𝜔2 − Ω2)(𝜔2 − 𝜔2

𝐻 − Ω2) − Ω2𝜔2
𝐻(1 + 𝛽2) − (−1)𝑗𝜔𝐻√(1 − 𝛽2)2𝜔2

𝐻 + 4𝛽2(𝜔2 − Ω2)
2𝛽2𝜔2(𝜔2 − 𝜔2

𝐻 − Ω2) .
(12)

The frequency intervals for which the condition 𝛽2𝑛2
𝑗 ≫ 1 is satisfied, and the

corresponding values of 𝛿𝑗(𝜔2), are given in Table 1, where

𝜔2
1,2 = (1 − 𝛽2)𝜔2

𝐻 − 2𝛽2Ω2 ± 𝜔𝐻√(1 − 𝛽2)2𝜔2
𝐻 − 4𝛽2(1 − 𝛽2)Ω2

2(1 − 𝛽2) ; (13)

𝜔2
3 =

⎧{{
⎨{{⎩

Ω2 − (1 − 𝛽2)2

4𝛽2 𝜔2
𝐻 , for 𝜔2

𝐻
Ω2 ≪ 4𝛽2

(1 − 𝛽2)2 ,

0, for 𝜔2
𝐻

Ω2 ≫ 4𝛽2

(1 − 𝛽2)2 .
(14)
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Let us note that the values 𝛿𝑗(𝜔2) indicated in the table do not depend on pre-
cisely which mechanism leads to the small damping of the waves. Consequently,
in order to determine 𝛿𝑗(𝜔2) it is not necessary to use the tensor 𝜀𝑖𝑗 in the form
(4)—(5).

Table 1

Relation
between the
plasma
parameters
and the
particle
velocity Wave number 𝑗

Frequency
intervals of the
emitted waves 𝛿𝑗(𝜔2)

𝜔2
𝐻

Ω2 ≪ 4𝛽2

1 − 𝛽2 2 [Ω, √Ω2 + 𝜔2
𝐻] 1

4𝛽2

1 − 𝛽2 ≪
𝜔2

𝐻
Ω2 ≪

1
(1 − 𝛽2)2 ; 𝛽2 ≥
1
2

2 {[Ω, 𝜔2]
[𝜔1, √Ω2 + 𝜔2

𝐻]
1
1

4𝛽2

1 − 𝛽2 ≪
𝜔2

𝐻
Ω2 ≪

min { 1
(1 − 𝛽2)2 ,
4𝛽2

(1 − 𝛽2)2(1 + 𝛽2)} ; 𝛽2 ≪
1
2

2 {[𝜔2, 𝜔1]
[Ω, √Ω2 + 𝜔2

𝐻]
−1
1

1
(1 − 𝛽2)2 ≪
𝜔2

𝐻
Ω2 ≪

4𝛽2

(1 − 𝛽2)2(1 + 𝛽2) ;

𝛽2 ≥ 1
3

2 {[𝜔2, Ω]
[𝜔1, √Ω2 + 𝜔2

𝐻]
−1
1

sovietrxiv.org/items/ru-196201.59211 Machine Translation

https://sovietrxiv.org/items/ru-196201.59211


Relation
between the
plasma
parameters
and the
particle
velocity Wave number 𝑗

Frequency
intervals of the
emitted waves 𝛿𝑗(𝜔2)

4𝛽2

(1 − 𝛽2)2(1 + 𝛽2) ≪
𝜔2

𝐻
Ω2 ≪

1
(1 − 𝛽2)2 ;

𝛽2 ≪ 1
3

{2
1

⎧{
⎨{⎩

[𝜔3, 𝜔1]
[Ω, √Ω2 + 𝜔2

𝐻]
[𝜔3, 𝜔2]

−1
1
1

−1

𝜔2
𝐻

Ω2 ≫

max { 1
(1 − 𝛽2)2 , 4𝛽2

(1 − 𝛽2)2(1 + 𝛽2)}

{2
1

⎧{
⎨{⎩

[𝜔3, Ω]
[𝜔1, √Ω2 + 𝜔2

𝐻]
[𝜔3, 𝜔2]

1
1
1

As is seen from the table, in some cases the frequency regions of the emitted
ordinary and extraordinary waves overlap. For example, for

𝜔2
𝐻

Ω2 > 4𝛽2

(1 − 𝛽2)2

emission of both ordinary and extraordinary waves is possible in the frequency
region close to zero.

In order to obtain the total energy losses of a point charge, one must add to the
losses calculated by formula (9) the energy losses in“close”collisions. It should
be borne in mind that the magnetic field has little effect on the magnitude of
the energy losses in“close”collisions. Therefore the energy loss of a point charge
per unit path can be represented in the form

− (𝑑𝐸
𝑑𝑧 )

𝐻0≠0
= − (𝑑𝐸

𝑑𝑧 )
𝐻0=0

+ 𝐹(𝜔𝐻). (15)

The energy losses in the absence of an external magnetic field were determined
in papers (5−8). Assuming 𝑘𝑚𝑣 ≫ Ω, 𝜔𝐻 , for 𝐹(𝜔𝐻) we obtain the follow-

expressions. If 𝜔2
𝐻/Ω2 ≪ 4𝛽2/(1 − 𝛽2), then
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𝐹(𝜔𝐻) = −𝑞2𝜔2
𝐻

4𝑣2 (1 − 𝛽2)(2 − 𝛽2). (16)

In the case 4𝛽2/(1 − 𝛽)2 ≪ 𝜔2
𝐻/Ω2 ≪ 4𝛽2/(1 − 𝛽2)2, we have

𝐹(𝜔𝐻) = 𝑞2Ω2

2𝑣2 [ln 1 − 𝑥
1 + 𝑥 − (1 − 𝛽2)(2 − 𝛽2)𝜔2

𝐻
2Ω2 + (1 − 𝛽2)𝜔2

𝐻𝑥
2𝛽2Ω2 ] , (17)

where

𝑥 = √1 − 4𝛽2Ω2

(1 − 𝛽2)𝜔2
𝐻

. (17a)

And, finally, for 𝜔2
𝐻/Ω2 ≫ 4𝛽2/(1 − 𝛽2)2, we find

𝐹(𝜔𝐻) = 𝑞2Ω2

2𝑣2 {ln (1 − 𝑥)(1 + 𝛽2 + 𝑦)
(1 + 𝑥)(1 + 𝛽2 − 𝑦) − (1 − 𝛽2)𝜔2

𝐻
2𝛽2Ω2 [𝛽2(2 − 𝛽2) − 𝑥 + (1 − 𝛽2)𝑦]} ,

(18)

where

𝑦 = √(1 − 𝛽2)2 − 4𝛽2 Ω2

𝜔2
𝐻

. (18a)

From formulas (15)—(18) follow the expressions given in paper (2) for the energy
losses in the nonrelativistic (𝛽 → 0) and relativistic (𝛽 → 1) cases, as well as in
the case of a “strong”magnetic field ((1 − 𝛽2)𝜔𝐻 ≫ Ω). In the nonrelativistic
case, the energy losses of a charged particle moving along the external magnetic
field were found by means of the methods of quantum field theory in paper (9).
Thus, a charge passing through a plasma in an external magnetic field emits
ordinary and extraordinary waves. This radiation may escape from the plasma.
The magnitude of the radiation losses is comparable with the magnitude of the
losses due to “close”Coulomb collisions. The frequencies of the emitted waves
are given in Table 1. The intensity of radiation of ordinary and extraordinary
waves in any frequency interval is easily estimated from formula (9).

Using the data presented in the table, one may also calculate the energy losses
for a bunch with charge density determined by expression (3). If the inequalities
𝛼𝑣 ≫ Ω, 𝜔𝐻 are satisfied, the energy losses of the bunch are coherent∗. In this
case we obtain

− (𝑑𝐸
𝑑𝑧 )

cr
= 𝑞2Ω2

𝑣2 ln 0.4𝛼𝑣
Ω + 𝐹(𝜔𝐻). (19)
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The radiation intensity is proportional to the square of the total charge of the
bunch, i.e., to the square of the total number of charged particles in the bunch.
The energy losses due to“close”collisions, proportional to the first power of the
number of particles in the bunch, are small in comparison with the radiation
losses. Naturally, in our treatment the deformation of the bunch during its
motion is not taken into account.

In conclusion, the author expresses deep gratitude to K. N. Stepanov for posing
the problem and for assistance, and also to A. I. Akhiezer and I. A. Akhiezer
for discussion of the results of the work and for valuable advice.

Physical-Technical Institute
Academy of Sciences of the Ukrainian SSR

Received
9 XII 1961
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