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MATHEMATICS
I. G. GLOBENKO

ON THE CONVERGENCE OF VARIATIONAL
PROCESSES

(Presented by Academician S. L. Sobolev on 20 IV 1962)

In the work [1], V. P. II' in studied in detail the question of the uniform con-
vergence of a minimizing sequence to the solution of a variational problem, de-
pending on the rate of its convergence in one or another integral metric. With
respect to the domain in which a certain class of functions is considered, V. L.
II' in assumed that it satisfies the “cone condition.”

In the present work, on the basis of results obtained earlier by us [2], it is shown
how the order of convergence in the integral metric changes depending on the
magnitude of the zero angle of the domain.

We shall call a closed n-dimensional domain V,,, bounded by surfaces whose
equations in a given rectangular coordinate system have the form
x3 + -+ 22 = a2, T, =a (x; >0, A>1, ap > 0),

a conical body with parameters a, oy, A.

By W,@(Q) we shall denote the set of functions summable in the n-dimensional
domain €, obtained by closing the set of C'¥) functions having continuous partial
derivatives in 2 up to order [ inclusive, with respect to the norm

1l ) = 11z, @ + 1D L, )

2)
With respect to the domain §2, it is assumed that each point of its boundary is

reached by a body congruent to the fixed conical body V,, and lying entirely in
Q.

where
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o'f
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Theorem 1. Suppose that the function f € WZSU(Q) and, moreover, the follow-
ing conditions hold:

a) lp<A(n—1)+1;

b) all derivatives of order k are summable with exponent v > 1 on each
section €, : ¢, ; = const, ..., x,, = const (¢ < n), and the inequality

HD*fllL, 0 < R

holds for any choice of €);
c) kv>At—1)+1.
Then at each point of the domain Q the following estimates hold:

, ” . AN VR R 1/x
‘f(P)| < Cl ”f”Lp(Q) + Ol (” |D f| ”LP(Q)U R 4 ) , (1)

i 1Dl @) < ¥R, Ip < An—1)+1;

IF(P)] < C3llflL, ) + Coll ID fl L, (- (2)
if
Hle”Lp(Q) > ClXR, lp < A(n - 1) + 17
or
1
R »
[F(P) < C3lf I 0 + CEID flL, i) + CID o) |0 |+ ()
ID L, )
if
D £ <aXR, lp=An-—1)+1 l-i-l—l ;
Lp(Q) = ’ P = p p, - )
[F(P)] < CillfllL, i) + CIID flL, - (4)
if

Hle”Lp(Q) > aXR7 lp = )\(’ﬂ - 1) + 17
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where C' with various indices are constants independent of f; P is an arbitrary
point of the domain €;

—1 1
NEECES KL R

At—1)+1

Corollary. From inequalities (1) and (2) the following estimates follow imme-
diately:

X |-

o AL Am1)i1
If(P) < Cy (anw;,“(g; R » ) when ”fHW;“(Q) <aXR; (5)

IF(P) < Col flyw o) when [ fllyw g > e*R; (6)
» () » ()

Cy, Cy are constants independent of the function f.

Theorem 2. Under the assumptions of Theorem 1, the following estimate
holds:

kA= D+l A(n-1)+1 ) X1
eI (e BF)T (7)
where | f| (o) <oV R,

ME=D+1 An—1)+1
v D ’

X1 =k—

The constant C'; does not depend on the function f.

Let us give an example showing that estimate (5), obtained above, is exact in
order.

Example. Consider the function defined on the interval [0, c0):

b(t) = A=t A+ at+ ..+ at7) = 140} + ..+ byt?, for 0 <t <1,
0, fort > 1,

and the sequence of functions wu,(zq,...,,) = i?¥(ir,), defined on the conic
body

VAz2+ .. +22 =a22?, 0<z2, <1, A>1, ag>0};

B > 1 is a real number.
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Elementary calculations show that the order of convergence of the right-hand
side of inequality (5) for the sequence {u; } coincides with the order of its uniform
convergence.

Theorem 3. Let u € WI(,D(Q), Ip < An—1)+1; let {u;} € Wé”(ﬁ) be a
sequence of functions of the form

i
U (X, ,) = Z aj1~~~jnx]11 exdn, (8)
J1Jn=0
Suppose, further, that it is given that £, decrease monotonically and

[ A[‘H;IHI 71}

lim B, (Inz)* =0, Ip<An—1)+1;

lim E, (m ;) (i) =0, Ilp=An-1)+1
11
a > 17 Ei = ||u — ui”Wy)(Q) (5 + ]? = 1) .

Then w(xq,...,x,) is equivalent in § to a continuous function w(zy,...,x,), to
which the sequence {u,} converges uniformly, and moreover

|ﬂ— Ui‘ < CgEii2[Mn;m174 + CS ZE2-9(23)2[M”;1H14], Ip < )\(n - 1) Y
1 0o 1
- p/ 28 P/
|ﬂ_ui| chEl (hlEz,) +CQZE2S (hlE ) s lp:)\(n—l)—l—l.
7 s=r 28

The constants Cg, Cy do not depend on the functions w,u;; 271 < i < 2",

If in the hypotheses of Theorem 3 we put [ = 1, p = 2, then we obtain sufficiently
precise conditions for uniform convergence of the minimizing sequence {u,} to
the solution of the variational problem corresponding to the problem of solving
an elliptic equation of second order under homogeneous conditions (see (3)).

For p = 2, [ = m, an analogous result is obtained for a polyharmonic equation
of order 2m.

Theorem 4. Let u € WQ(D(Q), and let the functions u; be polynomials of the
form (8). Suppose further that
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E; = ”uz - u”W;l)(Q);

then, if

lim Ei*™ D+ (Ini)* =0  (a>1),

1—00

the sequence of derivatives {Ju,/0x,},_1 o converges uniformly in Qto du/ Oz,
and moreover

Oou  Ou,

37:17]4_8m

J

< C BV 4 0y, Z By, 25 (=1)+1]

S=m

where 2™ < § < 2™ (C,, does not depend on u, u;.

Theorem 5. Let u € W2(2>(Q), and let the functions u,; be polynomials of the
form (8). Suppose further that

E; = [D*(u—u)| 1,0 + 1D —u)l ) + v — ] 1,0

Then, if the conditions

lim ;A" V"1 (ni)*=0 (a>1) for A(n—1) > 1,

1—00

S\ 12
lim FE, (ln ;) (Ini)*=0 (a>1) for \(n—1) =1,

71— 00 i

are satisfied, then {Ju,/0x,} converges uniformly to du/0z;, and moreover

88% B gzl < Cp BNt 4 Oy Z E,. 253 (1)) for A(n—1) > 1;
J J s=m
L\ 1/2 00 1/2
ou  Ou,; i 2°
8732]4 — 87331 < C11E; <ln Ez> +Cis SZ;nEQS <ln Egs) for A(n—1) =1,

where 21 < § < 2™; O}, C}5 do not depend on u, u,.

An analogous theorem can also be formulated for the uniform convergence of
second derivatives.
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In the theorems presented, the functions u,; were assumed to be polynomials
in xq,...,x,; however, all the arguments in our theorems remain valid if, as
functions of x4, ..., x,,, they are of some other definite type—what is important
is only that estimates of the type of A. A. Markov’ s theorem hold for them (see
(#)). For example, if the u, are trigonometric polynomials, then all the theorems
proved remain valid, since for them an analogous theorem of S. N. Bernstein is
valid (see (1)).

In () it is shown that if the functions u,(zy, ..., ,,) are functions of the form

i
— J1 Jn
w (@, ey 2,) = W(Ty, e, Ty) g aj . a1 ryt = wh, (9)
J1-Jn=0
where w(zq, ..., z,,) is a twice continuously differentiable function defined in an

open domain containing €, satisfying the conditions:
1) w(xy,... ,a:n)’S =0;
2) w(zq,...,z,) >0in Q;

3) |gradw||s >0

(S is the boundary of the domain 1), then for it an estimate of the type of A.
A. Markov’ s inequality holds:

max

0
p 87(‘“132‘)

J

< Ai? max |wP;[;
9)

functions of this form may be used in solving boundary-value problems for dif-
ferential equations for domains with zero corner points.
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Note: Figure translations are in progress. See original paper for figures.
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