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Abstract
Full Text

Yu. L. Bessonov

APPROXIMATION OF PERIODIC FUNC-
TIONS BELONGING TO THE CLASSES 𝑊 (𝑟1,𝑟2)

𝑝,𝜃
BY FOURIER SUMS
(Presented by Academician A. I. Mal’tsev on 8 VI 1962)

Let 𝑓(𝑥, 𝑦) be a periodic function and

𝑓(𝑥, 𝑦) =
∞

∑
𝑘=−∞

∞
∑

𝑙=−∞
𝑎𝑘𝑙𝑒𝑖(𝑘𝑥+𝑙𝑦)

its Fourier series.

We define the partial derivative of arbitrary (including fractional) order 𝑟 > 0,
in the Weyl sense, of 𝑓 with respect to the variable 𝑥 as follows:

𝑓 (𝑟)
𝑥 (𝑥, 𝑦) =

∞
∑

𝑘=−∞

∞
∑

𝑙=−∞
𝛾(𝑟)

𝑘 𝑎𝑘𝑙𝑒𝑖(𝑘𝑥+𝑙𝑦),

where 𝛾(𝑟)
𝑘 is a single-valued function determined by the equalities

𝛾(𝑟)
𝑘 = 𝑒𝑟𝜋𝑖/2𝑘𝑟, 𝛾(𝑟)

−𝑘 = 𝑒−𝑟𝜋𝑖/2𝑘𝑟 (𝑘 = 0, 1, 2, …).

In the same way the mixed derivative is defined:

𝑓 (𝑟2,𝑟1)
𝑦𝑥 = 𝑓 (𝑟1,𝑟2)

𝑥𝑦 =
∞

∑
−∞

∞
∑
−∞

𝛾(𝑟1)
𝑘 𝛾(𝑟2)

𝑙 𝑎𝑘𝑙𝑒𝑖(𝑘𝑥+𝑙𝑦),

which does not depend on the order of differentiation.

Definition. Let 𝑟1 and 𝑟2 be given positive, not necessarily integer, numbers.
By definition, a function 𝑓 , 2𝜋-periodic in each of the variables, belongs to
𝑊 (𝑟1,𝑟2)

𝑝,𝜃 if 𝑓 ∈ 𝐿𝑝 and has the property that the function

𝜕𝑟1𝑓
𝜕𝑥𝑟1

+ 𝑒𝑖𝜃 𝜕𝑟2𝑓
𝜕𝑦𝑟2

= 𝜑(𝑥, 𝑦) (1)
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is summable in the 𝑝-th power (1 ≤ 𝑝 < ∞), and for its norm the inequality
holds

‖𝜑‖𝑝 = (∫
2𝜋

0
∫

2𝜋

0
|𝜑(𝑥, 𝑦)|𝑝 𝑑𝑥 𝑑𝑦)

1/𝑝

≤ 1. (2)

In this connection one may consider only those pairs 𝑟1 and 𝑟2 for which the
differential equation (1) has a unique periodic solution. It can be shown that
the uniqueness property holds if and only if, for every 𝑘,

𝜃 + (𝑟1 + 𝑟2)𝜋
2 ≠ (2𝑘 + 1)𝜋, 𝜃 − (𝑟1 + 𝑟2)𝜋

2 ≠ (2𝑘 + 1)𝜋,

𝜃 + (𝑟1 − 𝑟2)𝜋
2 ≠ (2𝑘 + 1)𝜋, 𝜃 − (𝑟1 − 𝑟2)𝜋

2 ≠ (2𝑘 + 1)𝜋. (3)

(𝑘 = 0, ±1, …)

Here we shall consider only the values 𝜃 = 0, 𝜋. For them the uniqueness
property holds. Let

𝑠𝑚,𝑛 = 𝑠𝑚,𝑛(𝑓, 𝑥, 𝑦) =
(𝑚−1)
∑

−(𝑚−1)

(𝑛−1)
∑

−(𝑛−1)

𝑏𝑘𝑙
(𝑖𝑘)𝑟1 + 𝑒𝑖𝜃(𝑖𝑙)𝑟2

𝑒𝑖(𝑘𝑥+𝑙𝑦)

be the 𝑚, 𝑛-th Fourier sum of the function 𝑓 . Denote by

𝜀𝑚,𝑛(𝑊 (𝑟1,𝑟2)
∞,𝜃 ) = sup

𝑓∈𝑊 (𝑟1,𝑟2)
∞,𝜃

‖𝑓 − 𝑠𝑚,𝑛‖∞;

𝜀𝑚,𝑛(𝑊 (𝑟1,𝑟2)
1,𝜃 ) = sup

𝑓∈𝑊 (𝑟1,𝑟2)
1,𝜃

‖𝑓 − 𝑠𝑚,𝑛‖1

the upper bounds for the deviations of functions 𝑓 from their Fourier sums 𝑠𝑚,𝑛,
extended to the classes 𝑊 (𝑟1,𝑟2)

𝑝,𝜃 for 𝑝 = ∞ and 𝑝 = 1. Introduce the number

𝜆 =
∣𝜗(𝑟1,𝑟2)

−𝑚,𝑛 ∣
∣𝜗(𝑟1,𝑟2)

𝑚,𝑛 ∣
,

depending on 𝑟1, 𝑟2, 𝑚, 𝑛, where
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𝜗(𝑟1,𝑟2)
𝑚,𝑛 = 1

(𝑖𝑚)𝑟1 + 𝑒𝑖𝜃(𝑖𝑛)𝑟2
,

and put 𝜆1 = 1
𝜆 .

Theorem 1. The following asymptotic formula is valid:

𝜀𝑚,𝑛 = 𝜀𝑚,𝑛(𝑊 (𝑟1,𝑟2)
∞,𝜃 ) = 𝜀𝑚,𝑛(𝑊 (𝑟1,𝑟2)

1,𝜃 ) = 16𝐸 + 8(𝜆2 − 1)𝐹
𝜋4 |𝑚𝑟1 + 𝑒𝑖𝛼𝑛𝑟2 | ln 𝑚 ln 𝑛+

+𝑂 { ln 𝑚 [16𝐸 + 8(𝜆2 − 1)𝐹 ]
𝑚𝑟1

+ ln 𝑛 [16𝐸 + 8(𝜆2 − 1)𝐹 ]
𝑛𝑟2

} + 𝑂 ( ln 𝑚
𝑚𝑟1

+ ln 𝑛
𝑛𝑟2

) ,

where

𝛼 = 𝜃 + 𝑟2 − 𝑟1
2 𝜋,

𝐸 = 𝐸 (𝜆, 𝜋
2 ) = ∫

𝜋/2

0

√
1 − 𝜆2 cos2 𝑡 𝑑𝑡 for 0 < 𝜆 < 1,

𝐹 = 𝐹 (𝜆, 𝜋
2 ) = ∫

𝜋/2

0

𝑑𝑡√
1 − 𝜆2 cos2 𝑡

;

𝜀𝑚,𝑛 = 16𝐸 + 8(𝜆2
1 − 1)𝐹

𝜋4 |𝑚𝑟1 + 𝑒𝑖𝛽𝑛𝑟2 | ln 𝑚 ln 𝑛 + 𝑂 { ln 𝑚 [16𝐸 + 8(𝜆2
1 − 1)𝐹 ]

𝑚𝑟1
+

+ ln 𝑛 [16𝐸 + 8(𝜆2
1 − 1)𝐹 ]

𝑛𝑟2
} + 𝑂 ( ln 𝑚

𝑚𝑟1
+ ln 𝑛

𝑛𝑟2
) ,

where

𝛽 = 𝜃 + 𝑟1 + 𝑟2
2 𝜋 for 0 < 𝜆1 < 1;

𝜀𝑚,𝑛 = 16 ln 𝑚 ln 𝑛
𝜋4 |𝑚𝑟1 + 𝑒𝑖𝛼𝑛𝑟2 | + 𝑂 ( ln 𝑚

𝑚𝑟1
+ ln 𝑛

𝑛𝑟2
) for 𝜆 = 𝜆1 = 1.

In the one-dimensional case, for integer 𝑟, this asymptotic estimate was obtained
by A. N. Kolmogorov (1); in the fractional case (for all 𝑟 > 0) by V. T. Pinkevich
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(2). In the two-dimensional case with 𝑟1 = 𝑟2 = 2, this estimate was obtained
by Ya. S. Bugrov (3).
Below we give the proof, which proceeds for 𝜆 ≠ 1. In the case 𝜆 = 1 it is
modified somewhat. We note that the case 𝜆 = 1 occurs when 𝑟1 and 𝑟2 are
even and satisfy conditions (3).

Idea of the proof. From the periodicity of 𝑓 it follows that the equality

∫
2𝜋

0
∫

2𝜋

0
𝜑(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦 = 0 (4)

holds.

We obtain an integral representation for 𝑓(𝑥, 𝑦). To this end, expand the func-
tion 𝜑(𝑥, 𝑦) in a Fourier series

𝜑(𝑥, 𝑦) ∼
∞

∑
−∞

∞
∑
−∞

′𝑏𝑘𝑙𝑒𝑖(𝑘𝑥+𝑙𝑦).

The prime on the sum means that the term 𝑘 = 𝑙 = 0 is absent. Then

𝑓(𝑥, 𝑦) = 𝑏0,0
4 + 1

4𝜋2 ∫
𝐷

𝐾(𝑟1,𝑟2)(𝑥 − 𝑢, 𝑦 − 𝑣) 𝑎(𝑢, 𝑣) 𝑑𝑢 𝑑𝑣, (5)

where 𝐷 = {0 ≤ 𝑥, 𝑦 ≤ 2𝜋} and

𝐾(𝑟1,𝑟2)(𝑢, 𝑣) =
∞

∑
−∞

∞
∑
−∞

′ 𝑒𝑖(𝑘𝑢+𝑙𝑣)

(𝑖𝑘)𝑟1 + 𝑒𝑖𝜃(𝑖𝑙)𝑟2
.

Putting

Ψ(𝑟1,𝑟2)
𝑚,𝑛 (𝑢, 𝑣) = 𝐾(𝑟1,𝑟2)(𝑢, 𝑣) −

(𝑚−1)
∑

−(𝑚−1)

′
(𝑛−1)
∑

−(𝑛−1)

′ 𝑒𝑖(𝑘𝑢+𝑙𝑣)

(𝑖𝑘)𝑟1 + 𝑒𝑖𝜃(𝑖𝑙)𝑟2
,

we obtain

𝑅𝑚,𝑛(𝑓) = 𝑓(𝑥, 𝑦) − 𝑠𝑚,𝑛(𝑓) = 1
4𝜋2 ∫

𝐷
Ψ(𝑟1,𝑟2)

𝑚,𝑛 (𝑥, −𝑢, 𝑦 − 𝑣) 𝑎(𝑢, 𝑣) 𝑑𝑢 𝑑𝑣.

Carrying out Abel’s transformation successively four times, we obtain the fol-
lowing expression for Ψ(𝑟1,𝑟2)

𝑚,𝑛 (𝑢, 𝑣):
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Ψ(𝑟1,𝑟2)
𝑚,𝑛 (𝑢, 𝑣) = 𝐴(𝑟1,𝑟2)

𝑚,𝑛 (𝑢, 𝑣) + 𝑄𝑚,𝑛(𝑢, 𝑣),

where

𝐴(𝑟1,𝑟2)
𝑚,𝑛 (𝑢, 𝑣) = 1

2 sin 𝑢
2 sin 𝑣

2
{∣𝜗(𝑟1,𝑟2)

𝑚,𝑛 ∣ cos (2𝑚 − 1
2 𝑢 + 2𝑛 − 1

2 𝑣 + 𝜓) +

+ ∣𝜗(𝑟1,𝑟2)
−𝑚,𝑛 ∣ cos (2𝑚 − 1

2 𝑢 − 2𝑛 − 1
2 𝑣 + 𝜓1)} ; (6)

𝑄𝑚,𝑛(𝑢, 𝑣) is a certain remainder containing all nonprincipal terms of the ex-
pansion, and

tg 𝜓 = 𝑚𝑟1 cos 𝑟1𝜋
2 + 𝑛𝑟2 cos 𝑟2𝜋

2
𝑚𝑟1 sin 𝑟1𝜋

2 + 𝑛𝑟2 sin 𝑟2𝜋
2

, tg 𝜓1 = −𝑚𝑟1 cos 𝑟1𝜋
2 + 𝑛𝑟2 cos 𝑟2𝜋

2
𝑚𝑟1 sin 𝑟1𝜋

2 + 𝑛𝑟2 sin 𝑟2𝜋
2

.

The equality

1
4𝜋2 ∫

Δ
∣𝐴(𝑟1,𝑟2)

𝑚,𝑛 (𝑢, 𝑣)∣ 𝑑𝑢 𝑑𝑣 = ln 𝑚 ln 𝑛
𝜋4 ∣𝜗(𝑟1,𝑟2)

𝑚,𝑛 ∣ [16𝐸 + 8(𝜆2 − 1)𝐹] +

+𝑂 { ln 𝑚 [16𝐸 + 8(𝜆2 − 1)𝐹 ]
𝑚𝑟1

+ ln 𝑛 [16𝐸 + 8(𝜆2 − 1)𝐹 ]
𝑛𝑟2

} . (7)

Indeed, let us partition the domain

Δ𝑗
𝑖 = { 4𝜋

2𝑚 − 1 ≤ 𝑢 ≤ 2𝜋 − 4𝜋
2𝑚 − 1; 4𝜋

2𝑛 − 1 ≤ 𝑣 ≤ 2𝜋 − 4𝜋
2𝑛 − 1}

into elementary parallelograms by two families of straight lines

2𝑚 − 1
2 𝑢 + 2𝑛 − 1

2 𝑣 = 𝑘1; 2𝑚 − 1
2 𝑢 − 2𝑛 − 1

2 𝑣 = 𝑘2 (𝑘1, 𝑘2 = const),

inside which each of the terms standing in the braces of formula (6) does not
change sign. Estimating the resulting integrals with the aid of the generalized
mean-value theorem and finding the order of the integrals over the incomplete
parallelograms along the entire boundary strip discarded when approximating
Δ by parallelograms, we obtain (7).
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Using equality (7), one can prove the required asymptotic formula in the norm
𝐿∞.

Applying the reasoning of Ya. S. Bugrov (3), one can prove the asymptotic
formula also in the norm 𝐿1.

The formula proved is asymptotic if, for example, 𝑐1 ≤ 𝑚𝑟1/𝑛𝑟2 ≤ 𝑐2, where 𝑐1
and 𝑐2 are positive constants, since in this case the first term on the right-hand
side of this formula is the principal one.

Similar asymptotic estimates can be carried out for classes of equations, exam-
ples of which are the equations

𝜕2𝑓
𝜕𝑥2 + 𝜕2𝑓

𝜕𝑦2 ± 𝜕4𝑓
𝜕𝑥2 𝜕𝑦2 = 𝜑(𝑥, 𝑦).

In conclusion we give a theorem.

Theorem 2. Let 𝑓 ∈ 𝐿𝑝 (1 < 𝑝 < ∞), and let 𝑓 be a 2𝜋-periodic function in
each of the variables.

If

𝜕𝑘1+⋯+𝑘𝑚𝑓
𝜕𝑥𝑘1

1 ⋯ 𝜕𝑥𝑘𝑚𝑚
∈ 𝐿𝑝, 𝜕𝑘𝑚+1+⋯+𝑘𝑛𝑓

𝜕𝑥𝑘𝑚+1
𝑚+1 ⋯ 𝜕𝑥𝑘𝑛𝑛

∈ 𝐿𝑝

and, moreover,

𝜕𝜃1𝑘1+⋯+𝜃𝑚𝑘𝑚𝑓
𝜕𝑥𝜃1𝑘1

1 ⋯ 𝜕𝑥𝜃𝑚𝑘𝑚
𝑚

∈ 𝐿𝑝, 𝜕𝜃𝑚+1𝑘𝑚+1+⋯+𝜃𝑛𝑘𝑛𝑓
𝜕𝑥𝜃𝑚+1𝑘𝑚+1

𝑚+1 ⋯ 𝜕𝑥𝜃𝑛𝑘𝑛
𝑛

∈ 𝐿𝑝,

where 𝜃𝑖 is equal to 1 or 0, 𝑖 = 1, 2, … , 𝑛.

Then

𝜕𝜆(𝑘1+⋯+𝑘𝑚)+𝜇(𝑘𝑚+1+⋯+𝑘𝑛)𝑓
𝜕𝑥𝜆𝑘1

1 ⋯ 𝜕𝑥𝜆𝑘𝑚𝑚 𝜕𝑥𝜇𝑘𝑚+1
𝑚+1 ⋯ 𝜕𝑥𝜇𝑘𝑛𝑛

∈ 𝐿𝑝.

where 𝜆, 𝜇 ≥ 0, 𝜆 + 𝜇 ≤ 1.

The theorem can be proved by means of the Marcinkiewicz multiplier method
(4).
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