Soviet-era science, translated into English

Yu. L. Bessonov

1962

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196201.57992

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196201.57992

Abstract
Full Text

Yu. L. Bessonov

APPROXIMATION OF PERIODIC FUNC-
TIONS BELONGING TO THE CLASSES W,
BY FOURIER SUMS

(Presented by Academician A. 1. Mal tsev on 8 VI 1962)
Let f(z,y) be a periodic function and

flz,y) = i i aje )

k=—o00 l=—00

its Fourier series.

We define the partial derivative of arbitrary (including fractional) order r > 0,
in the Weyl sense, of f with respect to the variable x as follows:

W= 30 3 ofaeters,

k=—0c0 l=—00

where 'y](:) is a single-valued function determined by the equalities

W=k, = e (h=0,1,2,..),

In the same way the mixed derivative is defined:

o0 oo
fz(/;mﬁ) — fﬁ(vg;ﬂ“z) _ ZZ,YI(Crl),yl(rz)aklez(km+ly),

—0o0 —0O0

which does not depend on the order of differentiation.

Definition. Let r; and 7, be given positive, not necessarily integer, numbers.
By definition, a function f, 27-periodic in each of the variables, belongs to

W;g’rz) if f € L, and has the property that the function

S a0
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is summable in the p-th power (1 < p < 00), and for its norm the inequality
holds

27 2 1/p
|so|p=</0 / |so<x,y>|wxdy> <1 @)

In this connection one may consider only those pairs r; and r, for which the
differential equation (1) has a unique periodic solution. It can be shown that
the uniqueness property holds if and only if, for every k,

9+%¢(2k+1>w, 9-%%(2/@“)7@
(ry —ro)m (ry —ro)m
9+#7&(2k+1)7, 0—#7&(2/6%-1)7& (3)
(k=0,+£1,...)
Here we shall consider only the values # = 0,7. For them the uniqueness
property holds. Let
(m-1) (n—-1) b
_ _ Kl i(kz+ly)
Fmin = Smnl229) ,(;1) ,g;n (i) + e (il

be the m, n-th Fourier sum of the function f. Denote by

W)y = sup f = Sl

Emm( 00,0
ferQéTQ)

Emn (W) = sup | = 5,0l
rewy T

the upper bounds for the deviations of functions f from their Fourier sums s,,, ,,,

extended to the classes Wérg’rr") for p = 0o and p = 1. Introduce the number

975
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depending on 7,75, m,n, where
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1
and put \; = Y

Theorem 1. The following asymptotic formula is valid:

_ 16E+8(\> — 1)F
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where

5:9+¥w for 0 < A, < 1

€ = -
m,n 4 |m7"1 + ezanr2|

16Ilnm Inn (lnm+lnn> for A= A, = 1.
mr nrz

In the one-dimensional case, for integer 7, this asymptotic estimate was obtained
by A. N. Kolmogorov (1); in the fractional case (for all » > 0) by V. T. Pinkevich
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(?). In the two-dimensional case with 7, = 7, = 2, this estimate was obtained
by Ya. S. Bugrov (3).

Below we give the proof, which proceeds for A\ # 1. In the case A = 1 it is
modified somewhat. We note that the case A = 1 occurs when r; and r, are
even and satisfy conditions (3).

Idea of the proof. From the periodicity of f it follows that the equality

/027r /0% oz, y)dedy =0 (4)

We obtain an integral representation for f(x,y). To this end, expand the func-
tion p(x,y) in a Fourier series

holds.

y) ~ i i /bkl€i<kz+ly).

—00 —0O0

The prime on the sum means that the term k£ =1 = 0 is absent. Then

flz,y) = bi’o 47r2/KT1”"2>(x—u y —v) a(u,v) dudv, (5)

where D = {0 < z,y < 27} and

ku+l'u)
K T1,72) TN . 0 N
Putting
( : (m=1)  (n—1) ei(ku+l1))
‘Iln:,yzr2 (’U/,’U) — K(’f‘h?“z)(u’ U) — ! /%7
f%;n f;n (ik)s + (i)
we obtain
1 Ty,
Ry (f) = f(2,9) = 8.0 f) = o / \Ilsn};l z>(33,—u7y —v) a(u,v) dudv.
D

Carrying out Abel’ s transformation successively four times, we obtain the fol-

lowing expression for \I/<T1’T2>(u7 v):
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Wirre) (u, ) = AL (u, v) + Qunn (15 0),

where
1 2m —1 2n—1
A(Tlﬂ'z) _ { 19 T177'2 ( )
mi (U, 0) = 2sin ¥ sin § ’ o8 2 T vkt
o 2m —1 2n —1
‘ﬂ—rln’ﬁ S( m2 U — n2 U+1/)1>}§ (6)

Q. (u,v) is a certain remainder containing all nonprincipal terms of the ex-
pansion, and

b = m't cos “LF 4 n'2 cos 2T b m't cos “LE 4 n'2 cos 2T
g8Y = m™ sin rl” + n'2sin TQ; ’ V1= ~ mmisin Tl” + n'2sin TQ; '

The equality

: 2/]/1 1) ‘dudv_WW "1.72) [16E +8(\% — 1)F] +
T
2 _ 2 _
+O{lnm[16E :—nTSI()\ 1)F] n Inn[16E ‘L‘li()\ 1)F] } (7)

Indeed, let us partition the domain

. 4 4 47 4
N:{ <u<?2 <21 — }
T\ am oL S S T T T g, 1 S VST g

into elementary parallelograms by two families of straight lines

2m — 1 +2n—1 e 2m — 1 2n —1
g T T VT 2 T o

v="ky (ky,k, = const),

inside which each of the terms standing in the braces of formula (6) does not
change sign. Estimating the resulting integrals with the aid of the generalized
mean-value theorem and finding the order of the integrals over the incomplete
parallelograms along the entire boundary strip discarded when approximating
A by parallelograms, we obtain (7).
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Using equality (7), one can prove the required asymptotic formula in the norm
L

co-
Applying the reasoning of Ya. S. Bugrov ®), one can prove the asymptotic
formula also in the norm L;.

The formula proved is asymptotic if, for example, ¢; < m"™ /n"2 < ¢y, where ¢;
and ¢, are positive constants, since in this case the first term on the right-hand
side of this formula is the principal one.

Similar asymptotic estimates can be carried out for classes of equations, exam-
ples of which are the equations

0%f  0%*f o f
922 + 92 =+ 9220y% o(z,y).

In conclusion we give a theorem.

Theorem 2. Let f € L, (1 <p < o0), and let f be a 27m-periodic function in
each of the variables.

If
ak1+'”+k7nf 8k77z—1+”'+knf
Ey ko © Ly, [ €Ly
O0xy' -+ Oxm) Oz, " - Oxn”
and, moreover,
891k1+"'+9mkmf §Om+1Fmi +"'+9nk”f
0.k, O © Ly, Ors1 bt oo © Ly,
Ox ™t - Oz Ox 17t Qr*

where 0, isequal to 1 or 0, i =1,2,...,n.

Then

oAttt )ty k) f

Nk Nk k k
Oz - O ™ Ol - Oy

el

p*

where A\, u >0, A+ p < 1.

The theorem can be proved by means of the Marcinkiewicz multiplier method
(4,
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