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Abstract
Full Text
CYBERNETICS AND THE THEORY OF REGULATION
N. I. GLEBOV

ON THE REPRESENTATION OF OPERA-
TORS OVER MEMORY
(Presented by Academician A. I. Berg on 8 I 1962)

In programming one has to deal with the representation of some operators over
memory in the form of a product of other operators.

For what follows we need several definitions given by A. A. Lyapunov in re-
ports at a meeting of the Moscow Mathematical Society and at the Fourth
All-Union Mathematical Congress. A memory is a set Ω, whose elements
are called cells. Let 𝐺 be a set of elements called the states of cells. A
state of memory is a mapping 𝑓 ∶ Ω → 𝐺. Let Ξ = {𝑓} be the set of
all possible states of memory. An operator over the memory Ω (or over
Ω) is a mapping 𝐴 ∶ Ξ1 → Ξ2, where Ξ1 and Ξ2 ⊂ Ξ. If 𝐴 ∶ Ξ1 → Ξ2
and 𝐵 ∶ Ξ2 → Ξ3, then the product of the operators 𝐴 and 𝐵 is the
operator 𝐶 = 𝐴𝐵 ∶ Ξ1 → Ξ3, defined as follows: 𝐶(𝑓) = 𝐵(𝐴(𝑓)). Op-
erators over Ω form a category (1). A tuple of 𝑛 cells 𝑥1, … , 𝑥𝑛, a memory
state 𝑓(𝑥), and an arbitrary function 𝜓(𝑔1, … , 𝑔𝑛) of 𝑛 states determine an
𝑛-function of special form: 𝜑(𝑥1, … , 𝑥𝑛/𝑓(𝑥)) = 𝜓(𝑓(𝑥1), … , 𝑓(𝑥𝑛)). An 𝑛-
function of special form is called an (𝑛, 𝑚)-operation if 𝜓(𝑔1, … , 𝑔𝑛) ∶ 𝐺𝑛→̇𝐺𝑚,
i.e. 𝜑(𝑥1, … , 𝑥𝑛/𝑓(𝑥)) = ( ̄𝑔1, … , ̄𝑔𝑚). An ordered collection of 𝑚 distinct cells
𝑦1, … , 𝑦𝑚 and an (𝑛, 𝑚)-operation determine an (𝑛, 𝑚)-operator of special form

𝐴(𝑓(𝑥)) = 𝑓1(𝑥) = { ̄𝑔𝑖, if 𝑥 = 𝑦𝑖,
𝑓(𝑥), if 𝑥 ≠ 𝑦𝑖, 𝑖 = 1, … , 𝑚.

We consider a memory Ω with an arbitrary set of cells, each of which is capable of
being in a finite number of states, and we study the question of representability
of operators over the memory Ω in the form of a product of other operators.

Theorem 1. Every (𝑛, 𝑚)-operator over Ω is representable in the form of a
product of (𝑛, 1)-operators over Ω.

Theorem 2. For 𝑚 < 𝑛 there exist (𝑛, 1)-operators over Ω that are not repre-
sentable in the form of a product of (𝑚, 1)-operators over Ω.

Let the memory Ω′ be obtained by adding to the memory Ω one cell taking two
states.
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Theorem 3. Every (𝑛, 𝑚)-operator over Ω is representable in the form of a
product of (2, 1)-operators over Ω.

The study of more complicated cases requires auxiliary considerations. Let 𝐾
be an arbitrary category, 𝐾 the set of all non-identity elements of the category
𝐾, and 𝔑 ⊂ 𝐾. A subcategory 𝐾1 ⊂ 𝐾 will be called regular if every identity
element of the subcategory 𝐾1 is an identity element of the category 𝐾. The
smallest regular subcategory 𝐾(𝔑) such that 𝐾(𝔑) ⊃ 𝔑 will be called the
categorical closure of the set 𝔑. Sets 𝔑1 and 𝔑2 ⊂ 𝐾 are called equivalent
if 𝐾(𝔑1) = 𝐾(𝔑2). The question of the possibility of representing an operator
𝐴 in the form of a product of operators from the set 𝔑 reduces to the question
of the equivalence of the sets 𝔑 and 𝔑 ∪ {𝐴}.

We describe a certain class of criteria for the equivalence of subsets of an arbi-
trary category 𝐾. Let 𝐾𝛼 be some operator category defined on the set Ξ𝛼. On
the set Ξ𝛼 define a subordination relation

𝑟<, satisfying the following axioms: 1)
if 𝜉1

𝑟< 𝜉2 and 𝜉2
𝑟< 𝜉3, then 𝜉1

𝑟< 𝜉3; 2) if 𝜉1
𝑟< 𝜉2, then 𝐴𝛼𝜉1

𝑟< 𝐴𝛼𝜉2 for every
operator 𝐴𝛼 ∈ 𝐾𝛼 (provided that the operator 𝐴𝛼 is defined on 𝜉1 and 𝜉2). By
a quasi-invariant of a set 𝔐 ⊂ 𝐾𝛼 we shall mean any element 𝜉 ∈ Ξ𝛼 such
that, for every 𝐴𝛼 from 𝔐, one has 𝐴𝛼𝜉 𝑟< 𝜉. The totality of all quasi-invariants
of the set 𝔐 is denoted by 𝑆(𝔐). Let 𝜎 ∶ 𝐾 → 𝐾𝛼 be a homomorphism of the
category 𝐾 into the category 𝐾𝛼.

If 𝔑 ⊂ 𝐾 and 𝑅 = (𝐾𝛼, 𝑟<, 𝜎), then by the 𝑅-characteristic of the set 𝔑
we shall mean the set 𝑅(𝔑) = 𝑆(𝜎𝔑). The sets 𝔑1 and 𝔑2 ⊂ 𝐾 are called
𝑅-equivalent if 𝑅(𝔑1) = 𝑅(𝔑2).
An 𝑅-criterion of equivalence. In order that the sets 𝔑1 and 𝔑2 ⊂ 𝐾 be
equivalent, it is necessary that they be 𝑅-equivalent.

Thus, to each triple (𝐾𝛼, 𝑟<, 𝜎) = 𝑅𝛽 there corresponds an 𝑅𝛽-criterion of equiv-
alence. We shall say that the 𝑅1-criterion is weaker than the 𝑅2-criterion (the
𝑅2-criterion is stronger than the 𝑅1-criterion) and write 𝑅1 ≼ 𝑅2, if from the 𝑅2-
equivalence of arbitrary sets 𝔑1 and 𝔑2 ⊂ 𝐾 there follows their 𝑅1-equivalence.
The 𝑅1-criterion and the 𝑅2-criterion are called equally strong if 𝑅1 ≼ 𝑅2
and 𝑅2 ≼ 𝑅1. Identifying equivalent 𝑅-criteria, we obtain a partially ordered
set ℜ(𝐾), whose elements are classes of equally strong 𝑅-criteria of equivalence.

Theorem 4. The partially ordered set ℜ(𝐾) is a complete lattice.

Theorem 5. The unit element of the lattice ℜ(𝐾) is the class of sufficient
𝑅-criteria of equivalence.

A set 𝐻 ⊂ 𝐾 is called 𝐾-closed if 𝐾 ∩ 𝐾(𝐻) ⊂ 𝐻. A system ℰ of nonempty
𝐾-closed subsets of the set 𝐾 is called proper if: 1) 𝐾 ∈ ℰ and 2) together with
the sets 𝐻𝛼 ∈ ℰ (𝛼 ∈ 𝐼), the system ℰ also contains their intersection ⋂𝛼∈𝐼 𝐻𝛼,
if it is nonempty.
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If ℰ is a proper system and 𝑁 ⊂ 𝐾, then by ℰ𝑁 we shall denote the smallest
set 𝐻 ∈ ℰ containing the set 𝑁 .

Every 𝑅-criterion of equivalence generates a certain partition 𝐷𝑅 of the system
of all subsets of the set 𝐾 into classes of 𝑅-equivalent sets. To each class 𝑄𝛼 of
the partition 𝐷𝑅 we put in correspondence the set

𝐻𝛼 = ⋃
𝑁∈𝑄𝛼

𝑁.

The totality of the sets 𝐻𝛼 corresponding to all possible classes of the partition
𝐷𝑅 will be denoted by ℰ𝑅. Thus, to each 𝑅-criterion of equivalence there
corresponds a certain system of sets ℰ𝑅.

Theorem 6. The system of sets ℰ𝑅 corresponding to an 𝑅-criterion of equiva-
lence is proper.

The question arises: does every proper system correspond to some 𝑅-criterion
of equivalence?

Let 𝑆 be a semigroup with a system of generators 𝐾 and a system of defining
relations 𝔄, consisting of all relations valid in the category 𝐾. In what follows
we shall regard the category 𝐾 as a subset of the semigroup 𝑆, and by 𝑁𝑀 ,
where 𝑁, 𝑀 ⊂ 𝑆, we shall mean the product of sets in the semigroup 𝑆. If
𝑁 ⊂ 𝐾 and

̇𝑇 (𝑁) = {𝑎 ∶ 𝑎𝑁 ∩ 𝐾 ≠ Λ, 𝑎 ∈ 𝐾}, then by 𝐹(𝑁) we denote the set {𝑎 ∶
𝑇 (𝑁)𝑎 ∩ 𝐾 ≠ Λ, 𝑎 ∈ 𝐾}.

Let ℰ be a regular system and 𝐻 ∈ ℰ. A set 𝐻 is called distinguishable in ℰ
if there exist a set 𝑆 ⊂ 𝑆 and a mapping 𝑓(𝑎) = 𝑃𝑎 (𝑎 ∈ 𝑆, 𝑃𝑎 ⊂ 𝑆) satisfying
the following conditions:

1°. 𝐹(𝐻) ⊂ 𝑆.

2°. If 𝑎𝑏 ∈ 𝑆 and 𝑏 ∈ 𝐾, then 𝑎(𝑏𝐾 ∩ 𝐾) ⊂ 𝑆.

3°. If 𝑎 ∈ 𝐹(𝐻) and 𝑏 ∈ 𝐻, then 𝑆 ∩ 𝐻𝑎 ⊂ 𝑃𝑎 and 𝑆 ∩ 𝑃𝑏𝑎 ⊂ 𝑃𝑎.

4°. If 𝑎𝑁 ⊂ 𝑃𝑎 (𝑎 ∈ 𝑆, 𝑁 ⊂ 𝐾), then 𝑎ℰ𝑁 ⊂ 𝑃𝑎 and 𝑎𝐹(ℰ𝑁) ⊂ 𝑆.

5°. If 𝑎 ∈ 𝑃𝑏, then 𝑃𝑎 ⊂ 𝑃𝑏.

6°. If 𝑎 ∈ 𝑃𝑏, 𝑐 ∈ 𝐾 and 𝑎𝑐, 𝑏𝑐 ∈ 𝑆, then 𝑎𝑐 ∈ 𝑃𝑏𝑐.

7°. If 𝑎 ∈ 𝐻, then 𝐾 ∩ 𝑃𝑎 ⊂ 𝐻.

Otherwise the set 𝐻 is called indistinguishable in ℰ.

Theorem 7. In order that there exist an 𝑅-equivalence criterion corresponding
to the regular system ℰ, it is necessary and sufficient that every set 𝐻 ∈ ℰ be
distinguishable in ℰ.
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Theorem 8. If there exist elements 𝑎, 𝑏 ∈ 𝐾 and a set 𝑁 ⊂ 𝐾 such that 𝑎𝑏 ∈ 𝐻,
𝑎𝑁 ⊂ 𝐻𝑎 ∩ 𝐾, and 𝑎ℰ𝑁𝑏 ∩ (𝐾/𝐻) ≠ Λ, then the set 𝐻 ∈ ℰ is indistinguishable
in ℰ.

The following theorem gives sufficient conditions for distinguishability under the
assumption that the category 𝐾 is a semigroup.

Theorem 9. If for arbitrary 𝑎 ∈ 𝐾 and 𝑁 ⊂ 𝐾, from 𝑎𝑁 ⊂ 𝐻𝑎 ∪ 𝑎 it follows
that 𝑎ℰ𝑁 ⊂ 𝐻𝑎 ∪ 𝑎, then the set 𝐻 ∈ ℰ is distinguishable in ℰ.

Let us apply the results obtained to groups. Let 𝐾 be an arbitrary group, and
let 𝐻 be an arbitrary 𝐾-closed set of nonidentity elements of the group 𝐾.

Theorem 10. In order that the set 𝐻 be distinguishable in ℰ0 = {𝐾, 𝐻}, it is
necessary and sufficient that for every 𝑎 ∈ 𝐾 the relation 𝑎𝐻 ⊂ 𝐻𝑎 hold.

Theorem 11. In order that the subgroup 𝐾1 be a normal divisor of the group
𝐾, it is necessary and sufficient that there exist an 𝑅0-equivalence criterion
corresponding to the system ℰ0 = {𝐾, 𝐾1 ∩ 𝐾}.

Theorem 12. In order that to every regular system there correspond some 𝑅-
equivalence criterion, it is necessary and sufficient that the group 𝐾 be abelian
or Hamiltonian.

As an illustration, let us give one example. Let the memory Ω = {𝑥1, 𝑥2, 𝑥3}
consist of three cells, each of which can be in two states (0 and 1). Ξ = {𝑓(𝑥)}
is the set of all states of the memory Ω. The category 𝐾 consists of all invertible
operators 𝐴 ∶ Ξ → Ξ; 𝔑 is the set of all (2, 1)-operators from 𝐾. We construct
an 𝑅-criterion recognizing the equivalence of the sets 𝔑 and 𝔑 ∪ {𝐴}, where 𝐴
is an arbitrary operator from 𝐾. Let 𝐸 = {𝑒} be the set whose elements are
all four-element subsets 𝑒 ⊂ Ξ, and let Ξ1 = {𝜉} be the set of all subsets 𝜉 ⊂ 𝐸
consisting of 14 elements of the set 𝐸. The operator category 𝐾1 consists of all
invertible operators 𝐴1 ∶ Ξ1 → Ξ1.

The subordination relation
1< in Ξ1 is defined as follows: 𝜉1

1< 𝜉2 if and only
if 𝜉1 = 𝜉2. As the homomorphism 𝜎1 ∶ 𝐾 → 𝐾1 we take the mapping which
assigns to an operator 𝐴 ∈ 𝐾 the corresponding operator 𝐴1 ∈ 𝐾1 induced by
the operator 𝐴.

If 𝑅 = (𝐾1, 1<, 𝜎1), then the 𝑅-criterion completely solves the question of the
equivalence of the sets 𝔑 and 𝔑 ∪ {𝐴}: in order that the sets 𝔑 and 𝔑 ∪ {𝐴}
be equivalent, it is necessary and sufficient that they be 𝑅-equivalent. The 𝑅-
equivalence of 𝔑 and 𝔑 ∪ {𝐴} is equivalent to the relation 𝑅(𝔑) ⊂ 𝑅(𝐴). In
the present case the 𝑅-characteristic of the set

𝔑 consists of a single element 𝜉0 = {𝑒1, … , 𝑒14}, where the sets 𝑒𝑖 ⊂ Ξ (𝑖 =
1, … , 14) are characterized by the following property: ∑𝑓∈𝑒𝑖

𝑓(𝑥𝑗) = 𝑟𝑖
𝑗, (𝑖 =

1, … , 14; 𝑗 = 1, 2, 3), is an even number. Thus, in order that an operator 𝐴 ∈ 𝐾
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be representable as a product of (2, 1)-operators over Ω, it is necessary and
sufficient that 𝜉0 ∈ 𝑅(𝐴).
Received
26 XI 1961
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