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Abstract
Full Text
MATHEMATICS

V. P. GROMOV

ON SERIES WITH RESPECT TO THE SYS-
TEM {𝑓(𝜆𝑛𝑧)}
(Presented by Academician I. M. Vinogradov, December 19, 1961)

In recent years, in many works, sequences of linear aggregates formed from
functions 𝑓(𝜆𝑛𝑧) have been studied from various points of view, where 𝑓(𝑧) is
an entire function of finite order with nonzero Taylor coefficients, and {𝜆𝑛} is a
sequence of complex numbers with finite convergence exponent. In particular,
in the work (1) it was shown that, if

lim
𝑛→∞

𝑛
|𝜆𝑛|𝜌 = 𝜏 < ∞

and the sequence

{𝑃𝑛(𝑧) =
𝑝𝑛

∑
𝑗=1

𝑑𝑛𝑗𝑓(𝜆𝑗𝑧)}

converges uniformly in some sufficiently large disk with center at the origin, then
its limiting function 𝐹(𝑧) satisfies a certain functional equation, the limits

lim
𝑛→∞

𝑑𝑛𝑗 = 𝑑𝑗 (𝑗 = 1, 2, …)

exist, and two sequences of the indicated form converge to one and the same
function if and only if the limits of the corresponding coefficients are equal. Thus
to each limiting function 𝐹(𝑧) there corresponds a unique series

∞
∑
𝑗=1

𝑑𝑗𝑓(𝜆𝑗𝑧), (1)

which, for some {𝜆𝑛} and some functions 𝐹(𝑧), may (see (1), p. 59) diverge, even
everywhere. In the present article we shall indicate some new results concerning
series of the form (1).

Let first
𝑓(𝑧) =

∞
∑
𝑛=0

𝑧𝑛

Γ(𝑛/𝜌 + 1) , 𝜌 > 1
2. (2)

Everywhere in what follows

lim
𝑛→∞

ln 𝑛
|𝜆𝑛|𝜌 = 0.
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Suppose that the series ∑∞
𝑛=1 𝑑𝑛 converges. Let 𝜓 ∈ [0, 2𝜋] and let 𝑎 > 0 be

sufficiently small; put

𝑘(𝜓, 𝑎) = lim
𝑘→∞

ln |𝑑𝑛𝑘
|

|𝜆𝑛𝑘
|𝜌 ,

where
𝜆𝑛𝑘

= |𝜆𝑛𝑘
|𝑒𝑖𝜑𝑛𝑘 (𝑘 = 1, 2, …)

are those numbers of the sequence {𝜆𝑛} for which

𝜓 − 𝑎 ≤ 𝜑𝑛𝑘
< 𝜓 + 𝑎

(in the case when the angle 𝜓 − 𝑎 ≤ 𝜑 < 𝜓 + 𝑎 contains only finitely many 𝜆𝑛,
we shall put 𝑘(𝜓, 𝑎) = +∞). Let further

𝑘(𝜓) = lim
𝑎→0

𝑘(𝜓, 𝑎).

Theorem 1. The series (1), in the case (2), converges absolutely in the domain
𝐷 (uniformly in every finite closed part of 𝐷), whose points 𝑧 = 𝑟𝑒𝑖𝜑 satisfy the
condition

𝑟𝜌 cos+ 𝜌(𝜓 + 𝜑) − 𝑘(𝜓) < 0
for every 𝜓, and diverges outside 𝐷. The domain 𝐷 is open and star-shaped
with respect to the origin; in the case 1/2 < 𝜌 ≤ 1 it is, moreover, convex.

We note that for 𝜌 = 1 the function (2) is 𝑒𝑧, and the series (1) becomes a
Dirichlet series. For this case a similar theorem was obtained in the work (3).
Theorem 2. Let 𝑓(𝑧) = ∑∞

0 𝑎𝑛𝑧𝑛, and suppose that for the function

𝛾(𝑡) =
∞

∑
𝑛=0

𝑎𝑛Γ(𝑛/𝜌 + 1)
𝑡𝑛+1

all singular points lie on the segment [0, 1] of the real axis. Then the series (1)
converges absolutely in the domain 𝐷 (the domain 𝐷 is defined in Theorem 1).
In every bounded closed part of the domain 𝐷 this series converges uniformly.

In what follows, by 𝑓(𝑧) we shall mean an entire function

𝑓(𝑧) =
∞

∑
𝑛=0

𝑎𝑛𝑧𝑛

of order 𝜌 and type 1, for which

𝑎𝑛 ≠ 0 (𝑛 = 0, 1, 2, …), lim
𝑛→∞

𝑛1/𝜌 𝑛√|𝑎𝑛| = (𝑒𝜌)1/𝜌. (3)

Theorem 3. Let 𝑓(𝑧) be an entire function of order 𝜌 > 1/2, of type 1, with
property (3). Then the radius 𝑅 of the maximal circle with center at the origin,
inside which the series ∞

∑
1

𝑑𝑛𝑓(𝜆𝑛𝑧)
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converges, is determined by the formula

𝑅 = (𝑘)1/𝜌, 𝑘 = − lim
𝑛→∞

ln |𝑑𝑛|
|𝜆𝑛|𝜌 .

Consider the sequence

𝑃𝑛(𝑧) =
𝑝𝑛

∑
𝑗=1

𝑑𝑛𝑗𝑓(𝜆𝑗𝑧) (𝑛 = 1, 2, …), lim
𝑛→∞

𝑛
|𝜆𝑛|𝜌 = 𝜏 < ∞, (4)

where 𝑑𝑛𝑗 are certain complex numbers.

Theorem 4. Let the sequence (4) converge uniformly in the disk

|𝑧| < 𝑅, 𝑅 > ( 𝜋𝜏
sin 𝜋𝜌/𝑚)

1/𝜌
= 𝜇 (𝑚 is an integer > 𝜌)

to an entire function 𝐹(𝑧) of order 𝜈 > 𝜌, and let the sequence {𝜆𝑛} satisfy the
additional condition

ln ∣ 1
𝐿′(𝜆𝑛) ∣ = 𝑜 (|𝜆𝑛| 𝜈𝜌−𝜀

𝜈−𝜌 ) , 𝜀 > 0, 𝐿(𝑧) =
∞
∏
𝑖=1

(1 − 𝑧𝑚

𝜆𝑚
𝑖

) . (5)

Then the series ∞
∑
𝑗=1

𝑑𝑗𝑓(𝜆𝑗𝑧), 𝑑𝑗 = lim
𝑛→∞

𝑑𝑛𝑗,

converges to 𝐹(𝑧) in the whole plane and the relation

lim
𝑛→∞

ln |𝜆𝑛|𝜌

ln ln 1
|𝑑𝑛|

= 𝜈 − 𝜌
𝜈 (6)

holds.

Under the condition that 𝐹(𝑧) is an entire function of order 𝜈 > 𝜌 and type 𝜎,
along with (6) another relation also holds:

lim
𝑛→∞

(|𝜆𝑛|𝜌) 𝜈
𝜈−𝜌

(ln 1
|𝑑𝑛|)

𝜈
𝜈−𝜌

= (𝜎𝜈
𝜌 )

𝜌
𝜈−𝜌

. (7)

Theorem 4 supplements the following known assertion (see (1), p. 54):

If the sequence (4) converges uniformly in the disk |𝑧| < 𝑅, 𝑅 > 𝜇, to an entire
function 𝐹(𝑧) and

𝛿 = lim
𝑛→∞

1
|𝜆𝑛|𝜌 ln ∣ 1

𝐿′(𝜆𝑛) ∣ < ∞, (8)
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then the series ∞
∑
𝑛=1

𝑑𝑛𝑓(𝜆𝑛𝑧)

converges to 𝐹(𝑧) in the whole plane.

Condition (5) for 𝜈 > 𝜌 is weaker than the condition

ln ∣ 1
𝐿′(𝜆𝑛) ∣ = 𝑜 (|𝜆𝑛|𝜌 ln |𝜆𝑛|) , (9)

and this latter is weaker than condition (8). Condition (8) is satisfied, in par-
ticular, if

lim
𝑛→∞

(|𝜆𝑛+1|𝜌 − |𝜆𝑛|𝜌) = ℎ > 0.

In the case when the order of the function 𝐹(𝑧) is unknown, but the coefficients
of the series are known, the following theorem may be used to compute the
order:

Theorem 5. Suppose

lim
𝑛→∞

𝑛
|𝜆𝑛|𝜌 = 𝜏 < ∞

and condition (9) is satisfied.

Then, in order that the series (1) converge in the entire plane and represent an
entire function 𝐹(𝑧) of finite order 𝜈, it is necessary and sufficient that relation
(6) hold. In the case 𝜈 > 𝜌, the type 𝜎 of the function 𝐹(𝑧) is computed by
formula (7).

Let 𝐹(𝑧) be an entire function; put

𝑀(𝑟) = max
|𝑧|=𝑟

|𝐹 (𝑧)|.

The quantity

𝜒 = lim
𝑟→∞

ln ln 𝑀(𝑟)
𝑟𝜌

will henceforth be called the 𝐴-order of the function 𝐹(𝑧).
Theorem 6. Suppose the sequence (4) converges uniformly in the disk |𝑧| <
𝑅, 𝑅 > 𝜇, to an entire function 𝐹(𝑧) of finite 𝐴-order 𝜒. If the sequence {𝜆𝑛},
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lim
𝑛→∞

𝑛
|𝜆𝑛|𝜌 = 𝜏 < ∞,

satisfies condition (9), then the series

∞
∑
𝑛=1

𝑑𝑛𝑓(𝜆𝑛𝑧),

corresponding to the function 𝐹(𝑧), converges in the entire plane to 𝐹(𝑧), and
the relation

lim
𝑛→∞

|𝜆𝑛|𝜌 ln |𝜆𝑛|𝜌

ln 1
|𝑑𝑛|

= 𝜒 (10)

holds.

The following assertion is also true:

If (10) holds, then the series (1) converges in the entire plane and represents an
entire function of finite 𝐴-order 𝜒.

For 𝑓(𝑧) = 𝑒𝑧 (𝜌 = 1), the series

∞
∑
𝑛=1

𝑑𝑛𝑓(𝜆𝑛𝑧)

becomes the Dirichlet series

∞
∑

1
𝑑𝑛𝑒𝜆𝑛𝑧.

For a Dirichlet series, under conditions on 𝜆𝑛 more stringent than ours, formula
(10) was established by Valiron (4). In the case 𝜆𝑛 > 0,

lim
𝑛→∞

ln 𝑛
𝜆𝑛

= 0,

Ritt, for the function

𝐹(𝑠) = ∑ 𝑑𝑛𝑒𝜆𝑛𝑠 (𝑠 = 𝜎 + 𝑖𝑡),

introduced the quantity
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𝜒 = lim
𝜎→+∞

ln ln 𝑀(𝜎)
𝜎 , 𝑀(𝜎) = sup

|𝑡|<∞
|𝐹 (𝜎 + 𝑖𝑡)|,

which is now called the 𝑅-order of the function 𝐹(𝑠). It has been proved (see, for
example, (5)) that the 𝑅-order 𝜒 of the function 𝐹(𝑠) is computed by formula
(10) (where one must put 𝜌 = 1).

A. O. Gelfond (2) established a connection between the density of the set of zero
Taylor coefficients of an entire periodic function and its growth. It turns out
that an entire periodic function cannot have very many zero Taylor coefficients.
We show that the same property is possessed by an entire function represented
in the entire plane by a series of the form (1).

Theorem 7. Let

𝑓(𝑧) =
∞

∑
0

𝑎𝑛𝑧𝑛, 𝑎𝑛 ≠ 0 (𝑛 = 1, 2, …),

be an entire function of order 𝜌 > 1/2, of type 1; let 𝜆𝑛 (𝑛 = 1, 2, …) be positive
numbers, with

lim
𝑛→∞

ln 𝑛
𝜆𝜌

𝑛
= 0.

Suppose that the coefficients 𝑑𝑛 of series (1) satisfy the condition

lim
𝑛→∞

ln |𝑑𝑛|
𝜆𝜌

𝑛
= −∞

(this condition ensures the convergence of series (1) in the whole plane). If 𝑛𝑘
are the indices of the nonzero Taylor coefficients of the function 𝐹(𝑧)—the sum
of series (1)—then

lim
𝑘→∞

𝑘
𝑛𝑘

≥ 1 − 1
2𝜌 .

For entire functions of finite order, a more precise theorem holds:

Theorem 8. If, under the conditions of the preceding theorem, 𝐹(𝑧) is an
entire function of finite order 𝜈 > 𝜌, then

lim
𝑘→∞

𝑘
𝑛𝑘

≥ 1 − 𝜈 − 𝜌
2𝜈𝜌 .
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In conclusion, I express my deep gratitude to A. F. Leont’ev, under whose
supervision this work was carried out.

Moscow Power Engineering
Institute

Received
14 XII 1961

REFERENCES
1 A. F. Leont’ev, Tr. Matem. inst. im. V. A. Steklova AN SSSR, 39 (1951).
2 A. O. Gel’fond, Izv. AN SSSR, ser. matem., 5, 96 (1941).
3 G. L. Luntz, Matem. sborn., 10 (52), 1, 33 (1942).
4 V. Aligon, Tohoku Math. J., 38, 358 (1933).
5 S. Mandelbrojt, Adherent Series. Regularization of Sequences, IL, 1955.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196201.55866 Machine Translation

https://sovietrxiv.org/items/ru-196201.55866

	Abstract
	Full Text
	ON SERIES WITH RESPECT TO THE SYSTEM \{f(\lambda_n z)\}
	REFERENCES


