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Abstract

Full Text
PHYSICS
E. R. VELIBEKOV

ON THE SPECTRUM OF ELEMENTARY
EXCITATIONS IN THE THEORY OF SUPER-
CONDUCTIVITY

(Presented by Academician N. N. Bogolyubov, 21 X 1961)

The study of collective excitations in the theory of superconductivity, carried
out by N. N. Bogolyubov (), showed that in a neutral Fermi system at zero
temperature there exist longitudinal waves possessing the velocity vy/v/3 (vp is
the velocity of particles on the Fermi surface). Subsequently N. N. Bogolyubov
and P. Anderson obtained small interaction corrections to this value of the
velocity of longitudinal waves at zero temperature (2,3). In the present article
elementary excitations in a Fermi system at a temperature different from zero
are considered.

The Fermi system is specified by the four-operator Hamiltonian

H =10 ) ajag + 3 3 I fos o ) afabagag, (1)

where T'(f, f') = I(f,f") — A0(f — f’) (I is the particle Hamiltonian, A the
chemical potential), while I and J obey the usual conditions of symmetry, Her-
miticity, etc. Let us consider the equations for the two-time Green’ s functions
(475) Glmnlp<t7t/> = <<a’%an | alJrap>>’ G2mnlp(t7t/) = <<aman | alJra’p>>7 and carry
out, on the right-hand side, a decoupling of higher-order Green’ s functions,
pairing all operators depending on ¢ two by two. Calculating the commutators
and carrying out, according to the indicated principle, all possible decouplings,
we obtain
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zd(;lm’glilf(t” = 3(t — t'){8,,F(m, p) — 8,,, F(I,n)}+
+> {En, (a5, af | afa,)) — E(f,m)((a}a, | afa,)}+
+ > T 175 ) = T 75 £, P )Y (m, f((afvap | afa,))—
=Y LIt m) —J(fo 5y fOYE(fm){(agap | afay)+
+ > {=Sn, N{{aha} [ afa,) + 5 (m, [){{ag,n | afa,))}+
+ Y I, £ 7 ) (m, [ ({apag | afa,))—

*ij/7f”;m7f) ( )<< f’/af’ |a’l ap>>;
(2)

2ot 0D _ 1 11y (8,00m.) — 6 )+
+ Y {E(m, f){{ag,n | afa,)) + Em, f){{apaf | afa,))}+
+ Z J(m,n; f7, f' ) apap | afa,))+
A T f5 ) = T, £75 P} (m, £)((abiap | af a,))+
+ Y T, 5 F L ) = T, £75 £ Y (f,n) (ahvap | af a,))—
=Y AS(fm)(ajay, | afa,) + S(m, f){{afa, | afa,))}—
fZJ(f,n; [ E(f,m ><<af/af” K ap>>*
- Z J(m, fi [, f)F(f, n)<<af’af” \ a‘lJra’p>>u

where

E(f1, ) = T(f1, fo) + D LT 751 fo) = T (Fus £75 fos POYF(SF7S F),
S(fir f2) =D T(f1, fos 7 1R 1),
(f1af2)—<af1af2>7 (f17f2)—<af1af2>-

Equations (2) and (3), up to inhomogeneous terms, coincide with the variational
equations for the correlation functions F' and ®, used by N. N. Bogolyubov
to determine the spectrum of elementary excitations of the ground state of a
superconducting system. Thus, the variational equations for the correlation
functions contain the results of the next approximation in Green’ s functions.
To solve equations (2) and (3), following (?), we shall assume that in the initial
Hamiltonian a completely generalized canonical transformation has been carried

out, ay = > (uyp,0, +vp,0)).
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To determine 6F and 49, instead of varying uy, and vy, we perform an in-
finitesimal transformation on the operators a,: «, — «a, + > pu(¥',v)a, +
> A(V',v)a},. From the condition of canonicity of this transformation it fol-
lows that A(vy,15) + Avg, vy) = 0; p* (vy, v5) + p(vg, vy) = 0.

Using the last relations, one can find §F and d®, and, applying the orthonor-
mality conditions for uy, and vy, express A and p through 6F and 6®. Dif-
ferentiating these relations with respect to time and taking into account the
established correspondence and equations (2) and (3), one can obtain a system
of equations for determining A, A*, i, and p*:

ot l—n, —n,
= A2, )1 =1, —n )Qvy, V)] +
+ Z AMvy, o) (1 —ny, —n, )[Z (V1,72 V15 Vo) — Z (V2,115 V15 Vo) |+
+ Z N (v, ) (1=, — 1, )Y (71,725 V1, v2) — Y (92, 715 1, v2) |+

+Z (v, y2)(n, _7%2)5*(’/7’71)+N(V>71)(“u_nyl)ﬁ*(’)’w’/)]"‘

ZOA(’Yla%) _ 1 {Z[)\(%,y)(ln —n, )Q(’yg, V)

+ ZN(VD Vz)(nu1 - nuz)[K(%”h; vy, Vo) — K (79, M5 1 Vz)] }3
(4)

i(r“),u(’h”b) _ 1 { Z 1y, v) (g, —1,)Qv2,v)

ot N, — My,
— (v, 72)(n, —ny ), 1) +Z v, 72)(L —=ny, —n,)B(7,v)
A (v v) A —ny, —”y)ﬁ (72, V)]
+ ZN (V15 v0) (1, — 1y ) [L(v1, v25 v15 Vo) — L (Yo Y15 V2, 1)

+Z V15V2 1_ny1_nV2>M(’71a’Y2;V17V2)

— N (v, v)(1 — n,, — nUQ)M*(%v’h; V1, Vz)]}

and the equations complex-conjugate to (4) and (5). Here

v) =D B(fi, ) [ug, yup, — v5,,00,]
Y AT 5 F DS F g g + (o fi £ FORU P ws 05, )
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= Z E(fl’ f) [,U?qufV - ,U;quf’Y}
+ Z{J(f”7 f/; f17 f)@*(f/’ f//)ufl’yufl/ =+ J(f7 fl; fll, f/)(p(f/a f”>v}1~yv}y};

2o ve) = 305, P )+, @, )
X (20 (o f75 Lo IV g, Vs, + T S5 Sy D)0 Oy U,
[l F(f 1)+ vp o, @y, )
XTS5 17 20y, U, Vo, + T s I SV g, g ]|

1 ” / * * * *
T 52J(f1’f2;f "f )[uf1’hufz’huf/’/1uf”V2 +Uf/’Y1vf”’szf2”2Uf1V1];

Y (71572 V1, V) :Z{[Ufl"/zF(fl’f)+u}172¢(fl’f>][2']<f27f” Ly Up,y, U Vlu}”uz
I T f2)V gy Wy Wy, )+ [ F O f1)
+ vfl’h@*(fla f)][2J<fa f/; f”a fQ)Ufz'yluj"/ylvf”l/rz + J(f27 f, flla f/)u}2»ylvf’u1vf”u2]}

1 * * * *
+ 5 ZJ(,]N/,f/;fl’ f2)[uf/V1uf”V2Uf2V1vf1V2 + vfll’lfvf2’/2uf/l’1uf”1’2}’

K v100) = S A [0gyy FUs )+ 00 @ 20 (s £ D) W50, g,
— U, Vpro WWh T I 5 fo )W, 050, — Wy Vi, )0,
(0, FUL L) + 070, O NI i o ) o,
- 07’yzvf/’u1)vf272 + o 5 17 ) gy, v, — wp, vpm, Juy o 1}
+ Z J(frs fas f7 f/)[U}lwu?ﬂzuf/yzvfuul + u}wlv}w?vf/%vf”%];

Ly 721, va) = O ALty F(frs )+ 05 @(f1 DRI (For £75 15 £ Wi, g,
— Vh Vg Wy, + T 15 o f2) (W, 0, — u;z, Oy )0p]
+[v; W )+ g (o DRI s for 1) W, g,
Vs Uy Wiy + I fos f7 ) (g vpm, _uf”VQUf/Vl)u?zny]}

4 ’ * * * * .
+§Zj(f1’f2’f ’f)[ufz’)’zvh’hvf/”luf””z_uf”’ngf/’huﬁVz,Uszl]’
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M (v, 79301, v5) = Z{ Ufﬂ (f, f1)+“f171 *<f17f)][2<](fﬂf/;f27f//)vf2wgu}’ulv?”u2
+ J(fz’ f; f//’ f/)u}szuf/Vluf//Vz] + [uf171F(f1’ f)
s Dy PRI (o £ s PO O g, + T(F 5 Fo )0 05, 0, ]
+ [vf172F(f17 f) + chl,mq)(fl, f)][2J<f23 f”; fa f/)v}2fyluflu21f}”yl
+ J(fﬂﬂ f/; f27 f)qu'Ylv}/Vl/U}”V2] + [u}l’YzF(f’ fl)
+ Ufﬂgq)*<f17 f)][2J(f/, f, f2, f//)ufzvluf,l’lv}ﬁl’z + J(f, f27 f//7 f/)v}z’huf/l’lufﬁl@]}
+ Z J(fl’ f2; f”’ f/)[u}f/zv}l’huf/”luf””z o U}/’quf”'hv?zl’lv}l%]'

We shall solve the obtained system of homogeneous integral equations by repre-
senting A and p in the form of a sum of normal oscillations

—iEt —zEt .
NZN2Y E € Ep(v,va); “(vy, 1) E e r(V1,Vs);

vy, vy) = Ze_iEtXE(V1aV2>~ (6)

E

In the resulting system of secular equations for determining the spectrum, let
us pass to the case of a superconducting system of electrons. We note that the
spectrum splits into two branches, and in one of them the oscillations occur for
particles with opposite spins (in this case A, ., = 0), while in the other they
occur for particles with identical spins (in this case A_, = XA, _ = 0). The first
branch is considered here. For the selected branch of oscillations, separating
the spin indices and taking into account the conditions A(vy,vy) + A(vy,vy) =
0, p*(vy,v9) + u(vy,vy) = 0, we obtain a system of six equations. Two of
them, corresponding to the amplitudes of normal oscillations p,_ and p_, , are
independent, coincide, and contain a continuous excitation spectrum with a gap.
The remaining four equations relate the functions &, (py,ps), ny_ (=P, —D1)s
X1+ (=P1:p2), and x__(—py,py) at fixed p; + py. Taking p; = p; py = —p + ¢,
they are considered with respect to 9, (p) = €_ (py, p2)+n,_(—pa, —p1); 0,(p) =
& (P1:p2)—

=N (=PasP1); #4(P) = X4 (=P1,P2) — X_—(=DasP1); Ty(P) = X414 (=P1,P2) +
X__(—pg,p1)~

It is not difficult to verify the presence of a continuous spectrum, separated by
a gap, if in the equations obtained one chooses the solution ~ d(p — py) and
discards terms of order 1/V:

E=Q(py) +Qpo—q); E=Qpy) —Qpy —q)-
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For ¢ = 0 the equation for 0,(p) coincides with the basic equation of supercon-

ductivity. Using the known solution of the superconductivity equation (1:2:5),
we shall seek the solution for small ¢ by means of the expansion

E=|qEy+...; 0, =u,v,+[ql0(p,D)+...; n,=no(p,)+..; 7, = |g|mi(p, D)+ 5

Using the solvability condition for inhomogeneous integral equations, one can
find the relation determining F;. Carrying out explicit calculations in the radi-
ally symmetric case for a neutral system with interaction potential

Jp&)p&), plé)=1for —a<é<a and p&)=0for —a>&and {>a

(a = hw/2), in particular in the cases of zero and critical temperature, for the
velocity of longitudinal waves one obtains, respectively, the values

/ C 2
’UF 1_m71)%/\/§7 ’UF\/;.

If, near the critical point, the solution is sought in powers of the gap,

E,=CE\ +...; ny(p,1) =Cny(p, 1)+ ...,

then one can discover one more branch of collective excitations arising at the
critical temperature 6,. The corresponding longitudinal temperature waves near
the critical point have the velocity

1 4 41, ¢
/UFC\/%Fl <m+4 _a?th 29Cd€)7

where F) is the dimensionless interaction constant (7). At zero temperature this
branch of collective excitations coincides with the kinematic branch of collective
excitations.

In conclusion I express my deep gratitude to N. N. Bogolyubov for his constant
attention to the work and to Yu. A. Tserkovnikov for a number of valuable
discussions.
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29 IX 1961
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