
Soviet-era science, translated into English

MATHEMATICS
V. G. MAZ’YA

1962

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196201.54042

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196201.54042


Abstract
Full Text
MATHEMATICS

V. G. MAZ’YA

ON THE SOLVABILITY OF THE NEUMANN
PROBLEM
(Presented by Academician V. I. Smirnov on 8 VI 1962)

In the present note conditions are formulated for the solvability of the Neumann
problem for the Laplace operator in a generalized setting.

1°. The Neumann problem with a nonhomogeneous boundary condi-
tion. Let Ω be a bounded domain in 𝑛-dimensional Euclidean space 𝑅𝑛 with
boundary Γ. Find an element 𝑢(𝑥) ∈

∘
𝐿(1)

2 (Ω) *, for which the relation

∫
Ω

∇𝑣∇𝑢 𝑑𝑚𝑛(𝑥) = ∫
Γ

𝑣𝜇 (𝑑𝑥), (1)

is satisfied, where 𝑣(𝑥) is an arbitrary function from 𝐶(1)(Ω); 𝑚𝑛 is 𝑛-
dimensional Lebesgue measure and 𝜇(𝐸) is a given completely additive
function of Borel sets 𝐸 ⊂ Γ, satisfying the condition 𝜇(Γ) = 0.
It is natural to call the function 𝜇 the flux of 𝑢(𝑥) through Γ.
Theorem 1. For the solvability of the generalized Neumann problem (1) it is
necessary and sufficient that the flux 𝜇 satisfy the condition

sup
𝑣∈𝐶(1)(Ω)

∫
∞

0

𝜇2(𝐸𝑡)
∫

𝑆𝑡

|∇𝑣| 𝑑𝜇𝑛−1

𝑑𝑡 < ∞, (2)

where 𝜇𝑛−1 is (𝑛 − 1)-dimensional Hausdorff measure; 𝑆𝑡 = {𝑥; 𝑣(𝑥) = 𝑡} ∩
Ω, 𝐸𝑡 = {𝑥, 𝑣(𝑥) ≥ 𝑡} ∩ Γ.

From Theorem 1 one can derive the following sufficient condition for the solv-
ability of problem (1). Following note (1), by 𝐹 we denote an open subset of Ω,
by 𝐸 a subset of 𝐹 closed in Ω, and by 𝐶(𝑛)

2 (𝐾) the 𝑛-dimensional 2-conductivity
of the conductor 𝐾 = 𝐹 ∖ 𝐸.

Theorem 2. Let 𝜇𝑛−1Γ < ∞. If for any conductor 𝐾 = 𝐹 ∖ 𝐸 in Ω, satisfying
the condition 𝜇𝑛−1(𝐹 ∩ Γ) ≤ 1

2 𝜇𝑛−1Γ, the inequality

𝜇(𝐸 ∩ Γ) ≤ 𝜂 [𝑐(𝑛)
2 (𝐾)]
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holds, where the function 𝜂(𝑡) is nondecreasing and

∫
∞

0
𝜂(𝑡) 𝑑𝑡

𝑡2 < ∞,

then the solution of problem (1) exists and is unique.

Remark. If Ω is the unit circle, then the necessary and sufficient condition for
the solvability of problem (1) takes the simple form

∬
ΓΓ

ln 1
|𝑥1 − 𝑥2| 𝜇(𝑑𝑥1)𝜇(𝑑𝑥2) < ∞. (3)

If
𝜇(𝐸) = ∫

𝐸
𝜑(𝑠) 𝑑𝑠,

where 𝑠 is the arclength on Γ and 𝜑 ∈ 𝐿(Γ), then condition (3) can be rewritten
in the following form:

∬
ΓΓ

(∫
𝑥2

𝑥1

𝜑(𝑠) 𝑑𝑠)
2

𝑑𝑠(𝑥1) 𝑑𝑠(𝑥2)
|𝑥1 − 𝑥2|2 < ∞.

* Here and below we use the notation of note (1).
It is easy to show that the last inequality is necessary and sufficient for the solv-
ability of the Neumann problem (1) in a plane domain with smooth boundary,
if the modulus of continuity 𝜔(𝑡) of the angle between the tangent to Γ and a
fixed direction satisfies the condition

∫
0

𝜔(𝑡)
𝑡 𝑑𝑡 < ∞.

Definition 1. Let 𝜇𝑛−1Γ < ∞. The boundary of the domain Ω belongs to the
class 𝐼 (𝑛−1)

2,𝜈(𝑡) if there exists a function 𝜈(𝑡) such that

sup
𝜈(𝜇𝑛−1(𝐸 ∩ Γ))

𝑐(𝑛)
2 (𝐾)

< ∞,

where the supremum is taken over conductors 𝐾 = 𝐹 ∖𝐸 in Ω such that 𝜇𝑛−1(𝐹 ∩
Γ) ≤ 1

2 𝜇𝑛−1Γ. In the case 𝜈(𝑡) = 𝑡2/𝑞∗ (𝑞∗ > 0) we denote the class 𝐼 (𝑛−1)
2,𝜈(𝑡) by

𝐼 (𝑛−1)
2,𝑞∗ .

Fig. 1

In the following theorem we shall consider problem (1) under the assumption

sovietrxiv.org/items/ru-196201.54042 Machine Translation

https://sovietrxiv.org/items/ru-196201.54042


Fig. 1

Figure 1: Fig. 1

𝜇(𝐸) = ∫
𝐸

𝜑 𝑑𝜇𝑛−1.

Theorem 3. 1) For the solvability of problem (1) for every 𝜑 ∈ 𝐿𝑞(Γ)

(2𝑛 − 1
𝑛 ≤ 𝑞 ≤ 2, if 𝑛 > 2; 1 < 𝑞 ≤ 2, if 𝑛 = 2)

it is necessary and sufficient that the boundary of the domain Ω belong to the
class

𝐼 (𝑛−1)
2, 𝑞

𝑞−1
.

2) If
Γ ∈ 𝐼 (𝑛−1)

2,𝜈(𝑡) ,
where 𝜈(𝑡) is a nondecreasing absolutely continuous function satisfying the con-
dition

∫
0

𝑑𝑡
[𝜈′(𝑡)] 𝑞

𝑞−2
< ∞ (𝑞 > 2),

and if 𝜑 ∈ 𝐿𝑞(Γ), then problem (1) has a unique solution.

Example 1. It can be shown that the boundary of the domain

Ω1 ∶ {
𝑛−1
∑
𝑖=1

𝑥2
𝑖 < 𝑥2𝛽

𝑛 , 0 < 𝑥𝑛 < 1}

(𝛽 > 1) belongs to the class 𝐼 (𝑛−1)
2,𝑞∗ , where

𝑞∗ = 𝛽(𝑛 − 2) + 1
𝛽(𝑛 − 1) − 1.

Consequently, the largest value of 𝛽 for which problem (1) is solvable for all
functions 𝜑 ∈ 𝐿2(Γ) orthogonal to one on Γ is equal to two.

Example 2. For the domain Ω2 shown in Fig. 1 (see (2)), problem (1) is
solvable for all 𝜑 ∈ 𝐿2(Γ) if 𝛼 ≤ 2, and is not always solvable if 𝛼 > 2.
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2°. The Neumann problem with homogeneous boundary
condition
Let Ω be an arbitrary open set in 𝑅𝑛, 𝜆 = const > 0, and 𝑓(𝑥) ∈ 𝐿𝑞(Ω). Find
a function 𝑢(𝑥) ∈ 𝑊 (1)

2 (Ω) satisfying the condition

∫
Ω

{(∇𝑢 ∇𝑣 + 𝜆𝑢𝑣) 𝑑𝑚𝑛(𝑥)} = ∫
Ω

𝑓𝑣 𝑑𝑚𝑛(𝑥), (4)

where 𝑣 is any function from 𝑊 (1)
2 (Ω).

Definition 2. The set Ω belongs to the class 𝐼 (𝑛)
2,𝑞∗ (𝑞∗ > 0) if there exists a

positive constant 𝑀 < 𝑚𝑛Ω such that

sup 𝑚2/𝑞∗
𝑛 𝐸

𝑐(𝑛)
2 (𝐾)

= 𝔅(𝑀) < ∞,

where the supremum is taken over all conductors 𝐾 = 𝐹 ∖ 𝐸 in Ω satisfying the
condition 𝑚𝑛𝐹 ≤ 𝑀 .

Theorem 4. For the unique solvability of problem (4) for all
𝑓(𝑥) ∈ 𝐿𝑞(Ω) ( 2𝑛

𝑛 + 2 ≤ 𝑞 < 2, if 𝑛 > 2; 1 < 𝑞 < 2, if 𝑛 = 2), it is necessary
and sufficient that
Ω ∈ 𝐼 (𝑛)

2, 𝑞
𝑞−1

.

Theorem 4 follows easily from the results of note (3).
Example 3. It was noted in (2) that the domain Ω1 belongs to the class
𝐼 (𝑛)

2, 2 𝛽(𝑛−1)+1
𝛽(𝑛−1)−1

. Hence the smallest exponent 𝑞 for which problem (4) is solvable for
any function 𝑓(𝑥) ∈ 𝐿𝑞(Ω1) is equal to

2𝛽(𝑛 − 1) + 1
𝛽(𝑛 − 1) + 3 .

In the paper (4) Deny and Lions showed that problem (4) is always solvable
in 𝑊 (1)

2 (Ω) if 𝑓(𝑥) ∈ 𝐿2(Ω). In the same work it is proved that solvability in
𝐿(1)

2 (Ω) of the problem

∫
Ω

∇𝑢 ∇𝑣 𝑑𝑚𝑛(𝑥) = ∫
Ω

𝑓𝑣 𝑑𝑚𝑛(𝑥), (5)

where Ω is a domain of finite measure, 𝑓(𝑥) is any function in 𝐿2(Ω) orthogonal
to unity, and 𝑣(𝑥) ∈ 𝑊 (1)

2 (Ω), is equivalent to the validity of the Poincaré
inequality
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‖𝑢‖2
𝐿2(Ω) − 1

𝑚𝑛Ω (∫
Ω

𝑢 𝑑𝑚𝑛(𝑥))
2

≤ 𝑐‖∇𝑢‖2
𝐿2(Ω).

By virtue of one of the theorems of note (3), the last inequality is true if and
only if Ω ∈ 𝐼 (𝑛)

2,2 .

Example 4. Problem (5) for the domain

Ω3 ∶ {0 < 𝑥𝑛 < ∞,
𝑛−1
∑
𝑖=1

𝑥2
𝑖 ≤ 𝑒− 2𝑥𝑛

𝑛−1 }

is solvable for all 𝑓(𝑥) ∈ 𝐿2(Ω3) orthogonal to unity in Ω3.

In conclusion we give a criterion for the discreteness of the spectrum of the
Neumann problem for the Laplace operator.

Theorem 5. For the discreteness of the spectrum of the Neumann problem in
𝐿2(Ω), it is necessary and sufficient that Ω ∈ 𝐼 (𝑛)

2,2 and 𝔅(𝑀) → 0 as 𝑀 → 0.
Example 5. For the domain Ω2 (Fig. 1), the largest value of 𝛼 for which
problem (5) is solvable for any function 𝑓(𝑥) ∈ 𝐿2(Ω2) orthogonal to unity is
equal to three. For 𝛼 < 3 the spectrum of the Neumann problem is discrete.

All the results of the work carry over, without substantial changes, to equations
with variable coefficients.

Received
5 VI 1962
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