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1. We consider the quasilinear elliptic equation

aij(x’u’ufk)uxixj + a(x,u, uzk) =0 (]—)

in a bounded domain {2 of variation of the independent variables z;, zs, ..., &
n > 2.

no
For equations having a divergent principal part

0
ox;

K2

(a;(2, u,u,, ) + alw, u,u,, ) =0, (2)

in the papers (12%) all estimates necessary for proving the existence of classical
(twice continuously differentiable) solutions of the first boundary-value problem

were obtained: successively there are estimated maxg, |ul, |u‘CO,a(Q)’ maxg [u, |,

|ka|coya<9)~

In the general case equation (1) cannot be represented in the form (2). For
solutions u(x,,x,) of equations (1) with two independent variables there are
known the theorems of S. N. Bernstein (*) and L. Nirenberg (*), which make it
possible to estimate |u,, |, (o) through maxq |u,, |, k=1,...,n.

In the present paper this result is generalized to the case of equations (1) with
arbitrary n > 2.
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2. Theorem 1. Let u(x) belong to W2(1), satisfy equation (1) almost ev-
erywhere in (2, and let vraimaxg |u| < M, vraimaxg [u, | < My, k=1,..,n.
Suppose, moreover, that for x € Q, |u| < M, p,, < M;, the inequalities

aijfifj Zv Z 51‘27

da,;

Opy,

da;;

ou

da;;

|aij|a ) ’ ’ |(1‘ < 2 (3)

3l‘k

hold for a;;(z,u,p;) and a(z,u,p;), with positive constants v and p. Then
u € Cy (&), where a > 0, |u, |c, (o), ¥ € Q, is determined only by the
quantities v, u, n, M, and by the distance of 2" to the boundary S of the domain
Q.

If S belongs to Cy (see (**)) and ulg € C, 4(5), then Uz, |, o) s estimated

in terms of v, p,n, My, the norm of S in Cj, and |u¢, 4(s)» B = a. To prove this

(5,1,2a,) is sharpened.

theorem, the method developed in
We explain the proof of the first part of the theorem.

Consider the 2n functions

wl = (gradu)2+5n(1;|:Mf1uwr), r=1,...,n. (4)

Each of these functions satisfies the integral identity

1 1
/ (aijumkzjuzkxin + ia‘ijw;jnxi + §b7l,jumlzjw;177 + Cirju:rizjn + d:nxl + an) dx
Q
(5)
Here béj,cfj,df , f" are expressed in terms of (O and the derivatives of a;;
with respect to the arguments, while n(z) is an arbitrary bounded function from

0
We shall denote by A’;\fp the set of points x of the ball K(p) C § for which
w'(z) > A, and by By, the set of points in K (p) where w] (z) < A.

From (5) it is established that w?”. obey the inequalities

/ATi (gradw’,)?&% dx < fy/ (w', — N\)?(grad £)® dz + v mes A (6)

r
Ap A/\-,p
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0
for an arbitrary bounded nonnegative ¢(x) from W3i(2) and for A >
max () Wy — 0, where 6 > 0 and v are constants depending only on v and u
from (3).

These inequalities proved sufficient for estimating \urk ‘Co (@) k=1,...,n, for
some « > 0. '

Theorem 1, together with the previously obtained estimates (©2%) of the maxima
of the moduli Uy, makes it possible to prove the following theorems.

Theorem 2. Let u(z) be a solution of equation (1) from C5(2), and let
aij<xvvapk) and a<x7vvpk)a for z € Qa |U| < maxgq |U(:C)| = M? and |pk| < 00,
satisfy the natural compatibility conditions on the orders of growth with respect

1/2
top = (2, , i) ”? as p — 00, namely:

a;;(®,v,pp)6:E5 = vy 25?7 vy >0,

Ja
ov

s
8Ik

da,;

ov

da,;

35%

5| 9ais 2
al+ )| 525 < e

i

oa
+(14p) ‘<9pk

(1Y) (|aij| n

Then |ul|¢, (o) and o > 0 are determined by the quantities vy, puy,n, ulq, ()
B> 0, and by the distance from Q' to S.

If S € Cy and ulg € C,(9), then [ulc, (o) and «a depend only on
v1s 11,1 [ule, )s the norm of S'in Cy, and [ulg, (s)-

Remark. We have somewhat modified the method of obtaining the estimates
maxg [u,, | given in (6:2¢),  This makes it possible to lower the smoothness
requirements on u, so that in Theorems 2 and 3 u may be taken from C,(Q) N
Theorem 3. Suppose that, in addition to all the requirements of Theorem 2,
the conditions of “weakened occurrence of v in a,; and a” are fulfilled:

% » Yy
1) ‘éazj(xvv pk) < ;
da(x da
2) ( 7;)7pk) < €p2 P(p) or (zvsvpk) < O,

where ¢ is a small con-

constant, and p2P(p) — 0 as p — co. Then in all the assertions of the preceding
theorem [u|¢, 4(e) may be replaced by M = max .
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Let us formulate one of the existence theorems following from the estimates
obtained and from Schauder estimates for solutions of linear equations.

Theorem 4. Let S € C, ,, ¢(s) € Cy ,(S5), and let the functions a;;(x, v, py,)
and a(z,v,py), for x € Q and arbitrary v, p;, have derivatives with respect to
their arguments that are bounded for any finite v, p;,, and also satisfy inequalities
(7) and conditions 1), 2) of Theorem 3. If, for solutions u(z, 7) of the boundary-
value problems

Lu=1Llu+ (1—71)Au=0, ulg = To(s), T €0,1],

one can give an estimate mgx\u(x,7)| uniformly with respect to 7 € [0, 1],
then there exists a solution u(z) € Cy () of the boundary-value problem
Lu=0, ulg=(s).

3. We considered the first boundary-value problem for elliptic systems of
quasilinear equations of the form

Mu = a;;(z,w)u, , + bz, w0, Ju, +a(z,uu,)=0, (8)

where u = (u?, ..., u®),

a;;(z, w)&E; > v(lu)) Y &2,

N n 1/2
b;(z,w,pp)| < p(lu))(1+p),  p= [Z Z(Pi)Q] ; (9)

=1 k=1
la(z,u,py)| < p(lu)ep® + P(p),  e< 1, p?P(p) =0, p— oo,
v(t) and u(t) are positive continuous functions, ¢ € [0,00). Among the
works in the literature on systems of quasilinear elliptic equations with
n > 2, we point to the work of M. I. Visik () on generalized solutions

of systems of a more general form, but such that, in a certain sense, the
methods of studying linear equations are applicable to them.

In addition to conditions (9), we shall make the following assumptions on the
functions a,;(z,u), b;(z,u,py), al(x,u,p,): for x € Q and finite |ul, |p,|, the
functions a;; have bounded derivatives, while b; and a! satisfy a Holder condition
with respect to their arguments. Let S € Cy ,, $(s) € Cy ,(S5).

Theorem 5. If the conditions just stated are satisfied and if one can give an
estimate max |u(z, 7)| of the solutions u(z, ) of the problem

M_u= Mu+

+(1 - T)All, u|S = T@(S),

uniformly with respect to 7 € [0, 1], then there exists a solution u € C, ,(2) of
the boundary-value problem Mu =0, u|g = $(s).
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4. For systems of linear equations with unbounded coeflicients

9
ox,

7

(ay; (@), + Ay(@)u+£(@)) + By(e)u,, + Blayu+a(x) =0, (10)

where A,, B,, B are matrices with elements aﬁ”ﬁ bﬁm, bl™ | respectively,
u=(ul,...,u), £, = (f},.... fN), a= (a',...,a"), we investigated the
question of smoothness of generalized solutions. Along this path we ob-
tained all the same results as were established for the case of a single

equation in works (8, ,2"). Namely, the following holds.

Theorem 6. Suppose the following conditions are satisfied:
a8, >vy &, xeQ, v>0, (11)

lag™, ol filL, ) + ”blmval”L%(Q) + max la;l < u, q>n.

Then every solution u(x) from W1 of system (10) satisfies a Hélder condition
in Q' C Q, with exponent o > 0, and |u|Co,a(Q’) depends only on v, pand g from
(11), on n, on |u|z_(q), and on the distance from ' to S. If u[g € C; ,(S), then,
under small assumptions on S (condition (A) from (2¢)), [ulc, (o) is bounded.

Let us note that the conditions (11) cannot be weakened, as is evident from the
examples constructed in (27).
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