
Soviet-era science, translated into English

Reports of the Academy of
Sciences of the USSR
N. N. URAL’TSEVA

1962

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196201.53757

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196201.53757


Abstract
Full Text

Reports of the Academy of Sciences of the USSR
1962. Volume 146, No. 4

MATHEMATICS
N. N. URAL’TSEVA

GENERAL QUASILINEAR EQUATIONS OF
SECOND ORDER AND SOME CLASSES OF
SYSTEMS OF EQUATIONS OF ELLIPTIC
TYPE
(Presented by Academician V. I. Smirnov on 24 IV 1962)

1. We consider the quasilinear elliptic equation

𝑎𝑖𝑗(𝑥, 𝑢, 𝑢𝑥𝑘
)𝑢𝑥𝑖𝑥𝑗

+ 𝑎(𝑥, 𝑢, 𝑢𝑥𝑘
) = 0 (1)

in a bounded domain Ω of variation of the independent variables 𝑥1, 𝑥2, … , 𝑥𝑛,
𝑛 ⩾ 2.

For equations having a divergent principal part

𝜕
𝜕𝑥𝑖

(𝑎𝑖(𝑥, 𝑢, 𝑢𝑥𝑘
)) + 𝑎(𝑥, 𝑢, 𝑢𝑥𝑘

) = 0, (2)

in the papers (1, 2𝑎, , ) all estimates necessary for proving the existence of classical
(twice continuously differentiable) solutions of the first boundary-value problem
were obtained: successively there are estimated maxΩ |𝑢|, |𝑢|𝐶0,𝛼(Ω), maxΩ |𝑢𝑥𝑘

|,
|𝑢𝑥𝑘

|𝐶0,𝛼(Ω).

In the general case equation (1) cannot be represented in the form (2). For
solutions 𝑢(𝑥1, 𝑥2) of equations (1) with two independent variables there are
known the theorems of S. N. Bernstein (3) and L. Nirenberg (4), which make it
possible to estimate |𝑢𝑥𝑘

|𝐶0,𝛼(Ω) through maxΩ |𝑢𝑥𝑘
|, 𝑘 = 1, … , 𝑛.

In the present paper this result is generalized to the case of equations (1) with
arbitrary 𝑛 ⩾ 2.
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2. Theorem 1. Let 𝑢(𝑥) belong to 𝑊 2
2 (Ω), satisfy equation (1) almost ev-

erywhere in Ω, and let vrai maxΩ |𝑢| ⩽ 𝑀 , vrai maxΩ |𝑢𝑥𝑘
| ⩽ 𝑀1, 𝑘 = 1, … , 𝑛.

Suppose, moreover, that for 𝑥 ∈ Ω, |𝑢| ⩽ 𝑀 , 𝑝𝑘 ⩽ 𝑀1, the inequalities

𝑎𝑖𝑗𝜉𝑖𝜉𝑗 ⩾ 𝜈 ∑ 𝜉2
𝑖 ,

|𝑎𝑖𝑗|, ∣𝜕𝑎𝑖𝑗
𝜕𝑝𝑘

∣ , ∣𝜕𝑎𝑖𝑗
𝜕𝑢 ∣ , ∣𝜕𝑎𝑖𝑗

𝜕𝑥𝑘
∣ , |𝑎| ⩽ 𝜇 (3)

hold for 𝑎𝑖𝑗(𝑥, 𝑢, 𝑝𝑘) and 𝑎(𝑥, 𝑢, 𝑝𝑘), with positive constants 𝜈 and 𝜇. Then
𝑢 ∈ 𝐶1,𝛼(Ω′), where 𝛼 > 0, |𝑢𝑥𝑘

|𝐶0,𝛼(Ω′), Ω′ ⋐ Ω, is determined only by the
quantities 𝜈, 𝜇, 𝑛, 𝑀1 and by the distance of Ω′ to the boundary 𝑆 of the domain
Ω.

If 𝑆 belongs to 𝐶2 (see (2𝑎)) and 𝑢|𝑆 ∈ 𝐶1,𝛽(𝑆), then |𝑢𝑥𝑘
|𝐶0,𝛼(Ω) is estimated

in terms of 𝜈, 𝜇, 𝑛, 𝑀1, the norm of 𝑆 in 𝐶2, and |𝑢|𝐶1,𝛽(𝑆), 𝛽 ⩾ 𝛼. To prove this
theorem, the method developed in (5,1,2𝑎,) is sharpened.

We explain the proof of the first part of the theorem.

Consider the 2𝑛 functions

𝑤𝑟
± = (grad 𝑢)2 + 5𝑛(1 ± 𝑀−1

1 𝑢𝑥𝑟
), 𝑟 = 1, … , 𝑛. (4)

Each of these functions satisfies the integral identity

∫
Ω

(𝑎𝑖𝑗𝑢𝑥𝑘𝑥𝑗𝑢𝑥𝑘𝑥𝑖𝜂 + 1
2𝑎𝑖𝑗𝑤𝑟

𝑥𝑗
𝜂𝑥𝑖

+ 1
2𝑏𝑙

𝑖𝑗𝑢𝑥𝑙𝑥𝑗𝑤𝑟
𝑥𝑖

𝜂 + 𝑐𝑟
𝑖𝑗𝑢𝑥𝑖𝑥𝑗𝜂 + 𝑑𝑟

𝑖 𝜂𝑥𝑖
+ 𝑓𝑟𝜂) 𝑑𝑥 = 0.

(5)

Here 𝑏𝑙
𝑖𝑗, 𝑐𝑟

𝑖𝑗, 𝑑𝑟
𝑖 , 𝑓𝑟 are expressed in terms of 𝑢𝑥𝑘

, 𝑎, and the derivatives of 𝑎𝑖𝑗
with respect to the arguments, while 𝜂(𝑥) is an arbitrary bounded function from
0

𝑊 1
2(Ω).

We shall denote by 𝐴𝑟±
𝜆,𝜌 the set of points 𝑥 of the ball 𝐾(𝜌) ⊂ Ω for which

𝑤𝑟
±(𝑥) > 𝜆, and by 𝐵𝑟±

𝜆,𝜌 the set of points in 𝐾(𝜌) where 𝑤𝑟
±(𝑥) < 𝜆.

From (5) it is established that 𝑤𝑟
± obey the inequalities

∫
𝐴𝑟±

𝜆,𝜌

(grad 𝑤𝑟
±)2𝜉2 𝑑𝑥 ≤ 𝛾 ∫

𝐴𝑟±
𝜆,𝜌

(𝑤𝑟
± − 𝜆)2(grad 𝜉)2 𝑑𝑥 + 𝛾 mes 𝐴𝑟±

𝜆,𝜌. (6)
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for an arbitrary bounded nonnegative 𝜉(𝑥) from
0

𝑊 1
2(Ω) and for 𝜆 ≥

max𝐾(𝜌) 𝑤𝑟
± − 𝛿, where 𝛿 > 0 and 𝛾 are constants depending only on 𝜈 and 𝜇

from (3).

These inequalities proved sufficient for estimating |𝑢𝑥𝑘
|𝐶0,𝛼(Ω′), 𝑘 = 1, … , 𝑛, for

some 𝛼 > 0.

Theorem 1, together with the previously obtained estimates (6,2𝑎) of the maxima
of the moduli 𝑢𝑥𝑘

, makes it possible to prove the following theorems.

Theorem 2. Let 𝑢(𝑥) be a solution of equation (1) from 𝐶3(Ω), and let
𝑎𝑖𝑗(𝑥, 𝑣, 𝑝𝑘) and 𝑎(𝑥, 𝑣, 𝑝𝑘), for 𝑥 ∈ Ω, |𝑣| ≤ maxΩ |𝑢(𝑥)| = 𝑀 , and |𝑝𝑘| < ∞,
satisfy the natural compatibility conditions on the orders of growth with respect
to 𝑝 = (∑𝑛

𝑘=1 𝑝2
𝑘)1/2

as 𝑝 → ∞, namely:

𝑎𝑖𝑗(𝑥, 𝑣, 𝑝𝑘)𝜉𝑖𝜉𝑗 ≥ 𝜈1 ∑ 𝜉2
𝑖 , 𝜈1 > 0,

|𝑎|+∣𝜕𝑎
𝜕𝑣 ∣+∣ 𝜕𝑎

𝜕𝑥𝑘
∣+(1+𝑝) ∣ 𝜕𝑎

𝜕𝑝𝑘
∣+(1+𝑝2) (|𝑎𝑖𝑗| + ∣𝜕𝑎𝑖𝑗

𝜕𝑣 ∣ + ∣𝜕𝑎𝑖𝑗
𝜕𝑥𝑘

∣)+(1+𝑝)3 ∣𝜕𝑎𝑖𝑗
𝜕𝑝𝑘

∣ ≤ 𝜇1(1+𝑝)2.
(7)

Then |𝑢|𝐶1,𝛼(Ω′) and 𝛼 > 0 are determined by the quantities 𝜈1, 𝜇1, 𝑛, |𝑢|𝐶0,𝛽(Ω),
𝛽 > 0, and by the distance from Ω′ to 𝑆.

If 𝑆 ∈ 𝐶2 and 𝑢|𝑆 ∈ 𝐶1,𝛼(𝑆), then |𝑢|𝐶1,𝛼(Ω) and 𝛼 depend only on
𝜈1, 𝜇1, 𝑛, |𝑢|𝐶0,𝛽(Ω), the norm of 𝑆 in 𝐶2, and |𝑢|𝐶1,𝛼(𝑆).

Remark. We have somewhat modified the method of obtaining the estimates
maxΩ |𝑢𝑥𝑘

| given in (6,2𝑎). This makes it possible to lower the smoothness
requirements on 𝑢, so that in Theorems 2 and 3 𝑢 may be taken from 𝐶1(Ω) ∩
∗

𝑊 2
2(Ω).

Theorem 3. Suppose that, in addition to all the requirements of Theorem 2,
the conditions of “weakened occurrence of 𝑣 in 𝑎𝑖𝑗 and 𝑎”are fulfilled:

1) ∣𝜕𝑎𝑖𝑗(𝑥, 𝑣, 𝑝𝑘)
𝜕𝑣 ∣ ≤ 𝜀;

2) ∣𝜕𝑎(𝑥, 𝑣, 𝑝𝑘)
𝜕𝑣 ∣ ≤ 𝜀𝑝2 + 𝑃(𝑝) or 𝜕𝑎(𝑥, 𝑣, 𝑝𝑘)

𝜕𝑣 ≤ 0,

where 𝜀 is a small con-

constant, and 𝑝2𝑃(𝑝) → 0 as 𝑝 → ∞. Then in all the assertions of the preceding
theorem |𝑢|𝐶0,𝛽(Ω) may be replaced by 𝑀 = max

Ω
|𝑢|.
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Let us formulate one of the existence theorems following from the estimates
obtained and from Schauder estimates for solutions of linear equations.

Theorem 4. Let 𝑆 ∈ 𝐶2,𝛼, 𝜑(𝑠) ∈ 𝐶2,𝛼(𝑆), and let the functions 𝑎𝑖𝑗(𝑥, 𝑣, 𝑝𝑘)
and 𝑎(𝑥, 𝑣, 𝑝𝑘), for 𝑥 ∈ Ω and arbitrary 𝑣, 𝑝𝑘, have derivatives with respect to
their arguments that are bounded for any finite 𝑣, 𝑝𝑘, and also satisfy inequalities
(7) and conditions 1), 2) of Theorem 3. If, for solutions 𝑢(𝑥, 𝜏) of the boundary-
value problems

𝐿𝜏𝑢 ≡ 𝜏𝐿𝑢 + (1 − 𝜏)Δ𝑢 = 0, 𝑢|𝑆 = 𝜏𝜑(𝑠), 𝜏 ∈ [0, 1],

one can give an estimate max
Ω

|𝑢(𝑥, 𝜏)| uniformly with respect to 𝜏 ∈ [0, 1],
then there exists a solution 𝑢(𝑥) ∈ 𝐶2,𝛼(Ω) of the boundary-value problem
𝐿𝑢 = 0, 𝑢|𝑆 = 𝜑(𝑠).

3. We considered the first boundary-value problem for elliptic systems of
quasilinear equations of the form

𝑀𝑢 ≡ 𝑎𝑖𝑗(𝑥, u) u𝑥𝑖𝑥𝑗
+ 𝑏𝑖(𝑥, u, u𝑥𝑘

) u𝑥𝑖
+ a(𝑥, u, u𝑥𝑘

) = 0, (8)

where u = (𝑢1, … , 𝑢𝑁),

𝑎𝑖𝑗(𝑥, u)𝜉𝑖𝜉𝑗 ≥ 𝜈(|u|) ∑ 𝜉2
𝑖 ,

|𝑏𝑖(𝑥, u, p𝑘)| ≤ 𝜇(|u|)(1 + 𝑝), 𝑝 = [
𝑁

∑
𝑙=1

𝑛
∑
𝑘=1

(𝑝𝑙
𝑘)2]

1/2

, (9)

|a(𝑥, u, p𝑘)| ≤ 𝜇(|u|)𝜀𝑝2 + 𝑃(𝑝), 𝜀 ≪ 1, 𝑝−2𝑃(𝑝) → 0, 𝑝 → ∞,
𝜈(𝑡) and 𝜇(𝑡) are positive continuous functions, 𝑡 ∈ [0, ∞). Among the
works in the literature on systems of quasilinear elliptic equations with
𝑛 > 2, we point to the work of M. I. Višik (7) on generalized solutions
of systems of a more general form, but such that, in a certain sense, the
methods of studying linear equations are applicable to them.

In addition to conditions (9), we shall make the following assumptions on the
functions 𝑎𝑖𝑗(𝑥, u), 𝑏𝑖(𝑥, u, p𝑘), 𝑎𝑙(𝑥, u, p𝑘): for 𝑥 ∈ Ω and finite |u|, |p𝑘|, the
functions 𝑎𝑖𝑗 have bounded derivatives, while 𝑏𝑖 and 𝑎𝑙 satisfy a Hölder condition
with respect to their arguments. Let 𝑆 ∈ 𝐶2,𝛼, 𝜑⃗(𝑠) ∈ 𝐶2,𝛼(𝑆).
Theorem 5. If the conditions just stated are satisfied and if one can give an
estimate max

Ω
|u(𝑥, 𝜏)| of the solutions u(𝑥, 𝜏) of the problem

𝑀𝜏u ≡ 𝑀u+

+(1 − 𝜏)Δu, u|𝑆 = 𝜏𝜑⃗(𝑠),
uniformly with respect to 𝜏 ∈ [0, 1], then there exists a solution u ∈ 𝐶2,𝛼(Ω) of
the boundary-value problem 𝑀u = 0, u|𝑆 = 𝜑⃗(𝑠).
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4. For systems of linear equations with unbounded coefficients

𝜕
𝜕𝑥𝑖

(𝑎𝑖𝑗(𝑥)𝑢𝑥𝑗
+ 𝐴𝑖(𝑥)𝑢 + f𝑖(𝑥)) + 𝐵𝑖(𝑥)𝑢𝑥𝑖

+ 𝐵(𝑥)𝑢 + a(𝑥) = 0, (10)

where 𝐴𝑖, 𝐵𝑖, 𝐵 are matrices with elements 𝑎𝑙𝑚
𝑖 , 𝑏𝑙𝑚

𝑖 , 𝑏𝑙𝑚, respectively,
u = (𝑢1, … , 𝑢𝑁), f𝑖 = (𝑓1

𝑖 , … , 𝑓𝑁
𝑖 ), a = (𝑎1, … , 𝑎𝑁), we investigated the

question of smoothness of generalized solutions. Along this path we ob-
tained all the same results as were established for the case of a single
equation in works (8,9 ,2𝑟 ). Namely, the following holds.

Theorem 6. Suppose the following conditions are satisfied:

𝑎𝑖𝑗𝜉𝑖𝜉𝑗 ≥ 𝜈 ∑ 𝜉2
𝑖 , 𝑥 ∈ Ω, 𝜈 > 0, (11)

‖𝑎𝑙𝑚
𝑖 , 𝑏𝑙𝑚

𝑖 , 𝑓 𝑙
𝑖‖𝐿𝑞(Ω) + ‖𝑏𝑙𝑚, 𝑎𝑙‖𝐿 𝑞

2
(Ω) + max

Ω
|𝑎𝑖𝑗| ≤ 𝜇, 𝑞 > 𝑛.

Then every solution u(𝑥) from 𝑊 1
2 Ω of system (10) satisfies a Hölder condition

in Ω′ ⊂ Ω, with exponent 𝛼 > 0, and |u|𝐶0,𝛼(Ω′) depends only on 𝜈, 𝜇 and 𝑞 from
(11), on 𝑛, on |u|𝐿2(Ω), and on the distance from Ω′ to 𝑆. If u|𝑆 ∈ 𝐶0,𝛼(𝑆), then,
under small assumptions on 𝑆 (condition (A) from (2𝑎)), |u|𝐶0,𝛼(Ω) is bounded.

Let us note that the conditions (11) cannot be weakened, as is evident from the
examples constructed in (2𝑟).
Leningrad State University
named after A. A. Zhdanov

Received
19 IV 1962
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