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Abstract
Full Text

I. A. Kipriyanov

On a Certain Class of Weighted Embedding The-
orems

(Presented by Academician S. L. Sobolev, 13 VI 1962)

Let R, denote the n-dimensional Euclidean space of points x = (zq,...,x,).

rn

Introduce in R, spherical coordinates with origin at a certain point z, =
(:U(10>, ,xﬁ?)). Then a function f(z), defined in the space R,,, may be regarded
as a function of z, p, w,,, where by p we denote the distance between the points
zo and z, and by w,, the collection of angular spherical coordinates. Consider
the collection of all functions f(x) that are finite in the domain R,, with the
point x, removed. We call a function f(z) finite in the domain R,, with the
point z, removed if it is continuously differentiable in R, and vanishes not
only outside some bounded domain (its own for each function f(x)) for which
the point x, is an interior point, but also in a neighborhood (its own for each
function f(z)) of the point z itself.

On the collection thus introduced define the differential operator

I of
Dpf=2 ; o1, cos(p, ;) (1)

and powers of this operator

o ( oUf
DLf = pr (W) (1=2,3,..). (2)

pf)Z (R,,) as the closure of the set of functions f(z),
finite in the domain R,, with the point z, removed, with respect to the norm

2 = 2dm+/
Wiy, = [ Vs [

n

Define the functional space w!

2

) 0 dz, (3)

P oop)

where dx = p" dpdw,,, and [ is a positive integer.

Theorem 1. If the function f(z) belongs to the space W[EI)Q(Rn), then
" f/(pdp)™ (m < 1) is square summable with weight p™ and the inequality
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”pmamf/(pap)mHLZ(R”) < cl”f”w[(fg(Rn) (4)

holds.
It follows from this that the norm in Wp(l)2 (R,,) defined by the formula

l
By, = [ 11Pdz+ Y
Woafa) g, ; R,

will be equivalent to the norm introduced above.

dz, (5)

pF o'
(pop)*

On the set of functions f(x), finite in the domain R,, with the point x, removed,
introduce for consideration the operator

1 0 1 s o™ Ty W, n—
DZH'O‘f — [F( ) /O (/)2 _T2)—aTm <7_m f<x0 T,W >> T 1d7’] ,

pnflfochm aip 1 —« (7_87_>m

(6)
where m is a nonnegative integer and « is a proper fraction (0 < a < 1).
The functional space W;l; ) (R,,), where [ is a nonnegative integer and « is a
proper fraction (0 < « < 1), is defined as the closure of the set of functions

f(x), finite in R,, with the point z, removed, with respect to the norm

2 = 2dx+/ Db f12dy. 7
P R ] ©

n

Then the following holds.
Theorem 2. If f € W;f;a)(Rn), then also f € W,% (R,,), and the inequality
||Plalf/(/)5p>l”L2(Rn) < Cz”fHW;{;m(Rn) (8)

is satisfied.

Therefore, in the space Wl(,f;O‘)(Rn) one may also introduce a norm by the for-
mula

2 2 I+a £(2
o = + D dr, 9
Hf” /(Jl.2 )(Rn,) ”fH 2 ;l,>2<Rn) /R | P f‘ ( )

n

which will be equivalent to the norm (7).
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Theorem 3. If f € W’Eg(Rn), then also f € W’E@(Rn), where [ and [, are
positive numbers and [; <[, and the inequality

ll
Do f”LZ(Rn) < Cs“f“W;lg(Rn) (10)

holds.

It follows from the last theorem that in the space Wéga)(Rn) the norm defined
by the formula

l
2 — 2
I ) = P )+

n

/ |D§+af\2dx, (11)
RTL

k=0

will be equivalent to the norm (9). In the case | = 0 we understand Wé?ﬁ (R,)
to mean the space Ly(R,,).

Represent R, as a topological product R, = R,, X R,_,,. In each of the
subspaces R,, and R, _,, introduce spherical coordinates. Then any point
x € R, can be represented as a pair x = (2™, z(»™) and a function
f(x), defined on R,,, can be represented in the form f(z) = f(z(™), 2=™)) =
f(xém>,pl,wm,x(on_m>,p2,wn7m). Here by p; we denote the distance between
the points a:(()m and z("™) in R,,, by p, the distance between the points a:énim)
and (™™ in the subspace R and by w,,, and w the collections of angu-

lar spherical coordinates in the corresponding subspaces. The points xgm and

xg"_m are the origins of spherical coordinates, respectively, in the subspaces

R, and R,_,,.

n—m? n—m

Define the functional space nglll)Z

the closure of the set of functions f(x), finite in R,, with the submanifold R,,_,,
removed, with respect to the norm

(R,,), where [, is a nonnegative number, as

i
By, = | VP das [ Dlr e, (12
p1.2tn R R,

n

where, in the case of integer [;, by I)Jﬁl,ll f one should understand the operator
pll1 o' f/(p,0py)", while in the case of fractional I, by ﬁ,l,if one should under-
stand the operator D,iif.

The space Wéljé (R,,) is defined analogously. We shall say that

f(x(m)7x(n—m)> c W(l11l2) (Rn)7

P1,P2,2
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if it belongs to the intersection of the classes Wl()lll)Q(R ) and W’E?)Q(Rn) We

introduce the norm by the formula

mn

2 2 2
+ . 13
B s = W, I (13)
Theorem 4. Let nonnegative integers a be given, for which
pw=pla)=1=2a/l,— (n—m)/2l, > 0. (14)

For such a, define on R,, functions ¢(® (z(™)) € ngjg(Rm), I, = ply. There

exists a function f(z) € Wpll;)? (R,,) such that

o« £(o(m) .(n—m)
lim f(x » Lo ’ap27wn—m> o (p(a)(x(m)) =0 (15)
p2—0 (p20p2) W(ll)g(Rm)
for all admissible . Moreover, the inequality
Mot < 160 iy (16)

holds, where the positive constant ¢, does not depend on the functions o),

When relation (15) holds, we shall denote the function (@ (x(™) by
0°f/(p20p2)°|

The converse theorem is also valid:

pa=0

Theorem 5. Let f(z) € nglll;fQ (R,,), and suppose that for some nonnegative

integers « inequality (14) is satisfied. Then 0%f/(py0p5)®, as a function of
z(m), with py and w,,_,, fixed in the corresponding manner, belongs to the

space Wpallé(Rm) with I, = ul;, and the inequality
« <
|2 £ /(0200)°), _OHM iy S ol (17)

holds, where c; does not depend on f.

Representing R,, as the topological product R, = R,, X R,_,,, we introduce
spherical coordinates only in the subspace R,,,. Then a function f(x) defined on

R,, is written in the form f(x) = f(z(™,2("~™) = f(a:g ),p, Wons Topads oo L),
where p is the distance between .T(()m) and 2™ in the subspace R,,, and w,,, as
usual, denotes the set of angular spherical coordinates in R,,. Letl,l 1,1,

be nonnegative numbers. We shall say that f(z) € w Llod) (R,),if f(z) €

Py s 79:7172
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W;DQ(R,L) and if f(z) € VVa(c >2(R ) for all i = m + 1,...,n (see definition (1)).

As usual, we introduce the norm by the formula

I
R L T Z ;l 180, i, (18)
Theorem 6. Let nonnegative integers r,, 4, ..., 7, be given, for which
SN N |
K N(Tm+17 arn):1*27*527>0 (19)
m+1 Vi m+1 i

For such numbers, define on R,, functions
a m r Ry m l 7
@) (M)} = PTmrrsn) (z(M) € W,E,)Q(Rm) = pl.

There exists a function f € W( e i )2(R ) such that

Tm+1re no

i F(p(m) p(nt mil L 9pTn @) (p(m) - -
L ) 05 0y =0 o
for all admissible r,,, ,, ..., 7,,. Moreover,
”f” P J—m+1 i;n) 2(Rn) S CG Z ”SO(O() (:L.<m>)”W:j)2(Rm)7 (21)
mA41o no @ )

where ¢z does not depend on ().
The converse theorem is also true:

Theorem 7. Let f € W(l’ mE ’m")Q(Rn), and suppose that for some non-
negative integers 7,11, ..., 7, 1nequahty (19) is satisfied. Then the derivatives
o%f/ 8xn:”+*11 -0z, as functions of ™) with the corresponding z("~™ fixed

in an appropriate way, belong to Wéf)Q(Rm), with [ = ul. Moreover,

Tm+1 T
Dzl Dy

< C7||f|| et ln) (Rn)’ (22)

P L4100 Tp,2

Wi, (R,,)

where the constant ¢, does not depend on ™™ or on f(z).

The functional space wh

Ty ey Ty 10,2
numbers [y, ..., 1, L

(R,,) is defined analogously for nonnegative

Theorem 8. Let nonnegative integers « be given for which
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p=pula)=1-=2a/l — (n—m)/2l > 0. (23)

For such «, prescribe on R, functions

0@ (z(m) s

l'm.
Ty,

?2(Rm>7 Z,L :Mll (Z: 1,2,7’)’)7,)

There exists a function f € W(ll""’lm’l)z(Rn) such that

L1y Lo sPs

o« F(o(m) .(n—m)
lim = 7(%3 0 Potonmm) _ ) (gtm) =0 (29
n o
P por WL (R,
for all admissible . Moreover,
7 (@) (p(m) S
Il s:tmt i, < €8 za: I @ Dt g, (25)

where the constant cg does not depend on ¢ (z(™)).
The converse assertion is also valid:

Theorem 9. Let f(x) € Willlrllp)Q(Rn), and suppose that for some nonneg-
ative integers « inequality (23) is satisfied. Then 0% f/(pdp)®, as functions of
2™ with the corresponding p and W,,_m fixed in an appropriate way, belong

to
W;i{t:;gmg(Rm) with [, =pl, (i=1,2,..,m).

Moreover, the inequality

”80‘f/(p8p)a|p:OH ) = anf”W;’ll""*1’*"'1';;’,2<Rn> (26)

holds, where ¢q does not depend on the function f(z).

In conclusion, we note that results analogous to those given above also hold for
bounded domains in R,,.

Received
8 VI 1962
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