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Let X be an abstract space (i.e., a set of arbitrary elements); let K be a
nonempty class of subsets of the space X (we shall not consider other sets
below); let L = {F(FE)} be a class of set functions defined for E € K; and let
M = {f(z)} be a class of point functions defined on the whole space X.

Suppose that the class L is mapped onto the class M in such a way that to each
F(E) € L there corresponds one, or some family [f(x)]p, of functions from M.

We shall agree to call such a mapping differentiation; any f(z) from the family
[f(z)]p a derivative of F(E); and F(F) an antiderivative, or integral, of
f(z), if the following requirements are satisfied.

I. The mapping is linear in the following sense: if f(z) is a derivative of F(E),
and g(x) is a derivative of G(E), then for any real constants o and § the function
af(z) + pg(z) is a derivative of aF(E) + SG(E).

II. The function f(x) =1 is a derivative of some function p(FE), i.e., certainly
le M.

III. If f(z) is a derivative of F'(E) and f(z) > 0 on &, then F(&) > 0*.

From I and III it follows without difficulty that the values of the derivative on
a certain set determine the value of the antiderivative on that set completely
rigidly. The function u(E) (see II) will be called a measure.

We shall agree to write the fact that f(x) is a derivative of FI(E) as

dF

@_f(x)

or as

/ f(x) dp = F(E); (1)
E
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for fixed F, the number (1) will also be called the integral of f(z) over the set
E. In view of what was said above, the symbol M is, in general, not uniquely

determined; the integral (1) is uniquely determined. The words “a function is
integrable on the set E” will mean that this function on E coincides with one
of the functions of the class M.

To the terms differentiation, derivative, antiderivative, integral, mea-
sure, used in our very general sense, in order to avoid any confusion it is some-
times convenient to attach the epithet formal: formal differentiation, formal
integral, etc.

The following properties of the formal integral are valid:

1°. /Ed,uzu(é’).

* The consistency of requirements I-III is sufficiently obvious.

2°.

/E laf(z) + Bg(a)) du = a / f(@)dp+ B / g(z)dp, = const, B = const

E E

(from the existence of the integrals on the right-hand side follows the existence
of the integral on the left and the equality).

3°. If f(x) is integrable on &, then it is integrable also on E C &.

4°. If f(x) is integrable and nonnegative on &, then
/ flz)du > 0.
E

These properties entail many consequences; in particular:

A.TIf f(x) and g(x) are integrable on & and f(z) > g(x), then

/Ef(oﬂ) dp > /Eg(os) dp.

B. If f(z) is integrable and bounded on &, then: a)

/f(x) d,u’ <M-p(€), M =counst, |f(z)]<M;
E

b) for E C & the integral
/ fx)dp
E
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is an absolutely continuous function of the set; ¢) from u(&) = 0 it follows that

/E F@) dp = 0.

We note that in b) and c¢) the requirement of boundedness of f(z) is essential.

C. If f(z) and |f(x)| are integrable on &, then

/E f(x) du’ < /E ()] d.

D. Let {f,(z)} be a sequence of integrable functions uniformly convergent on
&. Then: a) there always exists a finite limit

b) if f,,(z) — f(z) and f(z) is integrable on &, then

n—0o0

lim x)dyu = x)dpu.
[ gt /Ef()u

E. Let X be a metric space, x5 € X, and let the class K contain sets contracting
to the point z,. If, moreover, the integrable function f(z) is continuous at the
point z, then

/E F(@) dps = (o)l E) + op(E),

where o — 0 when E contracts to x,. In other words, the set function

[Ef(x) dp

is differentiable at the point x, with respect to the function p(E), and its dif-
ferential has the value f(xy)u(E).

5°. Fix some function ¢(z) € M, ¢(z) > 0, put
W(E) = [ ola)du 2
E

and introduce for the class L a new operation of differentiation in the following
way. As the derivative of the function F(F) we take any of the functions of the

family
kGl
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where f(z) € [(f(z)]p. The primitive for 1, i.e. the measure under the new
conditions, turns out to be the function (2). For the new formal integral

[ 2

this is the rule for transforming the measure.

dv = /Ef(x) du

6°. Consider some mapping x = () of an arbitrary space T onto X. In the
space T we introduce the operation of differentiation as follows. To each set F €
K we assign its inverse image & = ¢ !(E) (not necessarily complete) and put
Ky ={&}, Ly = {F(p(&))}, My = {f(p(t))}*. As the derivative of F(p(E))
we assign any of the functions of the family [f(p(¢))], where f(z) € [f(z)]p.
The measure is the function u(p(€)). For the corresponding integral:

/ f() dp = / F(o()) d(jup)
E <

the first rule for change of variable.

7°. Let t = ¢(z) be some mapping of the space X onto the space T. In T we
introduce the operation of differentiation as follows. To each set £ € K we
assign its image & = ¥(F) and put K; = {£}. By ¢1(&) denote one of the
inverse images of the set & that is contained in K. We now consider the totality
of those functions from M which are representable in the form f(z) = g(1(x))
(such, for example, is the function f(z) = 1) and put My = {g(t)}. To each
g(t), as an antiderivative, we assign the function F(1)~1(&)), where F(E)—as an
antiderivative—we assign the function F(1~1(&)), where F(FE) is an antideriva-
tive for the corresponding f(x). The measure is the function u(y~1(&€)). For
the corresponding integral

/ g(0(x)) dps = / o(t) d(p™)
P=H(E)

&

the second rule for change of variable.

Despite the formal integral’ s possessing the enumerated “good” properties, it
nevertheless may not be additive (there are corresponding examples). And
what happens if one is dealing with a variety of integral that has the property
of additivity?

8°. Let the integral be finitely additive, and let f(z) be integrable on &.

a) If &£ is a metric space and f(z) is integrable on & in the Riemann-Stieltjes
sense with respect to the measure p, then its integral in this sense coincides
with the formal integral.
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b) If f(z) is bounded and p-measurable on &, then it is integrable on & in
the Lebesgue sense with respect to the measure p**, and its integral in
this sense again coincides with the formal integral.

9°. Let the integral be countably additive, and let f(z) be integrable on &. If, in
addition, f(z) is p-measurable on &, then it is integrable on & in the Lebesgue
sense with respect to the measure u, and the values of the corresponding inte-
grals again coincide.

In conclusion, let us note the following. Requirements I-IIT are in a certain sense
minimal in order for it to be natural to speak of operations of differentiation or
integration. Appending to them new requirements leads to more special kinds
of the operations mentioned. Along this path one can obtain integrals which,
in their properties, are quite similar to the classical integrals—the integral of an
exact derivative ( “Dugamel integral” ), the Denjoy integral, and the Lebesgue
integral.

Received
3 X 1961

* Kp, Ly, My are the classes K, L, M for the space T'.

** Here p-measurability of a function is understood more broadly than usual:
only p-measurability is required of the sets occurring in Lebesgue integral sums,
without any restrictions on the structure of the class of all p-measurable sets.
Lebesgue integrability is understood just as broadly: only the existence of the
limit of Lebesgue integral sums is required.

Note: Figure translations are in progress. See original paper for figures.
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