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SPACES L;(©2). EXTENSION AND EMBED-
DING THEOREMS

(Presented by Academician I. M. Vinogradov on 2 III 1962)
MATHEMATICS

1. In the preceding note (?), proceeding from the concept of a generalized
Liouville derivative, we showed how one can extend the Wzgl)—classiﬁcation
of the function spaces of S. L. Sobolev (!) to nonintegral indices of differ-
entiation. In the case of a bounded domain {2 C E,,, the corresponding
direct construction encounters considerable difficulties. However, using
the equivalence of the classes that interest us with classes of functions rep-
resentable by Bessel potentials (see (?)) and the recent results of E. Stein
(3), one can reduce the matter to extending functions from Q to E,.*
In the present note we, first, carry out (for domains  with sufficiently
smooth boundary) the indicated extension and, on its basis, come to the
consideration of the spaces L;(£2); secondly, we obtain a further embed-
ding theorem for the spaces L;(En). Naturally, the embedding theorems
obtained for Ly (FE,, ) also hold in Lj ().

Definition. A function f(z) = f(y,...,2,) belongs to the space L} (2), 2 <

rrn
p < oo, r >0, if it belongs to the Sobolev space WZS[TD(Q), and, for nonintegral
r, also possesses finite integrals
1/p

] on @) — e\
Ap(f[l,Q)—{édy<Q oD da:) :

where fI"l(z) is any of the partial derivatives of order [r] of the function f.

—~
[y
~—

With the introduction of the norm

||f||W;(Q)7 for integral r» > 0,

”f”LQ(Q) - 1f 1y + ZA;(f[T], Q), for nonintegral r > 0, (2
P
[r]

the space L;(£2) becomes a Banach space.
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Let us first prove that the present definition of L} (2) for Q = E,, coincides with
the definition used in (*). Namely, there it was assumed that f(z) € Lj(E,)
if*

flz) = Cm-/ o =t P Ko (| —t]) () dt,  p(t) € L(E,) (3)
ETL
and as the norm of f in Lj(E,) the quantity H<p||Lp<En) was taken.

Theorem 1. For 2 < p < oo, a function f(z) is representable in the form (3)
if and only if the inequalities

B, lelr, 5, < Il < Apollels, ) (Q=ED) (4)

hold.

* In doing so we take into account the experience of constructing the Hl(p—classes of S. M. Nikol’ skii (%) and

the generalized (after L. N. Slobodetskii) spaces W,ET) of S. L. Sobolev.

** K is the Macdonald function; cnyr|x|(r’”>/2K%(

z|) = G, (x).

For 0 < r < 1 the assertion stated is part of a theorem of E. Stein (3); for
integral r it follows, for example, from the arguments of the note (?). Now let
r > 1 be a non-integral number and let f be representable in the form (3). We
use

Remark 1. The operation of differentiation maps the space L, (E,) into

Ly (E,) (and this embedding is continuous).

By the embedding theorems () and on the basis of this remark, the function
f and the derivatives fI"l are estimated through ¢ in the norm L,. Moreover,

fil e L;f[r](En) and, consequently, is representable by a Bessel potential of the
form (3)

f[r] = / Grf[r] (LL' — t)gm (t) dt, 9ir] € Lp(En)7
E

n

where [g;[. < ¢lo]r . Since 0 <7 —[r] <1, by the above-mentioned Stein
theorem,
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Finally we have

”fHWI[,T](E") + A;(f[r]’ En) < CH@”LP(En)a

which proves the right-hand part of inequality (4).

Let us prove the left embedding (4). From the finiteness of || f|| Ly (o) it follows,
first, that f € WI[)T](EH), and, second, that A;(f[r],En) is finite. By Stein’ s
theorem the latter means that fI"l € L;f[T](En). Thus, we have

A+ PD2F =5 gy, < elflyrs

—_—

(14 2= 00 = (14 ]APR)

—

N r( £l
2 (7’)\>[ ]f =9 Hg[r]”LP < CAp(f[ ]7En)

Using the linearity of the Fourier transform and the theorem on multipliers, we
obtain from this

(L+AR)72f =5,

where the function ¢ is represented in the form of a linear combination of func-
tions each of which is estimated through g or g;,) in the norm L,(E,), ie., in
the final result, we obtain the assertion completing the proof of the theorem:

lellz, 5,y < el flyiigs, ) + A7, B,

Here it is appropriate to say that the exceptional status of integral r in the
definition of L (£2) could have been avoided by using second differences of f
(see (3)). Theorem 1 shows that the integer-valued (with respect to r) classes
L, (Q) = L, (E,,) are not exceptional in the functional scale under consideration.

2. We now prove the extension theorem, which in essence justifies considering
the spaces L, (Q2) for Q # E,, in the definition given above.

Theorem 2. If the boundary T’ of the domain Q belongs to the class CI"1t1 | then
any function f € L, (Q) can be extended to the whole space E,, with preservation
of the class, i.e., for the extended function F the inequality holds

HF”L;(En) < CHfHL;(m’

where the constant ¢ does not depend on f.
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In the case of integral r the theorem was proved in (*) (see also (%)). For
non-integral r we shall carry out the calculations in the simplest case, when
coincides with the upper half-space E; (z, > 0). Define the extended function
as follows:

f(z), for z, >0 (x € E}),

F(zx) = lr]+1 1
Z)\kf(xl,..., S n), for z, <0 (x € E).

where the numbers )\, are chosen from the conditions

1! 1
(*1)1)\14’ (*5) )\2++ ([T]—f—l) )\[r]+1 = 17 l:O,...,[r].

It is clear that the function F(z) € W'/(E,) (see (4,5)), and it remains only to
verify the finiteness of the expressions

[r] ) — [r] 2
st =i = [ o | 15T

n

We have, obviously,

The first of the integrals in braces exists by assumption—it is [A}(F rl EyP.
Let us show, for example, the estimate of the second integral:

" F(x) A" F(y)

d (9:611. 61" Byli 44.6y£L" da N
E- Y )5 |z — y[n+2r=lr)

2 2

dzx

|(L‘ _ y|n+2(r7[r])

ol [0 (1) [ m) = S (s s — 20|
B
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We have used the fact that

[r]+1 I,

I; A (—%) =1

Applying further Holder’s inequality for sums and making the change of variables
M = Yis st = Yp—1s Tln = —Yn, We obtain

[r]+1
< (I + 15 Y Ak ol x
k=1

2

7] _ £l 2 2
o[ an (/ 1 @y, ) = 7, e )P de H/MM) §
E3 E3 [(xl - 771)2 +.o+ (‘rnfl - nn71>2 + (xn + knn)Q]

i gl 2 \?
<C/ dﬂ / |f (x17‘~~7xn) f (m;;%)‘ de .
B By, |z — nfnr2r=lr]

The estimates of the remaining integrals on the right in (5) proceed analogously,
and the theorem for = E; may be considered proved.

It follows from the computations given how one can (by resorting to a sufficiently
regular transformation of the domain ) extend a function f € L} (£2) beyond
the domain locally in a neighborhood of each boundary point. By virtue of the
results of Whitney and Hestenes, this guarantees the extendability of f to the
whole space E,. The theorem is proved.

Theorem 2 makes it possible to carry over the results of Note (2) to the case of
a domain 2 with sufficiently smooth boundary; namely, the following is valid:

Theorem 3. The function f(x) € L, (f2) on any sufficiently smooth manifold
S C Q of dimension m (1 < m < n) belongs to the space L;: (5), where the
parameters r,p,n,r’,p’, m are related by

n m
2<p<p < oo, r——>7r —— 0<r <r

P P
(if m = n, the equality p = p’ is also allowed). The indicated embedding
L, () C L;,(S)
is continuous.

Remark 2. The space L;// (S) for m # n, in the case where the manifold S is not
flat, is understood as follows. It is assumed that the manifold .S admits a finite
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covering by “simple” manifolds, each of which is sufficiently smoothly mapped
onto a domain of the Euclidean space E,,. If the function f(z), considered on
the manifold S, under such a mapping is a function of class L;ﬁ in the Cartesian
image of each element of the covering, then we say that

f(x)]s €L (9).
However, one may also use the invariant notation of the integral Aj( fir.s),
without resorting to a covering of S.

Remark 3. Since the derivatives of f normal to S (for m # n) are expressed in
terms of partial derivatives, and for the latter Remark 1 applies, it follows from
Theorem 3 and this remark that we also obtain statements concerning normal
derivatives.

3. In conclusion we shall give statements on the properties of functions from

Ly (E,) for rp >n (1<p<oo, a=r—2_ [r_ﬁ})
p p

Theorem 4. From f(z) € Ly(E,) it follows that

Ay (f[rfﬁ,h) = ‘f[P%](x +h)— f[rfg](a:)‘ =o0(|h|*) for noninteger r—%,
Ay (F7 5L R) = |f 5 N+ ) — 275N @) + 75w — )| = o(JAl)

n
for integer r — — > 1.

Some further information about the quality of the function o(¢) in Theorem 4
is given by

Theorem 5. From f(z) € Ly,(E,) it follows that

=ty

. n
Tz dh < c||fHL;D<En>7 for noninteger r — p

n p
A, (fri?il,h . n
/E ’ = >’ dh < C”f“L’g(En)? for integer r — » > 1

For integer r = [, and also for f € L5(E, ), Theorem 4, for integer r and
2 < p < 00, and Theorem 5 follow from embeddings obtained in the work (°).
Our proofs are based on the representation of f by a Bessel potential and on
various estimates of the kernel G,.(z).
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