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The present paper has as its aim to extend the Cauchy integral operator
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p omi | x’—zdx’ mz # 0, (1)
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to the class of generalized functions. In connection with this we introduce for
consideration certain spaces of generalized and analytic generalized functions
that are of particular interest to us.

Let 2 denote the space of real finite and infinitely differentiable functions ¥ (x).
One says that a sequence {v,,} of functions v, € D tends to zero in 2 if: 1)
there exists a bounded interval A of the z-axis outside which all the functions
t,, vanish; 2) the functions 1,, and their derivatives of arbitrary order tend to
zero uniformly for each arbitrarily fixed order of derivatives. Convergence in 2
will be denoted by ¥,, = ¥ in D. Let (p, ) be the number obtained by applying
the functional p to the function ¢ € D. Such functionals are called generalized
functions. (For details on generalized functions see (1).)

Let us define the notion of an analytic generalized function. Let R be the space
of holomorphic functions ®(z) defined in the strip

to ={z||Imz| <a}, where 0 < a < o0, (2)

and satisfying the inequality

|88 (2)| < FEE

for |z| — oo, (3)

where C®) is some constant number, k =0,1,2....

We introduce the notion of convergence in R. One says that a sequence {®,,(z)}
of functions ®(z) € R converges to zero in R if
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|zk+1<1>$1k)(z)| < Cv(zk>, (4)

where Cék) — 0 as n — oo and for arbitrarily fixed values k = 0,1, 2, ... in every
bounded domain of the strip ¢,; here uniform convergence of i) (2) to zero
as n — oo with respect to z is required. Functionals in R, which we denote by
(p(z), @), always have integral representations

(p(2), @) = /C p(2)B(2) dz (5)

for all ®(z) € R, where C is a certain contour in the z-plane. The set of linear
continuous functionals in R will be denoted by R’. Such func-

we shall call functionals analytic generalized functions.

Finally, we introduce for consideration the space £ of functions ®(z), defined
on the whole z-axis, infinitely differentiable, satisfying the inequality

Cc)
|2 ()] < P as |z| — oo, (6)
where C'®) is some constant number, k = 0,1,2,..., and representable in the
form
— 1 D(z)
P(x)=KP(2) = — d 7
@) =Ko = 5 [ 2 a: @

for any ®(z) € R, where L is a contour consisting of two straight lines parallel
to the z-axis: one, situated in Imz > 0, is directed in the positive direction
of the z-axis, and the other, situated in Im z < 0, is directed opposite to the
positive direction of the x-axis.

The notion of convergence in £ is analogous to convergence in X.

Let £’ be the set of linear continuous functionals in £. We note that the space
D C £, and the space D’ C £’. Therefore not every generalized function from
P’ can belong to L.

Theorem 1. In order that any generalized function p € D’ belong simultane-
ously to the space £, it is sufficient that it satisfy the inequality

cw

|zl

=

[(ps (@ +20))| < as [ao| = 00 (8)

for any ¢ € D, where C() is some constant number depending on ¢ € D; x,
is an arbitrary fized point of the x-axis, 0 < o < 1.
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Theorem 2. The operator K, conjugate to the operator K, is defined on the
linear manifold of any generalized functions p € D’ (and also p € L) satisfying
inequality (8) for any ¢ € D (and also ¢ € £).

We indicate the scheme of proof of this theorem. Construct an averaging kernel
w(z—y; h), which is a finite and infinitely differentiable function, i.e. w(z—y; h) €
D, and which has the property:

h +1

w(t;h)dt =1, where » = / w(t; 1) dt.

wh J 1

Then the function

pp(x) = % (pyw(z —y; h))

will be infinitely differentiable and will satisfy the inequality

Ch,
lpp ()] < EG as |z| — oo,

where C}, is some constant number; 0 < o < 1.

Construct a sequence {p;,} of generalized functions p;, in D by the formula

+o0
(o) = / o)) da ()

for any ¢ € D. On the basis of Theorem 1, the functional p;,, satisfying condition
(8), can be extended to the whole space £. Consequently, we obtain:

(p(2),®) = (p, K®) for any ® € R. (10)

The expression (p(z), ®) depends linearly and continuously on ® € R. Now,
introducing norms in the spaces £ and R, respectively, by the formulas

|, _ = max |zF1®F) (2)| for any ® € £;
(—00,00)
12l = max |2M19*)(2)|  for any @ € R,
k=0,1,2,...

we shall prove the linear and continuous dependence of (5(z), ®) on the given
generalized function p. Thus, equality (10) defines, on the given manifold of our
generalized functions, a linear operator of the form:
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p) = Kp =5 (p =), mzo, (11)

where € £ for Imz # 0.

T —z
The operator K transforms manifolds of arbitrary generalized functions from
D’ and L', satisfying inequality (8), into analytic generalized functions defined
by equality (11) and tending to zero at infinity.

We shall call the operator K the operator of analytic continuation of generalized
functions. The uniqueness of this operator is evident.

On the basis of (10) we have

k! d(2)

This equality defines the derivative of order & of the analytic generalized function
p(z) defined by formula (11). Thus,

- k! 1
p(k><Z) = — <p7("pz)k+1> 5 Imz#o, k/’:O,1727... (13)

T om

Theorem 3. If the conditions of Theorem 2 are satisfied, the formula

p+ — pi = p’ (14)
holds, where
. 1 1 1
pi:—% (p*P;)igp. (15)

1
Here the convolution (p * p,) exists and is defined by the formula
x

(p*P%,so) = (p, /om;[¢(x+y) —p(z—y)] dy) (16)

for any ¢ € £. The generalized functions p, mean:

() = lim [ e da (17)
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for any ¢ € £.
Let us give several simplest examples.

1. p=6W(x), k =0,1,2,.... By definition (6 (z),¢) = (—=1)*¢*(0) for
any ¢ € £. Then, according to formula (11), we obtain

which gives the corresponding analytic generalized function

_1\k+17
o) (CDFIR _ |
0%(2) = o sy k=0,1,2,..; (18)
S(k) _ (_1)k+1 k! 1 1 (k) ().
0y (-1) 57 PkaJr1 + 2(5 (z); (19)
O — 5 =W (z),  k=0,1,2,.... (20)
1
2. p = Py—-, where m is a positive integer. By definition
{Lt’f

1 o 1 m—1 Jﬁk

(Prme) = [ |#@)+ (CDmp-a) =2 Y o) do (@)
x h T = k!

for every ¢ € £.

Using this formula, from (11) we obtain the corresponding analytic generalized
function, namely:

Imz >0,

1
——, Imz<0;
Zm

R P T Y G ) i,

whence

and so on.

It should be noted that in their recent work Bremermann and Durand () made
an attempt to define the notions of the Cauchy integral for generalized func-
tions, with the aim of defining a generalized function as the weak jump of two
holomorphic functions on the real axis.
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