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PHYSICS
Yu. A. TSERKOVNIKOV

ON THE THEORY OF A NONIDEAL BOSE
GAS AT A TEMPERATURE DIFFERENT
FROM ZERO

(Presented by Academician N. N. Bogolyubov, 10 XI 1961)

In the work of N. N. Bogolyubov (1), a theory was constructed for a nonideal
Bose gas at zero temperature, which was subsequently developed in a number
of works (see, for example, (?)). The method of two-time temperature functions
(34), used in the present work, makes it possible to carry out an investigation
at temperatures different from zero.

Consider a Bose gas consisting of particles interacting pairwise with one another
and described by a Hamiltonian of the form

H= Z ( - u) aya, + W Z v(p, —pl)a; a;;ap/ Ay s (1)

(P1+p2=p]+D5)

where a,, and a; are the Bose creation and annihilation operators for particles
with momentum p; p is the chemical potential; v(p) is the Fourier component
of the potential of interaction of the particles.

We perform the canonical transformation of the operators

a,=¢,+b,, @, =+vNydlp), p)=10 (p=0,p#0) (2)

(a shift of the operators by a c-number). The quantity /N, has the meaning of
the number of particles in the condensate. The quantum equation of motion
will have the form

N,
Z‘ditp - \/FO <7M + 7OV(0)) 5(p)+E,b, +7V \/7 Z por T v Z PP?”zpl
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where

2
6= 2+ SO(4(0) + v(p)),

Vo = {v(0) + v(00)0%,, +v(1)by, 1,

Wopapyw, = V(P — PSP+ pa — P1 — P3)by by by -
In the right-hand side of (3), the summation is carried out over all indices except
D.

From the condition (b,) = (b*,) = 0 for p =0 ((...) denotes averaging over the
grand canonical ensemble), we obtain the expression for the chemical potential
in terms of the correlation functions:

= NO VZ{ ) +v(py )<b;:1bpl>+V(p1)<bp1b_p1>}

1 +
+ mv %;V(pl)<bpl+pbplbp>' (4)

Introducing the matrix notation

U po = e TN L
p bt ) PP v+t ’ PP2P>P} w+ R
-p —P;—P1 —P,—P2,—P2,—P1

13 NV(p>
Eva 1 0 0 1
C B B ) N ()
P

it is convenient to represent equation (3) and the equation conjugate to it in
the form

dB,

N,
ai P = /N, (—u + 7%(0)) 5(p) + LB+

/N, 1
+ Vv ° Z Vplh + Vv Z przpépi’ (5)

We define the matrix Green function Gp as follows:
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ST 9 (S
<<<bipsb;>> <<bip;b_p>>)’ (6)

where, for example, for the retarded Green function (b, (¢); b} (t"))) = —if(t —
) (b, (£); b (¢)]) (>*), etc. (the arguments ¢,¢’ on the right-hand side of (6)
and below are omitted for brevity of notation).

Using the equation of motion (5), passing to the Fourier components of the
Green functions,

<<Ap<t); Bp(t’)>> — %Z <<Ap | Bp>>E67iE<t7t/) dE

and dropping, to simplify the notation, the index E, we obtain

(aE — Lp)Gp \/> Z PPy V Z PP2P3P] ;»’

v PPy | B*)}(aE —L ) \/7 Z PPy pp1 V Z PPy ppzpzpl (s
(7)

«przpép’l

AT

| Bph (@B — L) = ((Wpp,pp0, Bpl) at

PpP2P2P1’

+
ppzpzpl pp1 VZ PP2P5PY ppgﬁéﬁ’l»'

Multiplying the second and third equations (7) on the right by the matrix Gg,o) =
(aE —Lp)’l, which is the “zero approximation” to the function G, substituting
the expressions found into the right-hand side of the first of equations (7), and

multiplying this equation on the left by Gg)), we obtain
G, =Gy +GYK,GY =6y + GYM,G,, ®)

where M, = K, (1 + G;O)Kp)’l is the mass operator, and K, is defined by
relation ( 2) (the meaning of the parameter £ will be explained below).

)
Equation (8) may also be written in the form ¥ G, = 1, G, = X!, where

0 —
S, =aE—L,~M,=aE—L,— K,(1+Gy K,)". 9)

The elements of the matrix X, satisfy the following symmetry properties (5):
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Yoo (p, B) = 41 (p, —E), Y01(p, E) = Eq2(p, B). (10)

Thus the problem of finding the Green functions G,, has been reduced to calcu-
lating the elements of the matrix ¥,,. To calculate them we shall use the follow-
ing perturbation theory. We introduce a formal dimensionless small parameter
€, which in the final results we set equal to unity, and make the replacement
v(p) — ev(p), Ny — ¢ 'N,. The second replacement corresponds to the as-
sumption of a large number of particles in the condensate. Then, taking into
account that 1V and W contain v, for K, and p (4) we shall have

H= NO +€7Z{ +Up1 )<b;1bp1>+U(p1)<b7plbp1>}+

\/7‘/ Z p1)<b 1+P2bp1b172> (11)

Ky == 3 SU010) 4 (0= p)) B, by, + 00 = 54,0, )81+
+€ V2 Z ooy | Vap ) + g2 L= \/7 {Z PP pp1p2p2pl>>+
+Z<<pr2p’2pl o1 } Tye V2 Z PPapP3PY ;pzpép’l )- (12)
In the zeroth approximation p(®) = 701/(0), the function G, is equal to G;,O),
where
o= 2 vt £,= 2 (22 No),

In the first approximation in ¢, the matrix X, (9) has the form

s, =aE—L,— K, (13)

p

where in L, in the expression for

2
&= 2+ SO (0) + v(p),

one must substitute

+l/(p1)<b7p1bp1><0)}’ (14)
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p - p V Z{ p pl))<b;1bpl>( )+
—|—1/(p—p1)<b7p1 p1 (O)B} 32 Z PPy pzn (0)' (15)

The distribution functions (b, bp>(0) and <b_pbp>( entering (14) and (15) are

calculated by means of spectral representations (see <3*4>) on the basis of the

N
Green function of the zeroth approximation G (with p = w0 = 701/(0)) and

are equal to

1 0 E, Nov(p) E
+p V0 = Z | 2P P _ 0 — _2%0 i)
(byby,) 5 ( cth 50 1) (b_pby) o8, cth 50" (16)

where 6 is the temperature of the Bose-particle system in energy units. The
matrix elements (V,, | V,, ) are linear combinations of Green functions of

+ + :

the form ((b*, , b, , | b, , —b_, ), ((bp, bp—p, | bp—p, —b_p ) etc., which
in the zeroth approximation are expressed in terms of one-particle Green func-
tions. One can also decouple the Green functions (V,, | V], )) by means of

Bogolyubov’ s canonical uv-transformation (M)

4 , 1 )
by(t) = upﬁpeﬂEpt + UpﬁtpelEpt’ UIQ) o U?) =1, u?) T2 (1 * %) -
P

performing, in the expressions obtained after substituting (17), a pairing of the
operators f3,,:

30 =5 (h 52 = 1), (5,800 =

Then, for the elements of the matrix ¥, (13), one obtains the expressions

%(211(103 E) =% (p, *E)) =

— E{ NO cth P1 ( APP1BPP1 4 CPP1 Dppl ) }
2V2 29 E2 - <EP1 + EP*Pl)Q E2 - (EP1 - EP*Pl)Q
1
5( E)+ 3, —E)) + 25, E) =
p2

= VZ (p— pl)*l/(pl))<bplbpl>()

2m

—VE:@@—pO+V@QMkm%J@+

+ No cth Ep1 <E2 E +E:D P1 B2 _ Epl_Epfm D2 )7

212 20 (E’p1 +vE, )2 "™ E*—(E, —E, )2 "™
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_%@11(?’ E)+ %, (p,—F)) = X5(p, E) =

2

p 1 N
= ot 2 (0= py) = () (405,00 + (b, b, )@) + 2 TPu(p)+
N E E, +E E, —E,
+7O2 cth 7 ( 2 e zAgpl ) = e 20172111) ’
2V 20 B2 — (EP1 + EP P1> E? — (Ep1 - Ep—pl)
(18)
where

"4pp1 = ( (p) +v pl) +U(p pl))(up—plvpl +U vp pl>+
(U(p1)+v(p pl))( p plupl +vp P1 pl)’

By, = (v(py) = v(p —pi))(up p vy — Uy vy p )+
+ (U(pl) + U(p _pl))<up7p1 upl - /Upfplvpl)? (19)
Cpp, = 2u(p) + v(p1) + v(p —p1)) (upp, uy, + 0y, 0, )+
+ (0(py) + (P = 1)) (U, Uy, + U V)
Dppl ( (pl) (p pl))( p plup1 _vpfplvpl)—"_
+ (v(p1) +0(p — p1)) Uy, vy, — Uy, )-
Setting in (18) p = 0, E' = 0, and taking (16) into account, we find that
¥11(0,0) —X5(0,0) =
N, E, 40%(p)(upy — vy )?
=% > v(py) by, b, )0 — 2702 cth 21;1 _221 P =0.
P1

Thus, the components found for the matrix X, satisfy the necessary condition
for the absence of a gap in the spectrum of elementary excitations (see (°>9)).
The energy denominators in the right-hand sides of (18) lead to the appearance

P1

of damping in the Green function G,. At temperature § — 0, cth

— 1,

and in (18), in the last terms, the second summands under the summation
signs, owing to their oddness with respect to the replacement p; — p—p;, drop
out. For the phonon part of the spectrum E ~ p, and therefore for 6 =

and p — 0 the quantity E in the denominators of expressions (18) may be
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neglected. Consequently, at zero temperature the damping of the phonon part
of the spectrum in the first approximation in p is absent (see (2)) Assuming
that £ ~ p as p — 0 and # — 0, we obtain

N,
G1(p, E) ~ —Ga(p, E) = 70

where

and the damping tends to zero as 6 — 0.

In conclusion I express my gratitude to Acad. N. N. Bogolyubov, D. N. Zubarev,
and S. V. Tyablikov for discussion of the results of the work.
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