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Abstract
Full Text

STATISTICAL DESCRIPTION OF A TURBU-
LENT JET

A. G. PRUDNIKOV and V. N. SAGALOVICH
(Presented by Academician G. I. Petrov, February 5, 1962)

The physical model of mechanical mixing (diffusion) of “cold”and “hot”volumes of
a turbulent nonisothermal jet can be described by the equations of conservation
of volumes, conservation of the momentum of volumes, and Taylor’ s equation.
Taylor’ s equation, generalized to the case of inhomogeneous turbulence (along
the flow) and averaged over the mixing zone (across the flow), can be written
in the form:

do? Do+ Dry(z) (1)
2z ()

Dy, D(x) are the coefficients of turbulent diffusion, determined by the initial
turbulence and by the turbulence of the jet; o (), @, () are the variance and
mean velocity of the volumes in the mixing zone of the two streams.

For a submerged axisymmetric jet, according to thermoanemometric measure-
ments by Corrsin (') and Laurence (%), v ~ @, ~ 1/x, Iy ~ x, as a result of
which the coefficient of turbulent diffusion proves to be approximately constant
along the jet, and the quantity o(x) varies practically linearly (v, I are the
turbulent velocity and the scale of turbulence).

In a real turbulent jet, at the instantaneous interface of two media, discontinu-
ities may occur not only in density (temperature), but also in the mean velocities,
selectively averaged either only over the cold volumes or only over the “hot”
ones. In the present case, as a working hypothesis, we adopt the condition that
there is no discontinuity of the mean velocities. In physical meaning this hy-
pothesis corresponds to the case of a strongly curved and entangled interface of
the two media, when in the folds of this surface the more slowly moving medium
is completely entrained by the volumes of the medium moving with the greater
velocity.

Let us consider the outflow of a jet from a circular orifice of diameter 2a, into
a coflowing stream. The initial velocity, density, and temperature of the jet are
Uy, Pg, and T,; the corresponding parameters of the coflowing stream are vy, pq,
and 77 .

If P, is the probability of detecting, at a given point, the substance of the jet,
and P is the probability of detecting the substance of the coflowing stream, the
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Fig. 1. Fields of excess temperatures. I—across the jet, I/—along the jet.
Processing of Pabst’ s data

Figure 1: Fig. 1. Fields of excess temperatures. [—across the jet, I[T—along the
jet. Processing of Pabst’ s data

following relations hold:

P+ P =1 p=p1P+ paBy; T =T\ P, + T, Py; (2)

since 4 = u; = Uq, where p, T, u are the mean values of density, temperature,
and velocity.

The equations of turbulent transport of volumes and of the momentum of vol-
umes, written in cylindrical coordinates, have the form (longi-

turbulent diffusion and the pressure drop are neglected):

1D oy 1 05, 10 (,02)
r aT (TUP2) + 82 - DTT 87’ (T 87" ) (33,)
19, _ duP, 10 (9P
ror (roPy) + 0z _DTT or (r or ) ’ (3)
19, - Oju 10 (05
car O+ 50 = Ditgy <a> (3)

where v is the radial component of the mean velocity; u is the component di-
rected along the polar axis z, coinciding with the axis of the jet; j is the lon-
gitudinal component of the mean momentum per unit volume; Dy, D; are the
coefficients of turbulent diffusion of volume and of momentum per unit volume.

Fig. 1. Fields of excess temperatures. I—across the jet, I/—along the jet.
Processing of Pabst’ s data

A rigorous mathematical justification of equations such as (3), under certain
assumptions (a process without aftereffect, which is equivalent to an approxi-
mate writing of Taylor’ s equation ('), etc.), was given in the work of A. N.
Kolmogorov (?).

The sum of (3a) and (3 ) gives the generalized continuity equation:

——(rv)+ — =0. (4)
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Figure 2

Figure 2: Figure 2

From (3) there also follow the laws of constancy of the mean fluxes of the jet
mass and of the total momentum:

~ vyag = agv3py
/ uPyrdr = ; / jurdr = + 5, (3"
0 2 () 2

where S is the initial momentum flux of the accompanying stream.

We seek u and P, in the following form:

a, .
_ Vg — U L (r2402) /952 T
a(r,z) = 22—+ / e +T1>/2"vJ0(021) rydry + vy,
0

7 ar :
Py(r,z) = T,—T, / e rtri2en g, (1:2“1) rydry, (5)
0 T

where a,(z) and ap(z) are the mean radii (velocity and temperature) of the jet,
determined by the relations

0 = 2 oo 2
/ :2_1;1 rdrz%; / Pﬂdrz%. (6)
0 1 ()

The parameters o,(z) and o, (z) describe the variance of the initial profiles of
velocity and temperature due to turbulent diffusion (they are determined by
specifying the values of D, D;).

Fig. 2. Variation of the temperature and velocity radii of an isothermal jet in
a coflow, for D, /Dy = 0.5 (m =V, /V,)

With an appropriate choice of the parameters D;, D, constant along the jet, the
theoretical temperature and velocity profiles (5) coincide with the experimental
ones (Fig. 1).

Let us determine the relation of the mean radii a,,, a; to the variance of the jet.
For a, <« 0, and a; < o, instead of (5) we may write:

_ Vy — U 2 2
u= - 21a12;€r/20”+”1a
207

2
_ a’iTef?Q/Qo%' (7)

2 2
207
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Figure 2
Figure 3: Figure 2
Taking into account that, by virtue of (2), j = pu = pu, and substituting (7)
into (3"), we obtain (n = p;/py, m = vy /vs)

2.2
ayar

2(02 4 07)

+ maQT = ag,

(1—m)

4

n(l— m)28‘z:2 +(1-n)(1-

4.2
Qa7

8(20% +02)o2

—m)?

+nm(1 —m)a? + (1—

a2a2.

nm?ad (1 —n)m?a3.  a

2 2 2"

Fig. 2. Variation of the temperature and velocity radii of a flooded jet at
various superheats and for D,/Dy = 0.5 (n = p;/py = Tp/T})

If the relation between o, and o, is known, relations (8) make it possible to
give a complete description of the flow with the aid of a single parameter o.
Below it is assumed, in accordance with the available experimental data, that

ok~ 102,
In an isothermal flooded jet (m = 0, n = 1), the momentum is proportional to
the momentum-velocity D,; one may write, instead of the diffusion coefficient

D,, the velocity-diffusion coefficient. Let us write Taylor’ s equation for

temperatures and velocities:

Dy lda% D, ldag

— - TR — - )
Upep 2 dz Upep 2 dz

where up,, and u,, are certain characteristic velocities.

Using the mathematical relations
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P, _ 0Py day | OP, doj, or, 13(3P2)
0z  Oap dz = 002 dz’ do2 21 or " ’

we obtain, for r = 0, from equations (3):

daT_<1_ﬂTCP) E@ZO’ %_(1_{‘”0?) Gy dgizo, (10)

dz U, ) 20% dz dz U, ) 202 dz

where u,, is the velocity on the jet axis. In deriving (10) it was taken into
account that

5(0,2) =0, U, =v, (1= @/2%), Py0,2) = 1—e /2% (11)

By virtue of (8), it follows from (10) that

’DTCp = avcp = am/2 (12)

The distribution of the transverse velocity, by virtue of (4), is given by the
formula

V, d

o(r) = —52 - [a2 (1= e /270)] . (13)

Let us also note several obvious relations for an isothermal submerged jet, fol-

lowing from (8):
3 3u,,
aT:\/;%» P2(Ovz)21727

which agree well with experimental data.

In Figs. 2 and 3 the mean radii of a nonisothermal coflowing jet, calculated by
formula (8), are plotted; here o, was determined from experiments on jets in a
coflowing stream (%) by the conversion o, = 0.857,,, where 7, is found from the
condition (see (7)) (u —V;)/(u,, —V;) = 0.5.
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