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A SOLUTION IN THE WHOLE PLANE OF
CERTAIN ELLIPTIC EQUATIONS

(Presented by Academician I. G. Petrovsky on 26 VII 1961)

§ 1. Introduction. In this paper we investigate the question of the existence
and uniqueness of a solution of the equation

P(z‘(%, i%)u:f, (1)

given in the whole plane, where P (za%, Za%) is an elliptic operator with constant
coefficients.

Let W denote the class of functions in which there exists a unique solution of
equation (1).

For the equation (A+k?)u = f, where A is the Laplace operator in two or three
variables, k is a real constant, the asymptotic conditions selecting the class W
(radiation conditions) were found by Sommerfeld (}). When our operator is
metaharmonic without multiple roots in a space with an arbitrary number of
variables, i.e. is an operator of the form P(A), where P(s) is a polynomial having
no multiple roots, the class W was found by I. N. Vekua (?). In the work of B.
P. Paneah (3), conditions selecting the class W for any metaharmonic operator
were obtained. When the characteristic polynomial P(s;, s5) does not vanish in
the real plane, the class W was found by V. P. Palamodov (*).

In the present paper we consider the case where

. a . a — n 8271 n 6271 2n _
p (z%, za—y> w= [(—1) G+ D Gk u=f @)

but the method by which the class W is obtained for equation (2) is suitable
for a much wider class of equations in two variables.

In order to find the class W, a special fundamental solution is constructed and
its asymptotics are found as r = /22 + 2 — oo.
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§ 2. Construction of the fundamental solution. The characteristic poly-
nomial for the operator (2) is

P(sqy,85) = 831 4 537 — k", (3)

Let s, = 0, +1i1y, S9 = 09+1i7y. In the real plane the zeros of the characteristic
polynomial form one oval: 02" + 2" — k*".

In three-dimensional space (0;,0,,7;) construct the following set H(a): for
|oo| > k the set H(a) coincides with the plane 7, = 0; for |oy| < k and |oy| < k
the set H(a) coincides with the plane 7, + ac; = 0; for |oy| < k and |o| > k
the set H(a) coincides with the planes 7 = f+ak, respectively for o; < —k and
o, > k.

Here |a| is chosen so small that the roots of the polynomial P(sq,0,) with
different signs of Im s; lie on different sides of H(a). This can always be done.
Denote by H; the set H(a) for the above-chosen a, if & > 0, and by H, the
corresponding set for a < 0.

The set H;, i = 1,2, is not a Hermander ladder (°), since H;, i = 1,2, con-
tains zeros of the characteristic polynomial. Nevertheless, the following theorem
holds:

Theorem 1. The integrals

z"c91+zye2 z'r@ﬁ—zysz
dH,; = dH,, i =1,2, (4
(z,y) // Ps1.5) // ST ST i (4)

exist and give two fundamental solutions for the operator (2).

Theorem 2. If one considers the operators

.0 .0 .0 .0
P. (2£72%> :P(z%,za ) + ig, (5)
then their fundamental solutions, which are given by the formulas
zzsl+zys2 4 i 6
o) = [ [ o dede, (6)

will converge, as € — —0, to Ey(z,y), and, as ¢ — +0, to Ey(z,y).

Hence, in particular, it follows that if, instead of H,;, i = 1,2, one takes anal-
ogous manifolds in the space (oq,04,7,) and with their help constructs funda-
mental solutions for equation (2), then one obtains the very same fundamental
solutions F,(z,y) and Ey(x,y).
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§ 3. Asymptotics of the fundamental solutions. In order to obtain the
asymptotics of the fundamental solutions found, we shall compute the integral
(4) in the following way. In integrating with respect to the variable s; we shall
use the residue theorem, and then, in integrating with respect to o,, we shall
apply the saddle-point method. Here the greatest difficulty is the estimation of
the remainder term in a neighborhood of the directions ¢ = kr/2, k=0,1,2,3.

Let ; = cos (arctan ), 6, = sin (arctan £); then for the derivatives of the
fundamental solutions we have:

Theorem 3.

ap+lE1 (I, y)
OxP Oyl

2n—1

_2n_ _2n_ 2n 2n—3-2(p+1)
exp [zk (01"‘"*1 + 92) r] ( o 97)74
—_ Ok(ik)p+l \/;4 n27171p 271711 + wpl,
0, 0
(7)
where
6‘9 |2€1tl1‘0 |21n+—11 1

ol < DAy s ®

(T|‘9192|2iﬁl>7 7

for all vy in the indicated interval.

For E,(z,y) one obtains the same formulas, only in (7) one must take —k instead
of k.

§ 4. The class W. Formulas (7) and (8) make it possible to obtain conditions
at infinity which ensure the existence and uniqueness of the solution of problem
(2). One variant of these conditions is as follows:

Theorem 4. u € W, if:
1)

C
< ————— 9
< o ©)

oPu o1y

—x C|9192|ﬁ
oxP Logp—1

(7"|9192|%>)\
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P oy cl6,0, |zt
oy~ X2y Y (11)
Y Y (r|916‘2 2n71)
where p = 1,2,...,2n — 1; A is arbitrary between % and % + ﬁ, and either

1

2n 2\ TEn 1
— 29 2n—1 2n—1 2n-1
X; = tik (91 + 03 ) 6,
or

_2n _2n_\ " 2n _1
g =ik (07T +03°T) T, =12,
Remark 1. For n = 1, Theorems 3 and 4 cease to be sharp. If we were to seek
the class W by this method specifically for n = 1, then instead of conditions (9)

—(11) we would obtain the usual Sommerfeld conditions .

Remark 2. Denote the right-hand side of inequality (8) by g;, and the right-
hand side of inequality (9) by g,. Then, as the right-hand side in equation (2),
one may take any function satisfying the conditions

|gz*f|<clgz|’ i:172a

where g, * f is the convolution of these functions. These conditions are satisfied,
for example, by any finite bounded function.

The author expresses gratitude to P. P. Mosolov for useful advice given during
the preparation of this work.
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