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MATHEMATICS
A. M. VERSHIK

ON THE SPECTRAL AND METRIC ISOMOR-
PHISM OF CERTAIN NORMAL DYNAMICAL
SYSTEMS
(Presented by Academician A. N. Kolmogorov on 28 XII 1961)

§ 1. Let 𝑀 be a Lebesgue space with measure 𝑚 (see (1)) and let 𝛾(𝑥) be a
measurable real-valued function on 𝑀 . Define in 𝐿2(𝑀) a unitary operator 𝑉𝛾
by the formula

(𝑉𝛾𝑓)(𝑥) = 𝑒𝑖𝛾(𝑥)𝑓(𝑥),
and denote by (𝛾(𝑥)) the quantity 𝛾(𝑥) − 2𝑘𝜋 for

(2𝑘 − 1)𝜋 ≤ 𝛾(𝑥) < (2𝑘 + 1)𝜋.

The following theorem makes it possible to compute the spectral invariants

𝜌1 > 𝜌2 > ⋯

of the operator 𝑉𝛾 (see (2), p. 164) from the metric invariants 𝐺, 𝐺1, 𝐺2, … of
the function (𝛾), constructed by V. A. Rokhlin (3). These metric invariants are
defined for every measurable real-valued function 𝜉 on 𝑀 and may be described
as follows. Let 𝑋𝑛 be a set of maximal measure among all measurable sets on
which 𝜉 assumes almost all its values no more than 𝑛 times (such sets exist); 𝐺
is the distribution function of the function 𝜉 on 𝑀 , and 𝐺𝑛 is the distribution
function of the function 𝜉 on 𝑋𝑛 (𝐺𝑛 is not necessarily normalized). As proved
in (3), 𝐺, 𝐺1, 𝐺2, … is a complete system of metric invariants of the function 𝜉.
Theorem 1. The spectral invariants

𝜌1 > 𝜌2 > ⋯

of the operator 𝑉𝛾 are the Hellinger types of the distribution functions

𝐺, 𝐺 − 𝐺1, 𝐺 − 𝐺2, … ,
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where 𝐺, 𝐺1, 𝐺2, … are the metric invariants just described for the function (𝛾).
Corollary 1. In order that the operator 𝑉𝛾 have simple spectrum, it is neces-
sary and sufficient that the function (𝛾) be one-to-one almost everywhere; in
order that the operator 𝑉𝛾 have homogeneous countably multiple spectrum, it is
necessary and sufficient that the function (𝛾) assume almost all its values (with
respect to the measure 𝐺) an infinite number of times.

Corollary 2. If the measure 𝑚 is continuous, then the operator 𝑉𝛾 either has
no discrete spectrum, or has a countably multiple discrete part.

§ 2. Theorem 1 makes it possible to solve the problem of computing the spec-
trum of normal dynamical systems (n.d.s.). We use the definitions and notation
introduced in (4). Let 𝐹(𝑑𝜆) be the continuous spectral measure of a one-
dimensional n.d.s. {𝑠, 𝜇, 𝑇 }. Consider the unitary ring

ℒ𝐹 =
∞

∑
𝑘=0

⊕𝐿2
𝐹(𝑘)

(see (4)). The automorphism 𝑉 of the ring ℒ𝐹 , defined by the formula

(𝑉 𝑓𝑘)(𝜆1, … , 𝜆𝑘) = exp[𝑖
𝑘

∑
𝑝=1

𝜆𝑝] 𝑓𝑘(𝜆1, … , 𝜆𝑘), 𝑓𝑘 ∈ 𝐿2
𝐹(𝑘),

is isomorphic to the automorphism 𝑈𝑇 of the ring 𝐿2
𝜇(𝑠) corresponding to the

shift in the space 𝑠 (see also (5)). Therefore, finding the spectrum of an n.d.s.
reduces to computing the spectral invariants of the automorphism 𝑉 of the ring
ℒ𝐹 , i.e., to computing the spectral invariants of 𝑉 on each of the subspaces
𝐿2

𝐹(𝑘). If now we take, as 𝑀 , the set of points

𝑥 = (𝜆1, … , 𝜆𝑘) ∈ [−𝜋, 𝜋]𝑘

satisfying the condition
𝜆1 ≤ 𝜆2 ≤ ⋯ ≤ 𝜆𝑘;

as 𝑚, the measure induced on 𝑀 by the measure

𝐹 (𝑘) = 𝐹 × ⋯ × 𝐹

(𝑘 factors); and as 𝛾(𝑥), the function on 𝑀 :

𝛾(𝑥) =
𝑘

∑
𝑝=1

𝜆𝑝,

then we obtain the conditions of Theorem 1. The distribution function of the
function (𝛾) is in this case 𝐹 𝑘, the 𝑘-th convolution of the measure 𝐹 . Let
Λ𝑘 ⊂ [−𝜋, 𝜋] be a set of full 𝐹 𝑘-measure (𝑘 ⩾ 2), and Λ a set of full 𝐹 -measure.
Consider the equation:

𝜆1 + 𝜆2 + ⋯ + 𝜆𝑘 = 𝜆; (*)
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here 𝜆𝑖 ∈ Λ, 𝑖 = 1, 2, … , 𝑘; 𝜆 ∈ Λ𝑘; 𝑘 ⩾ 2. Denote by 𝑐𝑘(𝜆) the number of
distinct solutions of equation (∗), i.e., the number of points 𝑥 = (𝜆1, … , 𝜆𝑘) ∈ 𝑀
such that

𝑘
∑
𝑝=1

𝜆𝑝 = 𝜆.

We shall say that a unitary operator has a spectrum of unbounded multiplicity if
the latter is neither of finite multiplicity nor of infinite multiplicity. Application
of Theorem 1 leads to the theorem:

Theorem 2. 1) A one-dimensional n.d.s.: a) has simple spectrum if and only
if 𝑐𝑘(𝜆) = 1 for almost all 𝜆 with respect to the measure 𝐹 𝑘 and for every
𝑘 ⩾ 2; b) has spectrum of unbounded multiplicity if and only if 1 ⩽ 𝑐𝑘(𝜆) < ∞
for almost all 𝜆 with respect to the measure 𝐹 𝑘 and for every 𝑘 ⩾ 2, and for
some 𝑘, 𝑐𝑘(𝜆) > 1 on a set of positive 𝐹 𝑘-measure; c) has infinite-multiplicity
spectrum if and only if 𝑐𝑘(𝜆) = ∞ for some 𝑘 on a set of positive 𝐹 𝑘-measure.

2) If 𝑐𝑘(𝜆) = ∞ for almost all 𝜆 with respect to the measure 𝐹 𝑘 and every
𝑘 ⩾ 2, then the spectral types of the n.d.s. are the following:

∞
∑
𝑘=0

𝐹 𝑘,
∞

∑
𝑘=2

𝐹 𝑘,
∞

∑
𝑘=2

𝐹 𝑘

(𝐹 0 is the unit mass at zero).

3) Every one-dimensional n.d.s. with a continuous spectral measure can be
decomposed into a direct product of one-dimensional n.d.s.’s, each of
which satisfies one of the three conditions in item 1).

It follows from the theorem just formulated that a one-dimensional n.d.s. cannot
have a finite-multiplicity spectrum different from a simple one. This result is
given in (6).
Theorem 2 is easily extended to multidimensional n.d.s.’s. We give some con-
sequences. Let ‖𝐹𝑖𝑗‖ be the spectral matrix of a multidimensional n.d.s., all
elements of which are continuous. Let

Φ = ∑ 𝐹𝑖𝑖.

1. A multidimensional n.d.s. has a homogeneous countable-multiplicity spec-
trum if and only if

Φ <
∞

∑
𝑘=2

Φ𝑘.

For one-dimensional n.d.s.’s this result was published by I. V. Girsanov
(6). Examples of one-dimensional n.d.s.’s with homogeneous non-Lebesgue
spectrum were constructed by B. M. Makarov (unpublished).

2. If the spectrum of an 𝑛-dimensional n.d.s. (𝑛 < ∞) is inhomogeneous,
then it contains an 𝑛-fold component.
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3. Every n.d.s. with simple spectrum is isomorphic to a one-dimensional
n.d.s.

4. An n.d.s. (of any dimension) cannot have a finite-multiplicity spectrum
different from a simple one.

§ 3. Let 𝐹0 be Lebesgue measure on [−𝜋, 𝜋]. The unitary ring ℒ𝐹0
= ℒ is called

standard. A normal automorphism of the ring ℒ is an automorphism defined
by the formula

(𝑉𝜑𝑓𝑘)(𝜆1, … , 𝜆𝑘) = exp[𝑖
𝑘

∑
𝑝=1

𝜑(𝜆𝑝)] 𝑓𝑘(𝜆1, … , 𝜆𝑘), 𝑓𝑘 ∈ 𝐿2
𝐹0(𝑘);

here 𝜑(𝜆) is an arbitrary odd measurable function mapping [−𝜋, 𝜋] into itself.
In (4) the following theorem is given:

Let {𝑆, 𝜇, 𝑇 } be a multidimensional n.d.s.; the automorphism 𝑈𝑇 of the unitary
ring 𝐿2

𝜇(𝑆), corresponding to the shift 𝑇 in 𝑆, is isomorphic to some normal
automorphism of the ring ℒ.

Application of Theorem 1 makes it possible to establish the converse result.

Theorem 3. Let 𝑉𝜑 be an arbitrary normal automorphism of the ring ℒ.
There exists an n.d.s. {𝑆, 𝜇, 𝑇 }, of at most countable dimension, such that the
automorphism 𝑈𝑇 of the ring 𝐿2

𝜇(𝑆) corresponding to the shift is isomorphic to
𝑉𝜑. The dimension of this n.d.s. is not less than the multiplicity of the spectrum
of 𝑉𝜑 in the subspace 𝐿2

𝐹 1
0
.

It follows from Corollary 2 that a normal automorphism in whose spectrum
there is a discrete component is necessarily nonergodic.

We shall call an automorphism 𝑊 of the ring ℒ linear if 𝑊𝐿2
𝐹 1

0
= 𝐿2

𝐹 1
0
. Clearly,

every normal automorphism is linear.

Theorem 4. Every linear automorphism in whose spectrum the discrete compo-
nent is either absent or of countable multiplicity is linearly isomorphic to some
normal automorphism.

§ 4. We now turn to the problem of metric isomorphism of n.d.s. From the theo-
rems of A. N. Kolmogorov ((7), p. 23) it follows that one-dimensional n.d.s. with
a continuous spectral measure are metrically isomorphic if their spectral mea-
sures are mutually absolutely continuous. In this case the metric isomorphism
is linear (sliding summation). It turns out that, under certain assumptions, a
linear isomorphism is the only possible kind of metric one.

Theorem 5. For n.d.s. whose spectrum is not of infinite multiplicity, the
following kinds of isomorphism are equivalent: a) linear isomorphism, b) metric
isomorphism, c) spectral isomorphism.

The proof is based on a simple fact. An automorphism 𝑊 of the unitary ring ℒ
is either linear or has infinite degree. (An automorphism has infinite degree if
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𝑊𝐿2
𝐹 1

0
⊄

𝑛
∑
𝑘=1

⊕𝐿2
𝐹 2

0 (𝑘), 𝑛 = 1, 2, …).

Theorem 5 was also proved by Ya. G. Sinai (unpublished).

If the spectrum of an n.d.s. contains a component of countable multiplicity,
then the problem of metric isomorphism becomes substantially more compli-
cated. Examples show that the kinds of isomorphism indicated in Theorem 5
are, generally speaking, different. A. M. Kagan and L. V. Rykova independently
proposed an example of n.d.s. that are spectrally isomorphic but have different
entropy and hence are not metrically isomorphic (unpublished). At the same
time one can give an example of metrically isomorphic n.d.s. for which the
isomorphism between them cannot be linear. The first example of this kind is
due to Ya. G. Sinai (unpublished).

The problem can be solved completely in the case of a homogeneous Lebesgue
spectrum. Let us note that an n.d.s. has a homogeneous Lebesgue spectrum if
and only if all elements of the spectral matrix of the n.d.s. ‖𝐹𝑖𝑗‖ are absolutely
continuous with respect to Lebesgue measure. In (8) it is proved that all such
n.d.s. are Kolmogorov automorphisms and have infinite entropy.

Theorem 6. N.d.s. (of arbitrary dimensions) whose spectrum is homogeneous
Lebesgue are metrically isomorphic to one another.

The results of the present note can be transferred to the case of complex n.d.s.
and to the case of continuous time.

Received
20 XII 1961
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