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Definition 1. A measurable function f(x) is called A-integrable on the
interval [a, b] if the following two conditions are satisfied:

1)

nmes{z: |f(z)]=n} =0 asn— oo; (1)

2) there exists the finite limit

lim [f()],, dz,

n—oo

where

o = ) @), @) <n,
Sl {0’ if | f(z)| > n.

This limit is called the A-integral of f(z) over [a,b] and is denoted by

b
(A) / f(z)dax. (2)

The idea of defining an integral by means of the limit (2) was used by Titchmarsh
(5). In the same work Titchmarsh showed that the integral defined as the
limit (2) is not additive with respect to the integrand functions, and also that
fulfillment of condition (1) ensures additivity. The definition of the integral as
the limit (2), with condition (1) observed, was given by A. N. Kolmogorov in
probabilistic form ((3), Ch. 6) and by J. C. Oxtoby from the point of view of
the theory of functions ((°), Ch. 4). A number of works by P. L. Ulyanov ("~10)
are devoted to questions of application of the A-integral.
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Since the existence of the A-integral of f(x) on the interval [a, b] does not imply
the existence of the A-integral on an interval [a, 8] C [a,b], the concept of an
almost everywhere A-integrable function is introduced.

Definition 2. A function f(z) is called almost everywhere A-integrable
on the interval [a, b] if:

1) f(x) is A-integrable on [a, b];

2) in the interval [a, b] there is contained a set E of full measure such that
f(z) is A-integrable on every interval [«, 5], the endpoints of which belong
to the set F.

An important class of almost everywhere A-integrable functions is the class of
functions conjugate to summable ones. A. N. Kolmogorov proved in work (%)
that every function conjugate to a summable function satisfies condition (1),
while Titchmarsh established that for it the limit (2) exists on the interval
[0,27], and also on almost every interval [a, 3] C [0,27] (°).

Another important class of almost everywhere A-integrable functions is the class
of functions representable by series of the form

% +Zak cos kz, (3)
k=1

or

Z ay, sin kz, (4)
k=1

where {a,} is a sequence of numbers satisfying the conditions

o0
ak—>07 Z‘ak—ak+1| < oQ. (5)
k=1

This was established by P. L. Ul’ yanov in [7].

P. L. UT’ yanov proved that the functions of the classes mentioned above remain
A-integrable after multiplication by “sufficiently good” functions. Namely, if
©(z) and p(x) are both bounded, and f(x) is summable, then f(x)p(z) is A-
integrable (see [8]); or if p(z) and B(x) are both of bounded variation, and f(x)
and f(x) are representable by series (3) and (4) under condition (5), then the
products f(z)p(z) and f(z)p(x) are A-integrable (see [7]).

However, arbitrary almost everywhere A-integrable functions may lose the
property of A-integrability after multiplication even by “very good” functions.
Namely, the following is true:

sovietrxiv.org/items/ru-196201.45450 Machine Translation


https://sovietrxiv.org/items/ru-196201.45450

Theorem 1. For any function o(x) continuous on [a,b] and not identical to a
constant, one can find a function f(x), almost everywhere A-integrable on [a,b],
such that the product f(x)e(x) will not be A-integrable on [a, b].

In particular, not every function f(x), almost everywhere A-integrable on [a, b],
has all A-integrals defined,

(4) /0 f(x) cos kx dx; (A) /0 f(z)sinkz dx

(k=1,2,3,...)
and, consequently, not every almost everywhere A-integrable function can be
associated with its Fourier A-series.

In order to free the class of almost everywhere A-integrable functions from the
noted defect, it is useful to introduce the following definition.

Definition 3. A function f(z) is called almost everywhere A-integrable
in the narrow sense on the interval [a, b], if:

1) f(z) is A-integrable on [a, b];

2) there exists a point z, € [a, b] such that the sequence of functions F, (x),
defined by the formulas

Fio) = [ ot

0

converges almost everywhere on [a, b] to some function F'(z), and the sequence
of norms F), () is bounded in the space L, [a,b] for every p > 1.

Denote by E the set of points of convergence of the sequence F,, (z). The measure
of the set E is equal to b — a, and for any points « and S belonging---

sets I, there exists a finite

(4) / " fa)d.

Thus, f(z) is almost everywhere A-integrable also in the sense of Definition 2.

We shall call the function F'(z) an indefinite A-integral of f(x). It is clear that
the indefinite A-integral is defined only up to an additive constant, since any
point of the set E may be taken as the point . It is easy to show that F(x)
belongs to the class L,[a, b] for every p.
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We shall denote by A*[a,b] the class of all functions almost everywhere A-
integrable in the narrow sense on the interval [a, b]. From Definition 3 it follows
that L[a,b] C A*[a,b]. Moreover, one can show that every function conjugate
to a summable function, and also every function represented by a series (3) or
(4) under condition (5), belongs to the class A*[0, 27].

For functions of the class A* the following theorems hold.

Theorem 2. Let f(z) € A*[a,b]; let ¢(x) be an absolutely continuous function
whose derivative belongs to the space L, [a,b] for some p > 1; and let o and 3
be arbitrary points of the set E. Then the product f(z)p(z) is A-integrable on
[, ], and the formula for integration by parts holds:

B B
(A) / F@)p(z) dz = F(B)p(8) — Fla)p(a) - / F(z)¢! (z) de.

Theorem 2*. If f(x) € A*[a,b], while ¢(z) is absolutely continuous, has
period b — a, and ¢’(x) belongs to L,[a,b] for some p > 1, then the product
f(x)p(x) € A*[a,b]. If, in addition,

b
(4) / f(x)dz =0,

then the following formula holds:

b b
(4) / f(@)p() dz = — / F(z)¢/ (z) de.

Remark. The periodicity of the function ¢(x) is essential for the validity of
Theorem 2*, since the product of a function conjugate to a summable function
by the function ¢(z) = = may fail to be A-integrable on the interval [0, 27].

In particular, it follows from Theorem 2* that for every function of the class
A*[0, 27] the Fourier A-series is defined and coincides, up to an additive constant,
with the differentiated Fourier series of some function belonging simultaneously
to all classes L,,. On the other hand, relying on the results of I. A. Vinogradova
(?), one can prove that every differentiated Fourier series of a function belonging
to all classes L,[0,27] is the Fourier A-series of some function from A*[0,27].
This follows from the following theorem.

Theorem 3. For every function F(x) € L,[a,b] for all p > 1, there exists a
function f(x) € A*[a,b] such that the A-integral of f(x) over [a,b] is equal to
zero and, for almost all = € [a, b,

Flz) = / () dt.
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Relying on Theorem 3, it is easy to prove that an arbitrary measurable and
almost everywhere finite function is the sum of some almost everywhere conver-
gent on [0, 2] Fourier A-series of a function from A*[0, 27], and consequently a
Fourier A-series need not be summable by the Abel-Poisson method

to the function from which it is formed. However, if one assumes that the Fourier
series A of some function f(z) € A*[0,2n] is summable almost everywhere on
[0,27] by the method A* (see (1), p. 30) to f(z), then the trigonometric series
conjugate to it will also be summable almost everywhere on [0, 2] by the method
A* to some function f(x) (see (1), p. 605). The question arises whether the
function f(x) must be A-integrable on [0,27]. This question must be answered
in the negative, since one can construct a function f(z) such that:

a) f(x) e A*(0,27];
b) the Fourier series A of the function f(z) is summable by the method A*

to f(x) almost everywhere on [0, 27];

c) the series conjugate to it is summable almost everywhere on [0,27] by

the method A* to the function f(z), which for almost all « € [0,2x] is
expressed by the formula

o L [ Hat) - fan)
o =) [

d) the function f(z) is not A-integrable on [0, 27].

In conclusion let us consider the question of a change of variable in the A-
integral.

Theorem 4. Let the function ¢(t) be absolutely continuous and strictly mono-
tone on [a, f], and map the interval [o, 5] onto the interval [a,b]. For definite-
ness we shall assume that @(t) is increasing. Then, in order that the function
flo(@®)]¢’ (t) be A-integrable on the interval [a, 8] and that the equality

b B
(4) / f(x) dz = (A) / Flp(t)]e! (¢) di (6)

hold for every function f(x), A-integrable on the interval [a,b], it is necessary
and sufficient that some set E C [« O] of full measure can be represented as the
union of sets B, and E, in such a way that for allt € E,|

0<m< ' (t) <M < +oo,

and for allt € E,

¢’ (t) = 0.
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Theorem 4 is a strengthening of the theorem of P. L. Ulyanov (1?), since in it the
restrictions imposed on the function ¢(t) are somewhat weakened. Theorem 4
also asserts that no further weakening of these restrictions (under the condition
that (t) is absolutely continuous and strictly monotone) is possible.

Let us also note that the conditions imposed in Theorem 4 on the function
©(t) remain necessary for the validity of equality (6) also in the case where one
considers only functions f(x) belonging to the class A*[a, b].
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* We assume that (+00) -0 = 0.
Note: Figure translations are in progress. See original paper for figures.
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