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Abstract
Full Text

V. I. Tseplyaev

EQUATIONS FOR THE CORRELATION FUNCTIONS
OF AN EQUILIBRIUM SYSTEM OF COULOMB PAR-
TICLES WITH SHORT-RANGE INTERACTION

(Presented by Academician N. N. Bogolyubov, 15 XI 1961)

In this article a method is proposed for taking into account short-range repulsive
forces for a classical system of Coulomb particles in thermodynamic equilibrium.
Equations are derived for corrections of various orders to the effective interaction
energies of two, three, etc., particles. These equations in principle make it
possible to calculate, for example, corrections to the Debye potential. At the
same time the meaning is clarified of a Kramers-type potential, which is often
used in considering systems of Coulomb particles.

Suppose that a system consisting of M species of Coulomb particles is in ther-
modynamic equilibrium. The charge of a particle belonging to species a; is equal
to z, .

At small distances between two particles, let us assume the existence of short-
range repulsive forces that do not depend on the particle’ s belonging to one
species or another, i.e., the interaction energy between a pair of particles is

Uaiaj :Zaizaj”ri_rj‘ +K(|ri_rj|>' (1)

The potential of the short-range forces K (r) may, for example, be chosen in the
form w/r™, with m and w chosen in a corresponding way. In this case there are
three independent length parameters: [, = €2/0 = €2/kT, I, = (u/6)*/™, and
l, = n~Y/3, where n is the mean particle density, e? = 47 D naizgi, and n, is
the concentration of particles of species a;. '

In dimensionless form the well-known Bogolyubov chain equations (1) are writ-
ten as follows:
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Here

a=ly/rg, B=(l/re)™, Y= (7'0/12>3a x =r/rg,

Z {Zaizaj/62|xi - Xj|}’

1<i<j<s

Kal...as = Z (1/|xz 7Xj|)m

1<i<j<s

the remaining notation is generally accepted. We determine 7, from the condi-
tion ay = 1. In this case ry = r; = (§/ne?)'/2, the Debye screening radius.

Substituting into (2) e exp{—BKal_“as}, for f

w. o We obtain the
10y
equation

0
fal...as + af /Z alasﬂ «
ail'(f aj..ag axl Ast1 8;31

Ast1

X €xXp {_5 Z Kaia5+1 } fal...asH deJrl

1<i<s

6 / Z g & exXp { 6 Z Kaiasu} fal...asJr1 d‘rs+1 =0. (3)
Ast1 1<i<s

Assume that, for the system under consideration, § <« a <« 1. Taking this

into account, we shall neglect the last term in equation (3). This means that

one considers such a system of particles for which any subsystem is closed with

respect to the short-range forces.

We shall seek the solution of equation (3) in the form of an expansion of In f,
in a series in o:

In fal.”as = —Za"\llg;?_uas’ (4)

Le., we shall expand in a series the effective interaction energy ¥, ., of the
subsystem of s particles, the first of which belongs to species aq, the second to
ay, and so on. The principal contribution to ¥, , is given by one-particle
energies; the contribution of first order in « is given by the interactions of all
possible pairs, etc.* These energies, in turn, are expanded in a series in «, so
that
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o, = Y o+ DT ol el Y, (5)

1<i<s 1<i<j<s

goflkl) .a, is the term of order k in the expansion of the interaction energy of a

subsystem of r particles. With this taken into account, the equations for \I/g?)a
take the form

v S, S K o
aq...ag 1as+1 .
axltif / Ma exp § —f AiGsi1 5+1|a’1"'a‘s]( >dx5+1’

Asi1 1<i<s
(6)

owl) . 0%, .,

o2 o
0x9 0x9

/Zn mexp{ ﬂ Z a;a s+1} agqlay.. a] )dxs+1; (7)

Agiq 1<i<s

a\Iffz” a, .,
P [ e {8 3 Ko i

Agiq 1<i<s
(8)

Here [fasmal»--as}(n) is defined as the coefficient of o™ in the expansion of

fas+1|a1...as = fal...as+1 /fal...as in a series in o.

In what follows, in the system (6)—(8) we neglect terms of the form

/ya1~~~as+1 (.731, v i1 549 ""rs+1){exp(_6Kaia3H) - 1} d'rs+1’

which are of order 3/™ in comparison with

/?Jal...as+1 (T) o iy Tig e Ty ATy

* A similar expression for ®, , was used in Ref. (*).
a,

For one particle in the zeroth approximation, equation (6) is the equation of the
self-consistent field:

O,
a(i_ /Z 8 naQ eXp{_ﬁKalaz - gogloz)} de' (9)
1
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If the system is homogeneous, then 305101) = 0. To calculate the first correction

(1)

©a, , we have two equations:

8<pa1 / Z

L eXP{—ﬂKa1a2 — o)} (o] + @lila,) dwy = 0; (10)

84,0510)(12 8q)a as aq)a1a3 (0)
12 L E —= E K, . — a asa, dxg = 0.
a'rllj 8x117 +/ as na3 axllj o 51<z<2 <p 3 v o s
(11)

For 8 =0, in the case of a homogeneous system, equation (11) is the equation
for the Debye potential (see, for example, (1)).

For the next correction we have a system of three equations:

890512> 8(I>a a 2 1 2
-+ / Zn% = eXp[—ﬁKalaz—sogl)] {90512) + o, — 3 [wfﬁ)az] } dry = 0;
az

0xg 0xg
(12)
3<Pa1a2 K, (1) (0) © o Lo 2,
Z eXp B Z - <Pa3 Payaq + Pajaza; — PajazParas — § [@a2a3] Ty = U]
1<i<2
(13)

84P510>a a 0
102 3 /Z exp _ﬂ Z K S0a4 {30512)‘13@4 9011211430‘13’14} d:L'4 =0.
O] 1<i<s
(14)

Analogously, one can write equations for any correction to the interaction energy
of any cluster of particles. The presence in the integral terms of these equations
of the factor exp{—83>_,_, K, } removes the problem of divergence as
Ix; —x;| — 0.

If exp{—pK, ,_ } is approximated by the expression [1 —exp{—b[x; —x,[}],
and in the remaining exponentials one sets § = 0, then this is equivalent to
considering a system of particles interacting according to the law

U(r) = {1 — A(r) exp[—br]}/r, (15)

where A(r) — 1 as r — 0.
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Further, it can be shown that for a system neutral as a whole, representing a
binary mixture of particles such that z; = —z,, all cpg?a for which n+s = 2k+1
(k= 0,1,...) are equal to zero, i.e., in the expansion of ¥, , there are only
even powers of a. For any other system, all powers of a will be present in the
expansion.

In conclusion I express my gratitude to K. P. Stanyukovich and Yu. L. Klimon-
tovich for discussions.
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