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Abstract
Full Text
MATHEMATICS
N. S. LANDKOF

ON THE FOURIER TRANSFORMS OF CER-
TAIN CLASSES OF GENERALIZED FUNC-
TIONS
(Presented by Academician V. I. Smirnov on 9 V 1962)

1. Let 𝑀2 denote the class of measurable functions 𝐹(𝜔) for which

sup
−∞<𝑇 <∞

1
𝑇 ∫

𝑇

0
|𝐹 (𝜔)|2 𝑑𝜔 < ∞. (1)

From the results of N. Wiener (1,2) it follows that the Bochner–Plancherel trans-
form

𝐵(𝑥) ≡ ∫
1

−1
𝐹(𝜔)𝑒−2𝜋𝑖𝜔𝑥 − 1

−2𝜋𝑖𝜔 𝑑𝜔 + l. i.m.
𝑁→∞

∫
1<|𝜔|<𝑁

𝐹(𝜔)𝑒−2𝜋𝑖𝜔𝑥

−2𝜋𝑖𝜔 𝑑𝜔 (2)

for any function 𝐹(𝜔) ∈ 𝑀2 has the following property:

∫
∞

−∞
|𝐵(𝑥 + 𝜀) − 𝐵(𝑥 − 𝜀)|2 𝑑𝑥 = 𝑂(𝜀) (𝜀 → 0, ∞). (3)

We shall denote by Δ2 the class of locally summable functions satisfying condi-
tion (3), and by Δ′

2 the class of generalized functions that are derivatives (in the
sense of the theory of generalized functions) of elements of Δ2. From the preced-
ing it follows that the generalized Fourier transform of a function 𝐹(𝜔) ∈ 𝑀2
belongs to Δ′

2.

We shall prove that in this way the entire class Δ′
2 is obtained and thereby give

an effective characterization of the Fourier transforms of the elements of Δ′
2. In

addition, it turns out that analogues of two well-known theorems of Wiener and
Paley (3) hold; these will be indicated in § 3.

It is interesting to note that the classes Δ′
2 and 𝑀2 (more precisely, their sub-

classes Δ′
2(0, ∞) and 𝑀−

2 , defined in § 3) can be naturally introduced into the
general theory of linear filters, which substantially simplifies the latter. We shall
dwell on this question in another note.
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2. Theorem 1. If 𝑓(𝑥) ∈ Δ′
2, then there exists a function 𝐹(𝜔) ∈ 𝑀2 whose

generalized Fourier transform is 𝑓(𝑥).
Proof. We shall prove the following assertion, equivalent to Theorem 1: if
Φ(𝑥) ∈ Δ2, then there exists a function 𝐹(𝜔) ∈ 𝑀2 for which the Bochner–
Plancherel transform (2) is equivalent, up to an additive constant, to the func-
tion Φ(𝑥).
Put

Φ𝜂(𝑥) = 1
2𝜂 ∫

𝑥+𝜂

𝑥−𝜂
Φ(𝑡) 𝑑𝑡.

Since Φ𝜂(𝑥) is absolutely continuous and Φ′
𝜂(𝑥) = 1

2𝜂 [Φ(𝑥+𝜂)−Φ(𝑥−𝜂)] ∈ 𝐿2,

it follows that Φ′
𝜂(𝑥) = 𝐹𝜂(𝜔)∗, where 𝐹𝜂(𝜔) ∈ 𝐿2, and for 𝜀 > 0

Φ𝜂(𝑥 + 𝜀) − Φ𝜂(𝑥 − 𝜀) = l. i.m.𝑁→∞ ∫
𝑁

−𝑁
𝐹𝜂(𝜔) sin 2𝜋𝜀𝜔

𝜋𝜔 𝑒−𝜋𝑖𝜔𝑥 𝑑𝜔.

By virtue of a known theorem,

l. i.m.𝜂→0[Φ𝜂(𝑥 + 𝜀) − Φ𝜂(𝑥 − 𝜀)] = Φ(𝑥 + 𝜀) − Φ(𝑥 − 𝜀),

and therefore there exists

𝐹(𝜔, 𝜀) = l. i.m.𝜂→0 𝐹𝜂(𝜔) sin 2𝜋𝜀𝜔
𝜋𝜔 .

It is not difficult to show, by choosing in a suitable way a sequence 𝜂𝑘 → 0, that
𝐹(𝜔, 𝜀) has the form

𝐹(𝜔) sin 2𝜋𝜀𝜔
𝜋𝜔 ,

where 𝐹(𝜔) is defined almost everywhere. After this, Parseval’s equality

∫
∞

−∞
|Φ(𝑥 + 𝜀) − Φ(𝑥 − 𝜀)|2 𝑑𝑥 = ∫

∞

−∞
|𝐹 (𝜔)|2 sin

2 2𝜋𝜀𝜔
𝜋2𝜔2 𝑑𝜔

makes it possible to prove that 𝐹(𝜔) ∈ 𝑀2, and the formula

Φ(𝑥 + 𝜀) − Φ(𝑥 − 𝜀) = l. i.m.𝑁→∞ ∫
𝑁

−𝑁
𝐹(𝜔) sin 2𝜋𝜀𝜔

𝜋𝜔 𝑒−2𝜋𝑖𝜔𝑥 𝑑𝜔
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makes it possible to establish that almost everywhere

Φ(𝑥) = 𝐵(𝑥) + const.

The theorem proved admits a generalization. Put

𝑇 𝛼𝛽 = {|𝑇 |𝛼, for 0 ≤ |𝑇 | ≤ 1,
|𝑇 |𝛽, for 1 ≤ |𝑇 | < ∞, (𝛼, 𝛽 ≥ 0)

and denote by 𝑀 (𝛼,𝛽)
2 the class of measurable functions 𝐹(𝜔) for which **

∫
𝑇

0
|𝐹 (𝜔)|2 𝑑𝜔 = 𝑂(𝑇 𝛼,𝛽) . (4)

Since

∫
𝑇

0
|𝐹 (𝜔)| 𝑑𝜔 = 𝑂(𝑇 𝛼+1

2 , 𝛽+1
2 ) ,

then, taking a natural number 𝑛 ≥ 𝛽 + 1
2 , we can form the 𝑛-th pre-

* 𝐹𝜂(𝜔) denotes the Fourier transform of the function 𝐹𝜂(𝜔).

** Here and in subsequent formulas the symbol 𝑂(𝜑(𝑥)) is defined by the in-
equality
𝑂(𝜑(𝑥)) < const ⋅ 𝜑(𝑥) (𝜑(𝑥) ≥ 0), which must hold throughout the whole
domain of definition of 𝜑(𝑥).
the Bochner–Plancherel transform:

𝐵𝑛(𝑥) = ∫
1

−1
𝐹(𝜔) 𝑒−2𝜋𝑖𝜔𝑥 − 𝑄𝑛−1(−2𝜋𝑖𝜔𝑥)

(−2𝜋𝑖𝜔)𝑛 𝑑𝜔+

+ l. i.m.
𝑁→∞

∫
1≤|𝜔|<𝑁

𝐹(𝜔) 𝑒−2𝜋𝑖𝜔𝑥

(−2𝜋𝑖𝜔)𝑛 𝑑𝜔,

where

𝑄𝑛−1(𝑡) =
𝑛−1
∑
𝑘=0

𝑡𝑘

𝑘! .
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Denote by 𝛿(𝑛)
𝜀 𝐵𝑛(𝑥) the 𝑛-th central difference of the function 𝐵𝑛(𝑥) with step

𝜀. Then it can be shown that 𝛿(𝑛)
𝜀 𝐵𝑛(𝑥) ∈ 𝐿2 and ‖𝛿(𝑛)

𝜀 𝐵𝑛(𝑥)‖2 = 𝑂(𝜀2𝑛−𝛽, 2𝑛−𝛼)
under the condition that 𝛼 < 2𝑛. If, however, 𝛼 = 2𝑛 or 𝛼 > 2𝑛, then as 𝜀 → ∞
we shall have, respectively, ‖𝛿(𝑛)

𝜀 𝐵𝑛(𝑥)‖2 = 𝑂(ln 𝜀) or 𝑂(1).
Denote by Δ(𝛼,𝛽)

2,𝑛 (0 ≤ 𝛼 < 2𝑛; 0 ≤ 𝛽 ≤ 2𝑛 − 1) the class of locally summable
functions 𝐵(𝑥) for which

𝛿(𝑛)
𝜀 𝐵(𝑥) ∈ 𝐿2, ‖𝛿(𝑛)

𝜀 𝐵(𝑥)‖2 = 𝑂(𝜀2𝑛−𝛽, 2𝑛−𝛼).

Then the generalization of Theorem 1 can be formulated as follows:

Theorem 2. If 𝐵(𝑥) ∈ Δ(𝛼,𝛽)
2,𝑛 (0 ≤ 𝛼 < 2𝑛; 0 ≤ 𝛽 ≤ 2𝑛 − 1), then the

generalized function 𝐵(𝑛)(𝑥) is the Fourier transform of some function 𝐹(𝜔) ∈
𝑀 (𝛼,𝛽)

2 .

3. Denote by Δ′
2(0, ∞) the totality of all generalized functions in Δ′

2 which
are equal to zero on the half-axis (−∞, 0), and by 𝑀−

2 the class of functions
𝐹(𝑤), 𝑤 = 𝜔+𝑖𝑡, regular in the lower half-plane 𝑡 < 0 and belonging there
uniformly to 𝑀2, i.e., such that

sup
𝑇 ; 𝑡≤0

1
𝑇 ∫

𝑇

0
|𝐹 (𝜔 + 𝑖𝑡)|2 𝑑𝜔 < ∞.

Using estimates of the Poisson integral for the half-plane, one can prove the
following theorems, analogous to the well-known theorems of Wiener and Paley
(see (3), Theorems V and XII).

Theorem 3. The Fourier transform of a generalized function in Δ′
2(0, ∞)

belongs to 𝑀−
2 , and the totality of these Fourier transforms fills the whole class

𝑀−
2 .

Theorem 4. If 𝐹(𝑤) ∈ 𝑀−
2 , then

∫
∞

−∞

| ln |𝐹 (𝜔)||
1 + 𝜔2 𝑑𝜔 < ∞.

Conversely, if on the real axis 𝜔 a function 𝐺(𝜔) ≥ 0, 𝐺(𝜔) ∈ 𝑀2, is given, for
which

∫
∞

−∞

| ln𝐺(𝜔)|
1 + 𝜔2 𝑑𝜔 < ∞,

then there exists 𝐹(𝑤) ∈ 𝑀−
2 , having no zeros inside the lower half-plane, such

that |𝐹 (𝜔)| = 𝐺(𝜔) almost everywhere.
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Among the possible generalizations of Theorem 3, let us note the following: If
𝑓(𝑥) ∈ Λ(2𝑛+1,2𝑛+1)

2,𝑛+1 (or 𝑓(𝑥) ∈ Λ(1,1)
2,1 ≡ Λ2) and 𝑓(𝑥) ≡ 0 on the half-axis

(−∞, 0), then the Fourier transform of the generalized function 𝑓 (𝑛+1)(𝑥) is a
function 𝐹(𝜔), regular in the lower half-plane and such that:

1) 𝐹(𝜔) ∈ 𝑀 (2𝑛+1,2𝑛+1)
2 ; 2) 𝐹(𝜔)

𝜔𝑛 ∈ 𝑀2. Conditions 1) and 2) completely
characterize the class of Fourier transforms under consideration.

The author expresses his gratitude to V. A. Marchenko for a valuable discussion
of the results of this work.
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