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ON STATISTICALLY SIMILAR ZONES OF
LINEAR TYPE

We shall consider similar zones for a family of measures {P,} with one and the
same o-algebra on the Euclidean space E,. A set A from this o-algebra will
be a similar zone for the family of measures { Py} if Py(A) does not depend on
0. If Py(A) # 0 or 1, the similar zone A will be nontrivial and may serve for
testing the corresponding statistical hypothesis. The theory of similar zones
was founded by J. Neyman and E. Pearson in 1933; a considerable literature
is devoted to it, as indicated in Neyman’ s survey report (!). The further
development and problems of the theory of similar zones were presented by J.
Neyman in his survey report on analytical problems of mathematical statistics
at the Fourth All-Union Mathematical Congress in Leningrad.

If the space E,, is partitioned into disjoint similar zones, then from them one
can construct a statistic ¢, the distribution of which does not depend on 6 (as-
suming measurability with respect to Py). We shall call such a statistic zonal.
Conversely, if such a statistic ¢ is given, then the zones C; < t < C,, for ar-
bitrary C;,C,, will be similar. If § is a scalar parameter and there exists a
probability density L(x,0) = L with respect to some common dominating mea-
sure not depending on #, then, provided certain simple analytical requirements
are observed, for the statistic ¢ to be zonal it is necessary and sufficient that
E(I/t) =0, where
10L

L o8’
i.e. the regression of I on ¢ must be zero* (note that EI? is the Fisher information
measure for our distributions). In the present note we study the case in which
P, determines a random vector with independent components z,...,z, (the
case of repeated sampling), and ¢ is a linear zonal statistic

t=a;xy + -+ a,,n.

The zonality of ¢ is expressed by the fact that Py(t < &) does not depend on
0 for all £&. The theory of linear zonal statistics turns out to be very closely
connected with the theory of identically distributed linear statistics considered
n (?3). Using the methods developed in the cited papers, one can derive certain
theorems on linear zonal statistics.

We shall call a linear zonal statistic ¢ the simplest if ¢t = x; —x;, where i # j. If
0 is a scalar parameter and the distribution of x; depends only on z; —6 (0 is a
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shift parameter), then, obviously, t = x;, — z; will be a zonal statistic. However,
t = x; —z; may be a zonal statistic in other cases as well. For example, if the z;
are infinitely divisible for all 6, and the spectral function of the corresponding
distributions can be decomposed into an “even” and an “odd” part, where its
“even” part does not depend on the parameter 6, while the “odd” part depends

on ¢, then it is easy to see that z; —z; will be a zonal statistic.

Let
t= a1 + o+ QT

be a linear zonal statistic, and suppose not all a; vanish. If all nonzero a, have
the same |a,|, then it is easy to establish that x; —z; will also be a zonal statistic,
by considering the characteristic function of ¢. In view of this, we shall assume

that not all numbers b; = |a,| are equal to zero or to one another. Following
the method of (2:3),

* With probability 1.

we form the “determining function”

a(2) = ay|* + - +[a,[* = bf + - + b7 (1)

By virtue of the conditions imposed on the a;, the real and complex zeros of
o(z) will lie in a vertical strip of finite width (see ()). We denote the upper
bound of the abscissas of the zeros of o(z) by 7.

Theorem. Let the linear zonal statistic t = ayxq + -+ + a,,n have not all |a,|
equal to 0 or to one another, so that v # oc.

Suppose that for all 0 there exists the 2m-th moment of x;, where m = [y/2+1].
If the characteristic function of x;, f(u,0) # 0 on the entire real azis of values
of u, then the simplest linear statistic x; — x; will also be zonal.

We note that the condition f(u,f) # 0 may be replaced by the condition of
quasi-analyticity of f(u,6) in a neighborhood of zero (see (*)). If no conditions
are imposed on the existence of moments of z;, then the assertion just stated
will turn out to be false, as will be seen from the example set forth below.

Theorem 1 can be derived by following the arguments of paper (?) (see the
proof of Theorem II” on pp. 208—234). Let 6, be some value of the parameter 6,
and let (y;,y,) be a random vector with independent components distributed
as x;; ¢(u,0) = f(u,0)f(—u,0) is the characteristic function of z; —y;; by
assumption, ¢(u, ) # 0 on the entire real axis, and therefore ¢(u,8) > 0. Put
Y(u,0) =Inep(u,0) —Inp(u,d,). We have:

n

> 4p(byu,0) = 0. (2)

J=0

sovietrxiv.org/items/ru-196201.43502 Machine Translation


https://sovietrxiv.org/items/ru-196201.43502

Here 9(u, 6) is continuous on the entire axis. The solution of equation (2) by
means of the Laplace transform was carried out and investigated in paper (?)
(pp- 208—234). The difference from the case considered here consists in the fact
that 1(u, #) is not the logarithm of a characteristic function, but the difference of
such logarithms. Following the indicated arguments, we arrive at the conclusion
that from the existence of the 2m-th moment it follows that

K
1/)(“79) = ZAk(G)Uka (3)

k=1

where A, (6) are certain functions of §; K is a constant. In view of the fact that,
for k=1,2,.., K,

n

> b >0,

J=1

it follows immediately from (2) that A,(0) = 0 (kK = 1,2,...,K), so that
¥(u, ) = 0, whence it follows that z; — z; will be a zonal statistic, as was
required to prove.

We now consider families of distributions explaining the existence of cases in
which linear zonal statistics exist, but x; — z; is not such a statistic. For this it
is sufficient to apply a certain modification of Theorem IV of paper (?), proved
in the same way as that theorem itself. Let positive numbers v, < vy < -+ <,
0 < 7, < 2, real numbers 7,,...,7;_;, a positive number A;, and a set of real
numbers Fy(0), E3(0), ..., E;_1(0) be given, with |E;(0)] < E; for all 0, where
E; are prescribed positive numbers. Then the function

-1
f(u,0) = exp (‘Auw + 3B (0) (Jul ot + Jul ) — AM’)
j=2

for sufficiently large A > 0 will be a characteristic function.

If the numbers p; = v, + it; are chosen so that they are roots of the function

n
> lagl,
=1

then ¢t = Z;l

_, ajJ will be a zonal statistic for the dis—

with distribution function f(u,#). In this case, of course, z; —z; will not always
be a zonal statistic.
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In the present example there is no variance of z;, but it is easy to give examples
of the same kind in which the x; will have any prescribed number of moments.
For this one may use certain modifications of Lemma XV of paper (%) (p. 274).

Thus we see that the families of distributions corresponding to linear similar
zones have a rather complicated structure.
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