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Abstract
Full Text

S. G. Krein, G. I. Laptev

Boundary Value Problems for an Equation in
Hilbert Space
(Presented by Academician I. G. Petrovskii on 13 IV 1962)

In the present article we consider boundary value problems for a second-order
differential equation in Hilbert space. The reason for this consideration was
provided by certain problems in the theory of periodic waveguides, studied in
the work of M. G. Krein and G. Ya. Lyubarskii (1).

Let the differential equation

𝑑2𝑢/𝑑𝑡2 − 𝐴𝑢 + 𝜆𝐵(𝑡)𝑢 = 0, (1)

be given on the interval [0, 𝑇 ], where 𝑢(𝑡) is the unknown function with values
in a Hilbert space 𝐻; 𝐴 is a self-adjoint positive definite operator in 𝐻, having
a completely continuous inverse; 𝐵(𝑡) is a bounded self-adjoint positive definite
operator in 𝐻, depending sufficiently smoothly on 𝑡; 𝜆 is a parameter.

For equation (1) we consider a boundary value problem, i.e. the problem of
finding a solution satisfying a system of boundary conditions of the form

𝛼11𝑢(0) + 𝛼12𝑢′(0) + 𝛽11𝑢(𝑇 ) + 𝛽12𝑢′(𝑇 ) = 0,
𝛼21𝑢(0) + 𝛼22𝑢′(0) + 𝛽21𝑢(𝑇 ) + 𝛽22𝑢′(𝑇 ) = 0. (2)

Equation (1) can be reduced to a system of first-order equations:

𝑑𝑢/𝑑𝑡 = 𝐴1/2𝑣,

𝑑𝑣/𝑑𝑡 = 𝐴1/2𝑢 − 𝜆𝐴−1/2𝐵(𝑡)𝑢.

We make a change of the unknown functions: 𝑧 = 𝑢 − 𝑣, 𝑤 = 𝑢 + 𝑣. For 𝑧 and
𝑤 we obtain the system:

𝑑𝑧/𝑑𝑡 = −𝐴1/2𝑧 + 𝑓, (3)

𝑑𝑤/𝑑𝑡 = 𝐴1/2𝑤 − 𝑓, (4)
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where 𝑓(𝑡) = 𝜆𝐴−1/2𝐵(𝑡)𝑢.

For equation (3) the problem of finding the solution from its initial value 𝑧(0)
is correct. This solution can be written in the form (2)

𝑧(𝑡) = 𝑒−𝐴1/2𝑡𝑧(0) + ∫
𝑡

0
𝑒−𝐴1/2(𝑡−𝜏)𝑓(𝜏) 𝑑𝜏. (5)

For equation (4) the problem of finding the solution from its terminal value
𝑤(𝑇 ) is correct. This solution is given by the formula

𝑤(𝑡) = 𝑒−𝐴1/2(𝑇 −𝑡)𝑤(𝑇 ) + ∫
𝑇

𝑡
𝑒−𝐴1/2(𝜏−𝑡)𝑓(𝜏) 𝑑𝜏. (6)

From (5) and (6) we obtain an integral equation for the solution of equation (1)

2𝑢(𝑡) = 𝑒−𝐴1/2𝑡𝑧(0) + 𝑒−𝐴1/2(𝑇 −𝑡)𝑤(𝑇 ) + ∫
𝑇

0
𝑒−𝐴1/2|𝑡−𝜏|𝑓(𝜏) 𝑑𝜏, (7)

where 𝑧(0) = 𝑢(0) − 𝐴−1/2𝑢′(0), 𝑤(𝑇 ) = 𝑢(𝑇 ) + 𝐴−1/2𝑢′(𝑇 ), and 𝑓(𝑡) =
𝜆𝐴−1/2𝐵(𝑡)𝑢(𝑡).
Putting 𝑡 = 𝑇 in equation (5), and 𝑡 = 0 in equation (6), we obtain two
additional relations:

𝑧(𝑇 ) = 𝑒−𝐴1/2𝑇 𝑧(0) + ∫
𝑇

0
𝑒−𝐴1/2(𝑇 −𝜏)𝑓(𝜏) 𝑑𝜏,

𝑤(0) = 𝑒−𝐴1/2𝑇 𝑤(𝑇 ) + ∫
𝑇

0
𝑒−𝐴1/2𝜏𝑓(𝜏) 𝑑𝜏.

(8)

Equations (2) and (8) may be regarded as a nonhomogeneous linear system of
equations with the unknown elements 𝑢(0), 𝑢′(0), 𝑢(𝑇 ), and 𝑢′(𝑇 ):

𝛼11𝑢(0) + 𝛼12𝑢′(0) + 𝛽11𝑢(𝑇 ) + 𝛽12𝑢′(𝑇 ) = 𝑓1,
𝛼21𝑢(0) + 𝛼22𝑢′(0) + 𝛽21𝑢(𝑇 ) + 𝛽22𝑢′(𝑇 ) = 𝑓2,

−𝑄𝑢(0) + 𝑃𝑄𝑢′(0) + 𝑢(𝑇 ) − 𝑃𝑢′(𝑇 ) = 𝑓3,
𝑢(0) + 𝑃𝑢′(0) − 𝑄𝑢(𝑇 ) − 𝑃𝑄𝑢′(𝑇 ) = 𝑓4,

(9)

where 𝑃 = 𝐴−1/2 and 𝑄 = 𝑒−𝐴1/2𝑇 .

The determinant of this system is a self-adjoint operator 𝐷, possessing the
following properties:
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1. The inverse operator 𝐷−1 to the operator 𝐷 exists if and only if the number
𝜆 = 0 is not an eigenvalue for problem (1)—(2).

2. In order that the operator 𝐷−1 be bounded, it is necessary and sufficient
that 𝛼12𝛽22 − 𝛽12𝛼22 ≠ 0.

3. If the operator 𝐷−1 is unbounded, then it can be represented in the form
𝐶1𝐴1/2, or 𝐶2𝐴, or 𝐶3𝐴1/2𝑒𝐴1/2𝑇 , where 𝐶1, 𝐶2, 𝐶3 are bounded operators.

The boundary conditions (2) are called self-adjoint if

𝛼11𝛼12 − 𝛼12𝛼11 = 𝛽11𝛽12 − 𝛽12𝛽11,
𝛼11𝛼22 − 𝛼12𝛼21 = 𝛽11𝛽22 − 𝛽12𝛽21,
𝛼21𝛼22 − 𝛼22𝛼21 = 𝛽21𝛽22 − 𝛽22𝛽21.

(10)

As is known (see (4)), in the scalar case these conditions are necessary and
sufficient for the self-adjointness of the operator 𝑑2𝑢/𝑑𝑡2.

Lemma 1. Under self-adjoint boundary conditions, the elements 𝑢(0), 𝑢(𝑇 ),
𝐴−1/2𝑢′(0), and 𝐴−1/2𝑢′(𝑇 ), found from system (9), are expressed by means of
bounded operators through the elements 𝑓1, 𝑓2, 𝑓3, 𝑓4.

If the elements 𝑧(0) and 𝑤(𝑇 ) found from (2) and (8) are substituted into (7),
then we arrive at an integral equation for the solution 𝑢(𝑡) of problem (1)—(2):

𝑢(𝑡) = 𝜆 ∫
𝑇

0
𝑅(𝑡, 𝜏)𝐵(𝜏)𝑢(𝜏) 𝑑𝜏, (11)

where 𝑅(𝑡, 𝜏) is a certain function of the operator 𝐴. By the substitution
𝐵1/2(𝑡)𝑢(𝑡) = 𝑦(𝑡), equation (11) is reduced to the equation

𝑦(𝑡) = 𝜆 ∫
𝑇

0
𝐵1/2(𝑡)𝑅(𝑡, 𝜏)𝐵1/2(𝜏)𝑦(𝜏) 𝑑𝜏. (12)

Under self-adjoint boundary conditions the kernel 𝑅(𝑡, 𝜏) is Hermitian:
𝑅(𝜏, 𝑡) = 𝑅∗(𝑡, 𝜏), where the asterisk denotes passage to the adjoint operator
for fixed 𝑡 and 𝜏 .

Lemma 2. Let 𝒦(𝑡, 𝜏), for almost all (𝑡, 𝜏) in the square 0 ≤ 𝑡 ≤ 𝑇 , 0 ≤ 𝜏 ≤ 𝑇 ,
be a linear completely continuous operator acting in the Hilbert space 𝐻. If the
function 𝒦(𝑡, 𝜏) is integrable

by Bochner, and

∫
𝑇

0
∫

𝑇

0
‖𝒦(𝑡, 𝜏)‖2 𝑑𝑡 𝑑𝜏 < ∞,
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then the linear operator

𝐾𝑢 = ∫
𝑇

0
𝒦(𝑡, 𝜏)𝑢(𝜏) 𝑑𝜏

is completely continuous in the space 𝐿2(𝐻, [0, 𝑇 ]).
By the space 𝐿2(𝐻, [0, 𝑇 ]) is meant the totality of all Bochner-integrable func-
tions 𝑢(𝑡) with values in 𝐻 for which

‖𝑢‖2
𝐿2

= ∫
𝑇

0
‖𝑢(𝑡)‖2 𝑑𝑡 < ∞.

Theorem 1. If, under the self-adjoint boundary conditions (2), the number
𝜆 = 0 is not an eigenvalue of problem (1)—(2), then the kernel of equation (12)
satisfies the conditions of Lemma 2 and, consequently, problem (1)—(2) reduces
to the problem of eigenfunctions of a completely continuous self-adjoint operator
in the Hilbert space 𝐿2(𝐻, [0, 𝑇 ]).
Let us give examples of integral equations to which various boundary-value
problems for equation (1) are reduced.

1st boundary-value problem:

𝑢(0) = 𝑢(𝑇 ) = 0.

The integral equation has the form

𝑦(𝑡) = 𝜆
2 ∫

𝑇

0
𝐵1/2(𝑡){𝑆(|𝑡 − 𝜏|) − [𝐼 − 𝑆(2𝑇 )]−1[𝑆(𝑡 + 𝜏) + 𝑆(2𝑇 − 𝑡 − 𝜏)

− 𝑆(2𝑇 + 𝑡 − 𝜏) − 𝑆(2𝑇 − 𝑡 + 𝜏)]}𝐴−1/2𝐵1/2(𝜏)𝑦(𝜏) 𝑑𝜏,
(13)

where 𝑦(𝑡) = 𝐵1/2(𝑡)𝑢(𝑡), and 𝑆(𝑡) is the semigroup 𝑒−𝐴1/2𝑡.

2nd boundary-value problem:

𝑢′(0) = 𝑢′(𝑇 ) = 0.

The equation has the form
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𝑦(𝑡) = 𝜆
2 ∫

𝑇

0
𝐵1/2(𝑡){𝑆(|𝑡 − 𝜏|) + [𝐼 − 𝑆(2𝑇 )]−1[𝑆(𝑡 + 𝜏) + 𝑆(2𝑇 − 𝑡 − 𝜏)

+ 𝑆(2𝑇 + 𝑡 − 𝜏) + 𝑆(2𝑇 − 𝑡 + 𝜏)]}𝐴−1/2𝐵1/2(𝜏)𝑦(𝜏) 𝑑𝜏
(14)

(with the same notation).

The difference of the integral operators standing on the right in (14) and (13) is
a positive operator. If we denote by 𝜆(1)

𝑛 the eigenvalues of the first boundary-
value problem, and by 𝜆(2)

𝑛 those of the second boundary-value problem, then it
follows from the preceding that 𝜆(1)

𝑛 ≥ 𝜆(2)
𝑛 .

The simplest example of a partial differential equation to which the preceding
results are applicable is the equation

𝜕2𝑢/𝜕𝑥2
1 + 𝜕2𝑢/𝜕𝑥2

2 + ⋯ + 𝜕2𝑢/𝜕𝑥2
𝑛 + 𝜔2/𝑐2(𝑥1, 𝑥2, … , 𝑥𝑛)𝑢 = 0, (15)

considered in the cylindrical domain [0, 𝑇 ] × 𝐺, where 𝐺 is a bounded domain
in the (𝑛 − 1)-dimensional space (𝑥2, … , 𝑥𝑛) with sufficiently smooth boundary.
We impose in the domain 𝐺 homogeneous boundary conditions under which
the operator 𝜕2𝑢/𝜕𝑥2

2 + ⋯ + 𝜕2𝑢/𝜕𝑥2
𝑛 is self-adjoint and negative definite. For

example, let 𝑢 = 0 on the boundary Γ𝐺 of the domain 𝐺.

Introducing the notation

𝑥1 = 𝑡, 𝜕2𝑢/𝜕𝑥2
2 + ⋯ + 𝜕2𝑢/𝜕𝑥2

𝑛 = −𝐴𝑢, 1
𝑐2 𝑢 = 𝐵(𝑡)𝑢

and 𝜔2 = 𝜆, we arrive at equation (1).

In the theory of cylindrical waveguides (see (1)) there arise problems of finding
solutions of equation (15) satisfying, on the bases of the cylinder [0, 𝑇 ] × 𝐺, the
conditions

𝑢(𝑇 , 𝑥2, … , 𝑥𝑛) = 𝜌𝑢(0, 𝑥2, … , 𝑥𝑛),

𝑢′
𝑥1

(𝑇 , 𝑥2, … , 𝑥𝑛) = 𝜌𝑢′
𝑥1

(0, 𝑥2, … , 𝑥𝑛).

For equation (1) this problem corresponds to the problem of finding a solution
under the conditions

𝑢(𝑇 ) = 𝜌𝑢(0), 𝑢′
𝑡(𝑇 ) = 𝜌𝑢′

𝑡(0). (16)
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These conditions will be self-adjoint if and only if |𝜌| = 1. The integral equation
corresponding to conditions (16) has the form

𝑦(𝑡) = 𝜆
2 ∫

𝑇

0
𝐵1/2(𝑡) {𝑆(|𝑡 − 𝜏|) + [𝜌𝐼 − 𝑆(𝑇 )]−1𝑆(𝑇 + 𝑡 − 𝜏)+

+ [1
𝜌𝐼 − 𝑆(𝑇 )]

−1
𝑆(𝑇 − 𝑡 + 𝜏)} 𝐴−1/2𝐵1/2(𝜏)𝑦(𝜏) 𝑑𝜏. (17)

Here it is assumed that 𝜌 and 1/𝜌 are not eigenvalues of the operator 𝑆(𝑇 ) =
𝑒−𝐴1/2𝑇 . This will certainly be the case under self-adjoint conditions.

Let us formulate the corollaries that follow from the integral equation for prob-
lem (1)—(16).

1°. To every complex number 𝜌 there corresponds a countable number of values
𝜆 for which solutions of problem (1)—(16) exist, and moreover 𝜆𝑛 → ∞ as
𝑛 → ∞.

2°. Analogue of the Poincaré—Lyapunov theorem. If, for real 𝜆, problem
(1)—(16) has solutions for some 𝜌, then for the same 𝜆 it also has solutions for
𝜌1 = 1/ ̄𝜌.

This assertion follows from the fact that, when 𝜌 is replaced by 1/ ̄𝜌, the kernel
𝔎(𝑡, 𝜏) of integral equation (17) goes over into the kernel of the adjoint equation
𝔎∗(𝜏, 𝑡). By Fredholm’s theorem, to each characteristic number 𝜆 of equation
(17) there corresponds a characteristic number 𝜆̄ of the adjoint equation. Thus,
if there is a solution of problem (1)—(16) corresponding to the pair of numbers
(𝜌, 𝜆), then there is a solution corresponding to the pair (1/ ̄𝜌, 𝜆̄). It is clear
from the proof that the root subspaces corresponding to the pairs (1/𝜌, 𝜆) and
(1/ ̄𝜌, 𝜆̄) have the same structure.

3°. If |𝜌| = 1, then all eigenvalues of problem (1)—(16) are real and positive:
𝜆𝑛 = 𝜔2

𝑛.

4°. For |𝜌| = 1, the following inequalities hold for the eigenvalues 𝜔2
𝑛:

𝜆(2)
𝑛 ≤ 𝜔2

𝑛 ≤ 𝜆(1)
𝑛 ,

where 𝜆(𝑖)
𝑛 are the eigenvalues of the first (𝑖 = 1) and second (𝑖 = 2) boundary-

value problems.

We note that, for the waveguide equation, properties 3°—4° are known (1), while
property 2° was formulated in (1) as a hypothesis.

Up to now we have assumed that the operator 𝐵(𝑡) is bounded. The presence
in all the integral equations of the factor 𝐴−1/2, as well as the known estimate
‖𝐴1/2𝑒−𝐴1/2𝑡‖ ≤ 𝐶/𝑡 (2), make it possible to carry out all the considerations also
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in the case when 𝐵(𝑡) is an unbounded positive definite operator of fractional
order with respect to the operator 𝐴 (3).

Voronezh State University
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