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In 1926 Kloosterman supplemented the Hardy–Littlewood circle method with
his considerations from the theory of theta-series and proved the solvability of
the equation

𝑛 = 𝑎1𝑥2
1 + 𝑎2𝑥2

2 + 𝑎3𝑥2
3 + 𝑎4𝑥2

4, (1)

where 𝑛 is an integer; 𝑎1, 𝑎2, 𝑎3, 𝑎4 are fixed integers, and

(𝑛,
4

∏
1

𝑎𝑖) = 1.

Yu. V. Linnik in (1) gave a conditional solution of the generalized Kloosterman
equation:

𝑛 = 𝑁(𝔞) + 𝑁(𝔟), (2)

where 𝔞 and 𝔟 are integral ideals of prescribed classes of certain algebraic number
fields 𝐾 and 𝐾1, with one of these fields, say 𝐾1, being quadratic, while the
other 𝐾 is of arbitrary degree 𝑛.

The conditional nature of Yu. V. Linnik’s proof consisted in the fact that he
made essential use of Siegel’s unproved theorem on a special zero for 𝐿-series
of the form:

𝐿𝐾(𝑠, 𝜒1𝜒2) = ∑
𝔞

𝜒1(𝑁(𝔞))𝜒2(𝔞)
𝑁(𝔞)𝑠 , (3)

where 𝜒1 is a real character of the group of norm residues modulo 𝑞 (𝑞 is a
rational integer), 𝜒2 is a real character of the character group constructed on
the ideal class group of the field 𝐾. Moreover, in the asymptotic formula for
the number of solutions of equation (2), given by Yu. V. Linnik in (1):
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𝑄(𝑛) = 𝜎(𝑛, 𝑑, 𝑑2)𝑛 + 𝑂 ( 𝑛
ln 𝑛 ln ln 𝑛) , (4)

it was not a priori clear whether the singular series 𝜎(𝑛, 𝑑, 𝑑2) is different from
zero or not (𝑑 and 𝑑2 are the discriminants of the fields 𝐾 and 𝐾1, respectively).

In this note we briefly outline proofs of Siegel’s theorem for the 𝐿-series (3)
and of the theorem on the number of solutions of the equation

𝑛 = 𝑁(𝔭1𝔭2) + 𝜑(𝑥, 𝑦), (5)

where 𝔭1 and 𝔭2 are prime ideals of the field 𝐾, and, moreover, their product
belongs to a prescribed class 𝐶,

𝜑(𝑥, 𝑦) = 𝑎𝑥2 + 𝑏𝑦2, (𝑛, 𝑎𝑏) = 1, (𝑎, 𝑏) = 1.

Theorem 1. If the 𝐿-series (3) has real zeros, then the largest real zero satisfies
the inequality

1 − 𝛾 > 𝑐(𝜀)
|𝑑2𝑞𝑛|𝜀 .

where 𝜀 > 0 is an arbitrary absolute constant; 𝑐(𝜀) > 0 is an absolute constant
depending only on 𝜀.

The proof is carried out according to the following scheme: consider two prod-
ucts

𝜁𝐾(𝑠)𝐿𝐾(𝑠, 𝜒1𝜒2) = 𝜁𝐾∗(𝑠),
𝜁𝐾(𝑠)𝐿𝐾(𝑠, 𝜒1) = 𝜁𝐾∗

1
(𝑠). (6)

These two equalities correspond to two quadratic extensions of the field 𝐾:

𝐾↗ 𝐾∗

↘ 𝐾∗
1
,

and it follows from class-field theory that the discriminants of the fields 𝐾∗

and 𝐾∗
1 are the same. But the discriminant of the field 𝐾∗

1 does not exceed, in
absolute value, the number |𝑑2𝑞𝑛|.
Consequently, on the basis of the first equality (6), similarly to how this was
done in paper (2), we obtain Siegel’s theorem for the 𝐿-series (3).

Theorem 2. If we denote by 𝑃(𝑛) the number of solutions of equation (5)
under the condition that
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1
2𝑛𝜃 ⩽ 𝑁(𝔭1) ⩽ 𝑛𝜃, 1

2𝑛1−𝜃 ⩽ 𝑁(𝔭2) ⩽ 𝑛1−𝜃, 0 < 𝜃 ⩽ 0.01,

then

𝑃(𝑛) = 𝑐0
𝐻

√
𝑎𝑏

𝑛
ln2 𝑛

𝜎1(𝑛, 𝑑, 𝑎, 𝑏) + 𝑂( 𝑛
ln3 𝑛

ln ln 𝑛) ,

where 𝜎1(𝑛, 𝑑, 𝑎, 𝑏) is an absolutely convergent series;

𝜎1(𝑛, 𝑑, 𝑎, 𝑏) =
∞

∑
𝑞=1

𝜔(𝑞, 𝑛, 𝑎, 𝑏)
𝑞1𝜑(𝑞1)

(−1)( 𝛿−1
2 )2

( 𝑎𝑏
𝛿 )

𝛿𝜑𝐾(𝛿) ∑
(𝑙,𝛿)=1

𝜏(𝑙, 𝛿)𝑒−2𝜋𝑖 𝑙
𝛿 𝑛, (7)

𝑞 = 𝑞1𝛿, (𝑞1, 𝑑) = 1;

𝜔(𝑞, 𝑛, 𝑎, 𝑏) is a certain, rather cumbersome multiplicative function; 𝛿 runs
through all numbers whose prime divisors divide 𝑑, the discriminant of 𝐾; 𝜑𝐾(𝛿)
is the order of the group of norm residues modulo 𝛿;

𝜏(𝑙, 𝛿) = ∑
(𝑙𝐾,𝛿)

𝑒2𝜋𝑖 𝑙𝐾,𝛿
𝛿 𝑙; (8)

(𝑙𝐾, 𝛿) means that 𝑙𝐾,𝛿 runs through a complete system of norm residues of the
field 𝐾 modulo 𝛿.

The proof of this theorem is carried out according to the scheme of the dispersion
method, set forth in detail in (1), with the use of Siegel’s theorem on the
exceptional zero given here, Page’s theorem on the rare distribution of Siegel
zeros, and Fogels’theorem on the boundary of all zeros for Hecke 𝐿-series.

From the exact formula (6) for 𝜎1(𝑛, 𝑑, 𝑎, 𝑏), it is clearly seen why a priori
one cannot say whether the exceptional series of the generalized Kloosterman
formula vanishes or not. The whole matter lies in the sum (8). For an arbitrary
field 𝐾 there is no possibility of computing this sum, since the law of distribution
of 𝑙𝐾,𝛿 in the group of all residues modulo 𝛿 is unknown. Only a lower bound is
known for

𝜑𝐾(𝛿) ⩾ 𝜑(𝛿)
𝑛𝜔(𝛿) ,

where 𝜔(𝛿) is the number of prime factors of 𝛿, and 𝑛 is the degree of the field.
In the case of equation (2), the sum (8) also enters into a special case of formula
(4) of Yu. V. Linnik. This also explains the impossibility of an a priori assertion
that equations (2) and (5) can be solved for all sufficiently large 𝑛 over any field
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𝐾. Therefore, for equation (5) as well one can only assert that, for a given field
𝐾 with discriminant 𝑑 and group of norm residues (𝑙𝐾,𝛿), we can determine
in a finite number of operations whether the special series of solutions of the
equation tends to zero or not.

It may be noted that there are exceptions to this rule. If the discriminant of
the field 𝐾 is a prime number or a power of a prime, then the investigation of
the special series can be carried through to the end and it can be shown that it
exceeds the quantity

𝑐′
0

ln ln 𝑛,

where 𝑐′
0 is an absolute positive constant depending only on the degree of the

field 𝐾 and on the discriminant 𝑑.
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