
Soviet-era science, translated into English

Reports of the Academy of
Sciences of the USSR
MATHEMATICS

1962

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196201.42494

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196201.42494


Abstract
Full Text
Reports of the Academy of Sciences of the USSR
1962. Volume 147, No. 4

MATHEMATICS

A. M. IL’IN

ON THE FUNDAMENTAL SOLUTION OF A
PARABOLIC EQUATION
(Presented by Academician I. G. Petrovskii, 18 VI 1962)

It is known that for the parabolic equation

𝜕𝑢
𝜕𝑡 =

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑡, 𝑥) 𝜕2𝑢
𝜕𝑥𝑖𝜕𝑥𝑗

, 𝑥 = (𝑥1, 𝑥2, … , 𝑥𝑛) ∈ 𝐸𝑛 (1)

with sufficiently smooth bounded coefficients there exists a fundamental solution
𝐺(𝑡, 𝜏, 𝑥, 𝜉), satisfying equation (1) in the variables 𝑡, 𝑥. The solution 𝑢𝜏(𝑡, 𝑥)
of equation (1) with the initial condition

𝑢𝜏(𝜏, 𝑥) = 𝜑(𝑥) (2)

is represented in the form

𝑢𝜏(𝑡, 𝑥) = ∫
𝐸𝑛

𝐺(𝑡, 𝜏, 𝑥, 𝜉)𝜑(𝜉) 𝑑𝜉. (3)

Among the other properties of the function 𝐺(𝑡, 𝜏, 𝑥, 𝜉), we note here only that
0 < 𝐺(𝑡, 𝜏 , 𝑥, 𝜉) < 𝐾(𝛿) if 𝑡 − 𝜏 > 𝛿. Then from formula (3) it follows that

|𝑢𝜏(𝑡, 𝑥)| ≤ 𝐾(𝛿) ∫
𝐸𝑛

|𝜑(𝜉)| 𝑑𝜉 for 𝑡 − 𝜏 > 𝛿 > 0. (4)

In the work [1], under rather weak restrictions on the coefficients, the existence
of a fundamental solution was proved for equation (1) and for the more general
case of systems parabolic in the sense of I. G. Petrovskii. For this it is sufficient
that the coefficients be bounded, continuous in 𝑡 uniformly with respect to 𝑥,
and that the Hölder condition be satisfied with respect to the spatial variables
𝑥1, 𝑥2, … , 𝑥𝑛.
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We shall show that the latter condition is essential. If one requires only con-
tinuity of the coefficients of equation (1), then, generally speaking, one cannot
expect representability of the solution of problem (1), (2) in the form (3) with
a function 𝐺(𝑡, 𝜏, 𝑥, 𝜉) bounded only for 𝑡 − 𝜏 > 𝛿 > 0.

More precisely, we shall construct the equation

𝜕𝑢
𝜕𝑡 = 𝑎(𝑡, 𝑥)𝜕2𝑢

𝜕𝑥2 , 0 ≤ 𝑡 ≤ 1, (5)

with a continuous function 𝑎(𝑡, 𝑥),

1
2 ≤ 𝑎(𝑡, 𝑥) ≤ 3

2, (6)

such that for the solutions of problem (5), (2) (if they exist), generally speaking,
relation (4) is false.

Put 𝑎(𝑡, 𝑥) = 1+𝑏(𝑡, 𝑥). Let 𝛾 be a positive number less than 1/4. Define 𝑏(𝑡, 𝑥)
for sufficiently small 𝑡 such that,

(ln 1
𝑡 )

𝛾
> 4,

in the following way:

𝑏(𝑡, 𝑥) =

⎧{{{{{{
⎨{{{{{{⎩

− 1

(ln 1
𝑡 )

𝛾 , when 0 ⩽ 𝑥2

𝑡 ⩽ 2 − 2

(ln 1
𝑡 )

2𝛾 ,

0, when 2 − 1

(ln 1
𝑡 )

2𝛾 ⩽ 𝑥2

𝑡 ⩽ 2,

1

(ln 1
𝑡 )

𝛾 , when 𝑥2

𝑡 ⩾ 4.

For the remaining 𝑡 and 𝑥 we extend 𝑏(𝑡, 𝑥) evenly with respect to 𝑥, nonde-
creasing in 𝑥 for 𝑥 > 0, so that 𝑏(𝑡, 𝑥) is smooth for 𝑡 > 0 and condition (6) is
satisfied. It is obvious that 𝑎(𝑡, 𝑥) is continuous for 𝑡 ⩾ 0, but satisfies not only
the Hölder condition, but also the Dini condition.

Below a function 𝑣(𝑡, 𝑥), smooth for 𝑡 > 0, will be constructed such that

𝐿𝑣 ≡ 𝑎(𝑡, 𝑥) 𝜕2𝑣
𝜕𝑥2 − 𝜕𝑣

𝜕𝑡 > 0 when 0 < 𝑡 < 𝑡0, (7)

and
∫

∞

−∞
𝑣(𝑡, 𝑥) 𝑑𝑥 → 0.
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By the maximum principle the solution of the Cauchy problem

𝐿𝑢𝜏 = 0; 𝑢𝜏(𝜏, 𝑥) = 𝑣(𝜏, 𝑥)

satisfies the inequality 𝑢𝜏(𝑡, 𝑥) > 𝑣(𝑡, 𝑥) for 𝜏 < 𝑡 < 𝑡0. Consequently,

𝑢𝜏(𝑡, 𝑥)

∫
∞

−∞
𝑢𝜏(𝜏, 𝑥) 𝑑𝑥

−−→
𝜏→0

∞,

and relation (4) is thereby not fulfilled.

We first construct an auxiliary even function 𝜓(𝑧). Let

𝜓(𝑧) = 12 − 𝑧2 + 𝑧4

for |𝑧| ⩽ 1/2. Further, 𝜓(𝑧) is extended smoothly so that 𝑧𝜓′(𝑧) ⩽ 0 and
𝜓(𝑧) = 10 for |𝑧| ⩾ 1.

Put

𝑣(𝑡, 𝑥) = 1
√

𝑡 ln 1
𝑡

𝜓
⎛⎜⎜⎜
⎝

𝑥
√

𝑡 (ln 1
𝑡 )

𝛾
⎞⎟⎟⎟
⎠

𝑒−𝑥2/4𝑡.

For compactness of notation, denote

1
ln 1

𝑡
= 𝛼(𝑡) and 𝑥√

𝑡 = 𝜉.

It is easy to verify that

𝑡𝐿𝑣
𝑣 = 𝑏𝜉2 − 2

4 + 1
𝜓 [𝑏𝛼2𝛾𝜓″(𝜉𝛼𝛾) − 𝑏𝜉𝛼𝛾𝜓′(𝜉𝛼𝛾) + 𝛼2𝛾𝜓″(𝜉𝛼𝛾) − 1

2𝜉𝛼𝛾𝜓′(𝜉𝛼𝛾) − 𝛾𝜉𝛼𝛾+1𝜓′(𝜉𝛼𝛾)]−𝛼.

We shall prove the validity of inequality (7) for some 𝑡0 > 0.

If 𝜉2 ⩾ 4, then
𝑡𝐿𝑣
𝑣 ⩾ 𝛼𝛾

2 − 𝑀1𝛼2𝛾 > 0

for sufficiently small 𝑡 (constants will be denoted by 𝑀𝑖).

If 𝜉2 ⩽ 4, then |𝜉| ⩽ 1
2𝛼𝛾 for sufficiently small 𝑡, and, consequently,

𝜓(𝑧) = 12 − 𝑧2 + 𝑧4.

Then

𝑡𝐿𝑣
𝑣 = 𝑏𝜉2 − 2

4 + 1
𝜓 [2𝑏𝛼2𝛾(𝜉2 − 1) + 4𝑏𝜉2𝛼4𝛾(3 − 𝜉2) + 𝛼2𝛾(𝜉2 − 2) + 2𝜉2𝛼4𝛾(6 − 𝜉2) + 2𝛾𝜉2𝛼2𝛾+1 − 4𝛾𝜉4𝛼4𝛾+1]−𝛼.
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Further estimates will be carried out for sufficiently small 𝑡 without special
reservations.

If 2 ≤ 𝜉2 ≤ 4, then 0 ≤ 𝑏 ≤ 𝛼𝛾 and

𝑡𝐿𝑣
𝑣 ≥ 1

𝜓 (8𝛼4𝛾 − 𝑀2𝛼5𝛾) − 𝛼 > 0.

If 2 − 𝛼2𝛾 ≤ 𝜉2 ≤ 2, then 𝑏 ≡ 0 and

𝑡𝐿𝑣
𝑣 ≥ 1

𝜓 [−𝛼4𝛾 + 4𝛼4𝛾(6 − 𝜉2) − 𝑀3𝛼6𝛾] − 𝛼 > 0.

For 2 − 2𝛼2𝛾 ≤ 𝜉2 ≤ 2 − 𝛼2𝛾, the function 𝑏 ≤ 0 and

𝑡𝐿𝑣
𝑣 ≥ 𝑏 [𝜉2 − 2

4 + 2𝛼2𝛾(𝜉2 − 1)
𝜓 + 4𝜉2𝛼4𝛾(3 − 𝜉2)

𝜓 ] +

+ 1
𝜓 [−2𝛼4𝛾 + 4𝛼4𝛾(6 − 𝜉2) − 𝑀4𝛼6𝛾] − 𝛼 > −𝑏 (𝛼2𝛾

4 − 2𝛼2𝛾

𝜓 − 𝑀2𝛼4𝛾) > 0,

since 𝜓 ≥ 10.

If 2 − 𝛼𝛾 ≤ 𝜉2 ≤ 2 − 𝛼2𝛾, then 𝑏 = −𝛼𝛾 and

𝑡𝐿𝑣
𝑣 ≥ −𝛼𝛾 (−𝛼2𝛾

2 + 2𝛼2𝛾

𝜓 + 𝑀6𝛼4𝛾) + 1
𝜓(−𝛼3𝛾 − 𝑀7𝛼) − 𝛼 > 0.

If 𝜉2 ≤ 2 − 𝛼𝛾, then

𝑡𝐿𝑣
𝑣 > 𝛼2𝛾

4 − 2𝛼2𝛾

𝜓 − 𝑀8𝛼3𝛾 > 0.

Thus the validity of inequality (7) has been proved and, consequently, the ab-
sence for equation (5) of a fundamental solution with the usual properties. We
note that the equation 𝜕𝑢

𝜕𝑡 = 𝑎(𝑥) 𝜕2𝑢
𝜕𝑥2 has a fundamental solution under the sole

condition of continuity of the function 𝑎(𝑥) (2).
However, one may expect that the solution of problem (1), (2) exists for contin-
uous bounded coefficients and is representable in the form

𝑢𝜏(𝑡, 𝑥) = ∫ 𝜑(𝜉) 𝑃 (𝑡, 𝜏 , 𝑥, 𝑑𝜉),
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where the measure 𝑃(𝑡, 𝜏 , 𝑥, 𝑑𝜉) has a finite density 𝐺(𝑡, 𝜏, 𝑥, 𝜉), if the coefficients
satisfy Hölder’s condition. In the example of equation (5) constructed by us,
this density apparently tends to infinity as 𝜏 → 0, 𝜉 → 0, but more slowly than
𝜉−𝛽, for any 𝛽 > 0.

At least, it is easy to prove that the solution of equation (1), which is equal to
one for 𝑡 = 0, |𝑥| ≤ 𝑟0, and zero for 𝑡 = 0, |𝑥| > 𝑟0, satisfies the inequality

|𝑢(𝑥, 𝑡)| < 𝑀𝑟 𝑛−𝛽
0 .

Here 𝛽 > 0 is arbitrary, and the constant 𝑀 depends only on 𝛽 and 𝑡. The
same estimate is preserved in the case when lower-order terms with bounded
coefficients are present in the equation.

We note that the phenomenon described above for a parabolic equation also
occurs for a second-order elliptic equation with discontinuous coefficients. It is
known that in the case of smooth coefficients, for solutions of the equation

𝑎(𝑥, 𝑦)𝑢𝑥𝑥 + 2𝑏(𝑥, 𝑦)𝑢𝑥𝑦 + 𝑐(𝑥, 𝑦)𝑢𝑦𝑦 = 0, 𝑎𝑐 − 𝑏2 ≥ 𝜇 > 0,

the inequality holds

|𝑢(𝑃 )| ≤ 𝑀 ∫
𝐶𝜌

|𝑢(𝑄)| 𝑑𝑆, (8)

where 𝐶𝜌 is the circle with center at the point 𝑃 and radius 𝜌 (𝜌0 < 𝜌 < 𝜌1),
and the constant 𝑀 depends only on 𝜌0 and 𝜌1. However, for solutions of the
equation

𝐿𝑢 ≡ (1 + 𝛾(𝑟) cos2 𝜃)𝑢𝑥𝑥 + 𝛾(𝑟) sin 2𝜃 𝑢𝑥𝑦 + (1 + 𝛾(𝑟) sin2 𝜃)𝑢𝑦𝑦 = 0,

where 𝛾(𝑟) = 2
ln 50

𝑟
, 𝑟 ≤ 2 is the polar radius and 𝜃 the polar angle, inequality

(8), generally speaking, does not hold.

To prove this assertion it is enough, as above, to consider the function 𝑣 =
2 cos 𝜃 − 𝑟

𝑟 ⋅ 1
ln 50

𝑟
and verify that 𝐿𝑣 ≥ 0 in the disk

𝑟 ≤ 2 cos 𝜃.

Moscow State University
named after M. V. Lomonosov
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