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Abstract
Full Text
MATHEMATICS

Academician S. L. SOBOLEV

ON CUBATURE FORMULAS ON THE SPHERE
INVARIANT UNDER TRANSFORMATIONS
OF FINITE GROUPS OF ROTATIONS
A cubature formula on the surface of the sphere

(𝑙, 𝑓) = ∬
𝑆

𝑓(𝜗, 𝜑) 𝑑𝑆 − ∑ 𝐶𝑘𝑓(𝑥(𝑘)) ≅ 0 (1)

is called invariant with respect to transformations of rotations of the sphere
from some group 𝐺, if

(𝑙, 𝑓(𝜗1(𝜗, 𝜑), 𝜑1(𝜗, 𝜑))) = (𝑙, 𝑓(𝜗, 𝜑)), (2)

where

𝜗1(𝜗, 𝜑), 𝜑1(𝜗, 𝜑) (3)

is a substitution from 𝐺.

L. A. Lyusternik and V. A. Ditkin (1,2) considered formulas with vertices at the
vertices and centers of the faces of the icosahedron. We shall indicate how to
construct invariant formulas that are valid for the largest possible number of
spherical harmonics (3) for the groups of rotations of the sphere corresponding
to regular polyhedra.

Theorem 1. In order that a cubature formula invariant with respect to the group
𝐺 be exact for all harmonics of a given order, it is necessary and sufficient that
it be exact for all invariant harmonics 𝑌 ∗

𝑛(𝜗, 𝜑), i.e., for those which do not
change under all rotations of the sphere belonging to the group 𝐺:

𝑌 ∗
𝑛(𝜗1(𝜗, 𝜑), 𝜑1(𝜗, 𝜑)) ≡ 𝑌 ∗

𝑛(𝜗, 𝜑). (4)

The proof is based on the formula

(𝑙, 𝑓) = (𝑙, 𝑓𝐺), (5)
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where 𝑓𝐺 is the arithmetic mean of the function 𝑓 over the group,

𝑓𝐺 = 1
𝑀 ∑

𝑔∈𝐺
𝑓(𝑔𝑥). (6)

Let us denote the number of such invariant harmonics by 𝑆(𝑛). This number, as
D. K. Faddeev pointed out to the author, can be calculated using representation
theory.

Spherical harmonics of order 𝑛 form a (2𝑛+1)-dimensional space, for which one
may take as a basis, for example,

𝑒𝑖𝑚𝜑𝑃 (𝑚)
𝑛 (cos 𝜗) (𝑚 = −𝑛, −𝑛 + 1, … , 0, 1, … , 𝑛). (7)

The group of rotations of the sphere realizes a group of linear substitutions 𝐴
of these elements, which is a linear representation of this group. Every rep-
resentation decomposes into irreducible representations in subspaces of lower
dimension. Among them there is a certain number of identity representations.
The number 𝑆(𝑛) of linearly independent invariant har-

coincides with the number of such identical one-dimensional representations
contained in the representation 𝐴.

The traces of the matrices of irreducible representations, the so-called charac-
ters of the representation, form an 𝑀 -dimensional vector. As is known, the
characters of distinct irreducible representations are orthogonal:

𝑀
∑
𝑘=1

𝜒 (𝐴(𝑗)
𝑘 ) 𝜒 (𝐴(𝑠)

𝑘 ) = {𝑀, 𝐴(𝑗) ∼ 𝐴(𝑠),
0, 𝐴(𝑗) ≁ 𝐴(𝑠). (8)

All characters of the identity representation will obviously be equal to one.

Hence for the number 𝑆(𝑛) we obtain the formula

𝑆(𝑛) = 1
𝑀

𝑀
∑
𝑘=1

𝜒(𝐴𝑘), (9)

where 𝐴𝑘 are the matrices representing the elements of the group.

The traces of similar matrices coincide, and in any rotation group of the sphere,
rotations through equal angles about analogous elements are similar. In every
regular polyhedron there are 𝑡1 vertices, 𝑡2 faces, and 𝑡3 edges. At the vertices
𝑞1 elements meet; the faces are regular 𝑞2-gons; and the edges serve as axes of
rotations of order 𝑞3 = 2 of the corresponding group 𝐺.

The following relations are evident:
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𝑡1𝑞1 = 𝑡2𝑞2 = 𝑡3𝑞3 = 𝑀, (10)

and also

1
2 [𝑡1(𝑞1 − 1) + 𝑡2(𝑞2 − 1) + 𝑡3(𝑞3 − 1)] + 1 = 𝑀,

whence

𝑡1 + 𝑡2 + 𝑡3 = 𝑀 + 2. (11)

The sums of the traces of all rotations, including the identity, about some vertex,
the center of a face, and the midpoint of an edge will be equal to:

𝑞𝑗

∑
𝑘=0

+𝑛
∑

𝑟=−𝑛
𝑒2𝑘𝜋𝑖/𝑞𝑗 = 𝑞𝑗 (2 [ 𝑛

𝑞𝑗
] + 1) . (12)

Adding them over all axes and observing that in doing so the identity rotation
is counted 𝑀 + 2 times and all the others twice, using (9) and (10), we obtain
the theorem:

Theorem 2.

𝑆(𝑛) = [ 𝑛
𝑞1

] + [ 𝑛
𝑞2

] + [ 𝑛
𝑞3

] − 𝑛 + 1. (13)

A simple calculation leads to the corollary:

𝑆 (𝑀
2 − 𝑛 − 1) + 𝑆(𝑛) = 1, 0 ≤ 𝑛 ≤ 𝑀

2 − 1. (14)

We transform formula (13) into another form. Let 𝑄∗ be the set of those 𝑞𝑖 for
which 𝑛 ≢ 0 (mod 𝑞𝑖).
Expressing the integer part through the fractional part, we give 𝑆(𝑛) the form

𝑆(𝑛) = 1 +
2𝑛 − ∑

𝑞𝑗∈𝑄∗
𝑡𝑗

𝑀 − ∑
𝑞𝑗∈𝑄∗

({ 𝑛
𝑞𝑗

} − 1
𝑞𝑗

) . (15)

Since
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∑
𝑞𝑗∈𝑄∗

({ 𝑛
𝑞𝑗

} − 1
𝑞𝑗

) < 1,

it follows from (15) that

𝑆(𝑛) =
⎡
⎢
⎢
⎣

1 +
2𝑛 − ∑

𝑞𝑗∈𝑄∗
𝑡𝑗

𝑀
⎤
⎥
⎥
⎦

, (16)

and, as a consequence,

𝑆(𝑛) =

⎧{{
⎨{{⎩

[2𝑛 + 1
𝑀 ] , 2𝑛 + 1 ⩽ ∑

𝑞𝑗∈𝑄∗
𝑡𝑗,

[2𝑛 + 1
𝑀 ] + 1, 2𝑛 + 1 > ∑

𝑞𝑗∈𝑄∗
𝑡𝑗.

(17)

From (17) we obtain:

𝑆 (𝑛 + 𝑀
2 ) = 𝑆(𝑛) + 1. (18)

Formula (17) admits a simple interpretation, based on the following theorem.

Theorem 3. Let 𝑋𝑘, 𝑌𝑘, 𝑍𝑘, 𝑘 = 1, 2, … , 2𝑛 + 1, be orthogonal coordinate
systems with a common origin, and let all directions of the axes 𝑍𝑘 be distinct.

Then the system of functions

𝜉𝑛
𝑘 = (𝑋𝑘 + 𝑖𝑌𝑘)𝑛 (19)

forms a basis in the space of spherical functions of order 𝑛.

Introduce the complex variable 𝑧 = 𝑋 + 𝑖𝑌 , which maps the sphere onto the
plane by means of stereographic projection. For 𝜉𝑛

𝑘 one obtains the formula:

𝜉𝑘 = 2𝑧𝑘
1 + |𝑧𝑘|2 , (20)

where

𝑧𝑘 = 𝑎𝑘𝑧 − ̄𝑐𝑘
𝑐𝑘𝑧 + ̄𝑎𝑘

, |𝑎𝑘|2 + |𝑐𝑘|2 = 1. (21)
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The fractional-linear substitution (21) represents the expression for a rotation
of the sphere that takes the axis 𝑍𝑘 to the origin of coordinates.

From (20), by means of simple calculations, one obtains the expression:

𝜉𝑛
𝑘 =

+𝑛
∑

𝑚=−𝑛
𝑎𝑛−𝑚

𝑘 ̄𝑐 𝑛+𝑚
𝑘 𝑅(𝑚)

𝑛 (𝑧, ̄𝑧), (22)

where the functions

𝑅(𝑚)
𝑛 (𝑧, ̄𝑧) = 𝑐(𝑚)

𝑛 𝑒𝑖𝑚𝜑𝑃 (𝑚)
𝑛 (cos 𝜗) (23)

differ only by a constant factor from the basis elements (7). Thus, in our basis
the function 𝜉𝑛

𝑘 corresponds to the vector

𝜉𝑛
𝑘 ∼ (𝑎2𝑛

𝑘 , 𝑎2𝑛−1
𝑘 ̄𝑐𝑘, … , ̄𝑐2𝑛

𝑘 ). (24)

From (24), by virtue of the expression for the Vandermonde determinant, The-
orem 3 follows.

For any (2𝑛+2) harmonics of the form 𝜉𝑛
𝑘 with distinct directions 𝑍𝑘, from (24)

we shall have:

2𝑛+2
∑
𝑘=1

𝜉𝑛
𝑘

∏
𝑗≠𝑘

(𝑎𝑘 ̄𝑐𝑗 − 𝑎𝑗 ̄𝑐𝑘)
= 0. (25)

Consider the set

{𝑔𝛼𝑥(𝑘)}, (26)

where

𝑥(1), 𝑥(2), … , 𝑥[ 2𝑛+1
𝑀 ] (27)

a system of mutually inequivalent points in general position. Together with
some system independent of them,

𝑥(2𝑛+1), 𝑥(2𝑛), … , 𝑥(2𝑛+𝜈−𝑀[ 2𝑛+1
𝑀 ]) (28)

they form a system of (2𝑛 + 1) independent directions of the axis 𝑍𝑘, and the
corresponding functions
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𝜉𝑛
𝑘 = (𝑋𝑘 + 𝑖𝑌𝑘)𝑛

form a basis. It is easy to see that the functions

1
𝑀 ∑

𝑔𝛼∈𝐺
(𝜁 (𝑔𝛼𝑥(𝑘)))𝑛 , 𝑘 = 1, 2, … , [2𝑛 + 1

𝑀 ] (29)

(the notation is self-evident) are linearly independent invariant harmonics of
order 𝑛. If, as (28), one can choose all those directions of axes whose rotations
in the group correspond to 𝑞𝑗 ∈ 𝑄∗, which is possible when

(2𝑛 + 1) ≤ ∑
𝑞𝑗∈𝑄∗

𝑡𝑗,

then it is clear that (29) exhausts all invariant spherical harmonics of order 𝑛,
since the group average of each of (28) is zero. We obtain a direct proof of the
first half of formula (7). If this is impossible, i.e.

(2𝑛 + 1) > ∑
𝑞𝑗∈𝑄∗

𝑡𝑗,

then for (28) one may take some system of mutually equivalent points, and the
group average of any of the corresponding 𝜉𝑛

𝑘 gives one more invariant harmonic
of order 𝑛.

Let us also consider the groups 𝐺∗ of rotations together with reflections. For
such groups the following holds.

Theorem 4. There exist no invariant harmonics of odd order for the groups
𝐺∗. The invariant harmonics of even order for 𝐺∗ coincide with the invariant
harmonics for 𝐺.

In conclusion we give a table of the values 𝑆(𝑛) for the groups 𝐺IV, 𝐺VIII, and
𝐺XX of rotations of the tetrahedron, octahedron, and icosahedron for the values
0 ≤ 𝑛 < 𝑀/4.

𝑛 𝑆IV 𝑆VIII 𝑆XX 𝑛 𝑆XX 𝑛 𝑆XX

0 1 1 1 6 1 11 0
1 0 0 0 7 0 12 1
2 0 0 0 8 0 13 0
3 0 0 9 0 14 0
4 1 0 10 1
5 0 0
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