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Abstract

Full Text
HYDROMECHANICS
V. 1. YUDOVICH

ON THE PROBLEM OF THE FLOW OF AN
IDEAL INCOMPRESSIBLE FLUID THROUGH
A GIVEN DOMAIN*

(Presented by Academician I. G. Petrovskii, April 2, 1962)

The velocity v(z,t) and the pressure P(x,t) in the case of an ideal incompressible
fluid satisfy the system of Euler equations

% + (v,V)v=—-VP +F(z,t), (1)

divv =0, (2)

which must hold at each instant of time ¢ and at each point x of the flow domain
Q. We shall assume that the flow at the initial instant is known:

V], = al@). (3)

If the boundary S of the domain is an impermeable wall, then on it v,, = v.n =0
(n is the outward normal). If the boundary S is permeable, then it is natural
to impose the boundary condition

vn‘s :7<$’t>' (4)

In the case v = 0, conditions (1)—(4) determine a unique fluid motion. “In the
small” this was established in (1'?), and for the case of two-dimensional motions
“in the large” in (3). If, however, v % 0, these conditions are insufficient for the
unambiguous determination of the solution, and one has to impose one more
boundary condition. Let us formulate it.

Let S; be the part of the boundary S on which v(z,t) < 0; S;" is the remaining
part. The indicated condition has the form: for any ¢ > 0,

rot V|St, = 7(x,t), (5)
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where 7(z,t) is an arbitrarily prescribed vector. This boundary condition in
one particular case was proposed by N. E. Kochin in ().

Below we shall present the course of the proof of existence and uniqueness of a
classical solution of problem (1)—(5) in the large for the case of two-dimensional
motions**. We shall assume that the following conditions are satisfied.

A. The flow domain 2 is finite; S consists of n+ 1 closed contours S, 54, ..., S,
(S, encloses the others) of class C'4).

B. There exists a vector b(z,t), defined in the cylinder Q = Q x [0,T] (T > 0

is any fixed number in what follows), such that b € ng) (Q), Ob/ot € WZ§2>(Q)
(p > 2) and the corresponding norms are bounded for ¢ € [0, T'], moreover

divb = 0; b|,_ = a; b-nls=1; wo(z, 1)

o = n(z,t), (6)

s

* Presented at the Fourth Mathematical Congress, Leningrad, 1961.

** For the three-dimensional problem, analogous considerations lead only to
a proof of solvability locally in ¢, since here we do not know an estimate for
max | rot v|.

where wy, is the curl of the vector b.* This assumption replaces the compatibility
conditions.

C. S; consists of several contours S, and hence, on S},

|v] = ¢ > 0. (7)
If this condition is abandoned, then one has to impose certain new conditions
at the junction points of S; and S .

D. The external force F(z,t) is a vector of class CY(Qy); its curl f(z,t) has
continuous derivatives 9f/dz;, and bounded 8 f/dx;0x,.

E. For t =0, on S; the equality

or

5 +agradwy = f (8)

holds.

This is a necessary condition for continuity of the first derivatives of the velocity
curl w(z,t) in Qp. The velocity curl w(z,t) satisfies the equation

ow ow
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Theorem. *Suppose that conditions A—E are satisfied. Then there exists, and
moreover only one**, solution v(z,t), P(z,t) of problem (1)—(5). In addition,
all derivatives occurring in relations (1)—(5) and (9) are continuous in @, and
these relations are satisfied in the classical sense.*

Existence is proved by means of the following iterative process***. As the
zeroth approximation for the velocity we take the vector b(z,t). Suppose that
the (m—1)-st approximation v,,_;(z,t) for the velocity has already been found.
First define the m-th approximation for the curl w,,(x,t) as the solution of the
linear problem

— 4 v, gradw,, = f(z,t); (10)

W :wo(l’at) (11)

for t = 0 and on S; . After this we find the m-th approximation for the velocity
v, (x,t):

rotv,, = ®,,(0,0,w,,), (12)
divv,, =0, (13)
Vin * n|S =7 (14)
¢ ¢
Pmsz vm-sds:% a-sds+/ 7{ F(x,T)-sdsdT—/ % YW, dsdt
Sy Sy 0 /S 0 /S,
(k=1,2,...,n). (15)

Problem (10)—(11) can be solved on the basis of simple hydrodynamical con-
siderations. Suppose that some fluid particle at the moment ¢ is located at the
point x € Q. Define the trajectory of its preceding motion:

da

= Vo (€, 7), a‘T:t =z, a=(ag,a,). (16)
* In view of the two-dimensionality of the problem, only one component of the
curl is nonzero; we call it the curl.

** Of course, the pressure P is determined up to an arbitrary function of time.
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*** We note that this process can be adapted for approximate computation of
the solution.

(16) determines the vector-function o = a(x,t,7). Two cases are possible: ei-
ther for all 7 € [0,¢] the point a(z,t,7) lies inside the domain Q, or at
some moment 7'(z,t) (0 < 7" <t) a € S.,. Define the function 7*(z,t),
setting it in the first case equal to zero, and in the second to 7’(x,t). Intro-
duce the vector-function o*(x,t) = a(z,t, 7*(x,t)). Obviously, o*, 7 are,
respectively, the place and time of appearance of the particle under consid-
eration in the flow domain €. The solutions of (16) are the characteristics
of equation (10). We have:

t

Wy, (2, ) = wy(a*(z, t), 7*(2, 1)) + / fla(z,t,7),7)dr. (17)

7*(z,t)
In particular, when f = 0, equality (17) expresses the fact that the vortex w,,
does not change along the trajectory joining (a*,7*) and (z,t).
We seek the solution of problem (12)—(15) in the form

n

Vo = grad (a, 1) + g (@, 1) + 3 A (D (2), (18)
k=1
where @ is the solution of the Neumann problem

0P

Ad = 0; —
07 a'fl‘s

= 7($’t)7 (19)

the vectors uy,,, u; have stream functions y,,, ¥, determined by solving the
problems

qu[}k:(); wk|51 :51k (k:172,,’ﬂ, 2:03137’”)7 (20)

Aw(]ﬁ’b = —Wns wOm‘S = 07

)‘km(t) = ifzk (Fmi - /Q wiwm dx + /Q U, - W d:C) ’ (21)
i=1

where &;;, are known constants depending only on the domain 2.

Lemma 1. The unique solution of problem (10)—(11) is determined by formula
(17), and the first derivatives of w,, (x,t) are continuous in @5, while the second
derivatives 02w, /0x,0x,,, 0*w,, /0,0t are bounded.
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Lemma 2. Problem (12)—(15) has, and moreover has a unique, solution
v,,(z,t) such that v,, € W1§3)(Q), ov,, /ot € WZSZ) (), and

ov,,

HVm($7t>”W7("2]<Q)+HW < 017"

ow,y,
bombwoe + |52 [+Ca 22)

HW,(.D(Q) L.(Q)

where r > 2 is arbitrary, and C;, Cy do not depend on r,m.
In the proof, the result from (°) is used.

Lemma 3. The following estimates, uniform in m, are valid (r > 1):

0
max|w,, (@, 0)] < Cyi max{ [Volr, o +[ 2] b @)
@t ‘ " 0t Nz, ()

The first of estimates (23) is obtained by means of a device generalizing that
used for the same purpose in (*); the derivation of the second estimate is based
on the following lemma.

Lemma 4. Let u(z) be the solution of the boundary-value problem

Au= f(z);  ulg=0 (24)

in a bounded k-dimensional domain Q with boundary S € C®. Let |f| < M
and f € Wzgl) (p > k). Then the estimate

D] < My n [My + M|V £, 0] (25)

is valid, where M, M,, M5 depend only on M, S, p.

With the aid of Lemma 3 it is shown that the sequence {w,,}, as m — oo,
converges strongly in any L,.(Q2), uniformly in ¢ € [0, T'], to some function w(z,t),
while the first derivatives converge weakly in any L,.(Qr); the sequence {v,,}
converges in W,El)(Q), uniformly in ¢, to a vector v(x,t). This makes it possible
to pass to the limit as m — oo in (10)—(15).

Next it is shown that the limiting system (obtained by dropping the indices
m, m—1) is equivalent to the original problem (1)—(5). We note that the limiting
equality for (15) is equivalent to the uniqueness condition for the pressure.

The preceding discussion admits a generalization to the case of a domain de-
forming in a prescribed manner with time. It is also not difficult to carry out a
further investigation of the differential properties of the solution.
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In conclusion, let us note that it would be interesting to consider, instead of (5),
other variants of the additional boundary condition, as well as the corresponding
stationary problems.
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