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L. A. GROZA

ASYMPTOTIC BEHAVIOR OF SOLUTIONS
OF A LINEAR DIFFERENTIAL EQUATION
OF SECOND ORDER IN A BANACH SPACE
WHEN THE SMALL PARAMETER AT THE
FIRST AND SECOND DERIVATIVES TENDS
TO ZERO

(Presented by Academician S. L. Sobolev on 23 X 1961)

Consider, in a Banach space Y, the ordinary linear homogeneous differential
equation of second order

pwy” + pup(e)y’ =y (1)

with a small parameter y > 0 tending to zero. The unknown function y =
y(x, ;) € Y is a function of the real variable x; p(x) is a given function of the
variable  with values in the space of linear bounded operators {Y — Y} (1),
mapping the space Y into Y. We study the behavior of any solution of equation
(1) with Cauchy initial data as p tends to zero. We note that the limiting
equation for equation (1) has the solution y,(z) = 0.

Assume that the function p(z) is continuous, infinitely differentiable, and

Ip@I <K, [p™ ()] < M(n) (2)

for z; < x < x4, where K, M(n) are constants (M (n) may increase together
with n). Under these assumptions it will be proved that the norm of any solution
y(x, u) of equation (1), as p — 0, tends to infinity of order exp(1/p). The
behavior of the derivative y’(x, 1) is analogous.

Putting 1 = €2 in (1), we shall have
2

2y +e*p(r)y =y. (3)

Simultaneously with equation (3), consider the equation (%)
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2y +e’p(a)y =y (4)
in the space {Y — Y}.

Theorem 1. Equation (4) has two independent solutions y,(x,¢), ys(z,€),
satisfying the asymptotic relations

e.2) ~ exp (~220) Y (@)t )

€ i=0

o 2) ~ exp (F20) Y ()t )

where the functions u,;(z), 4y (z) € {Y — Y} are continuous, infinitely differ-
entiable, and moreover

@1(580,5) =1, @2(55075) =1 (7)

(I is the identity operator).

The solutions ¥;, ¥, are independent in the sense that the function

y(,e) = yi(2,6)C1 + ya(2,€)Cy, (8)

where C;, Cy are arbitrary constant elements of Y, is the general solution of
equation (3).

Proof. Substituting (5), (6) into (4), we obtain

2uyg + p(x)uy = §7 ey 2uy; (@)U = ﬂ‘/ll,i—l + p(m)ﬂ/l,i—u ] 9)

2y + p(x)tigy = 0, ..., 2uh; + pla)ig, +us, 4 +pla)uh, ; =0,.. (10)

Assume that the solutions uy;(z), uy,(x) (i = 0,1,2,...) of equations (9), (10)
satisfy the initial conditions:

forz =z, Uy =1, Uy, =0 (k=1,2i=1,2,..). (11)
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It is known (?) that there exist functions ¥ (z,¢), 73(x,¢) such that

(oo}
. x—x _ i
yi(x,€) ~ exp (— 0) Zuli(ac)e ,

< =0
% L —Zy - ~ i
Ga(w,0) ~ exp (T2 ) Y g (), (12)
=0
and, moreover, ¥;(zy,€) = ys(xg,e) = I. The functions ¥;, 5 are not, in

general, solutions of equation (4), but with their aid we shall show the existence
of the desired solutions ¥, (z, ), y5(x,€). Introduce

2k :gk_gIt(x’E) (k: 172)7 (13)

where 7, is a solution of equation (4) satisfying the conditions

gk(xo,‘g) =1, 371;(35075) = gj,’;/(xo,e). (14)

Substituting g, = ), + yj, into (4), we obtain for z, the differential equation

e2z] + %z, = z, + ag(z,€), (15)
where
(ik<l', 6) = g/: - 52@2// - €2p(x)gzla (16)

and, moreover, Z;, on the basis of (13), (14), satisfies the initial conditions:

for x = x, Z, =0, Z, =0. (17)

Since ¥;(x, €) has the asymptotic expansion (12), which satisfies (4) formally, it
follows from (16) that a,(z,e) ~ 6, i.e.

Nag(z, )] _
i e =
for all positive numbers N, m, or
law(z,e)] < eNF2m (18)

for arbitrary positive numbers N, m and all sufficiently small € > 0 (¢ — 0).
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The solution Z, of equation (15) under condition (17) will be written in the form

Zk($,€) = Z’ka<x7€>7 (19)

where

_ Y e A
Uy (z,8) = 6—2/ / ay,(1y,€) dry dry, ...
zy Yz

_ Lo m —
o B @02 = 5 [ [ (702 = 20004 (7.2) dry i (20)
ZTo “To

Hence, from (2), (18), we obtain

B - (.’IJ —x )m+1
5 i1 (2, 8)[| < (2K) HTfl)!ﬁ (21)
It follows from (21) that
S p—
Zp(x,e) = Z T (2,6) = 0 ase — 0.
m=1
Similarly we obtain
lim 1%,(r,) = 0,..., lm %, (r,) =
lim =z (z,¢) =0,..., lim—z(z,e)=0,...,
ie.,
Zp(z,8) ~ 0, <z <z, k=1,2. (22)

Hence, from (12), (13), (5), (6) follow.

Let yq,y be arbitrary prescribed elements of Y. For the solution y = y(z,¢) of
equation (3), from (7), (8) we have:

for x =z y = C1+Cy =y, Y =7, (xg,8)Cy +Ty(9,)Co = yp). (23)

Hence
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[?/2(33075) —?/1(35075)]01 = ?/2(950,5)?}0 — Yo»

[?/2(330»5) —yll(w075)]02 = y6 - §1<$075>y0~ (24)

From (5), (6) we have

—/ ]- —/ — — ]- — —

U, (zg,6) = —Z +y0(7g) + 7, (€), y;(%»f) =z + Uy (20) + NGE
where 7], (¢),7,() tend to 6 as e — 0. Consequently, the operator (g, ) —
7, (g, €), for all sufficiently small £ > 0, has an inverse [/, (¢, €) =7} (zg,€)]* —
€Y (e), where Y(¢) — %I as ¢ — 0. Hence, from (24), we obtain C; —
Yo/2, Cy — yop/2 as e — 0.

Theorem 2. The solution y(x,¢) of equation (3), satisfying the initial con-
ditions (23), tends in norm to infinity as ¢ — 0 with order exp(1/e). The
derivative y’'(x, ) behaves analogously.

Indeed, in (8) ¥, (z,€)Cy ~ 0, while ||7,(x, ) Cy|| tends to co as € — 0 with order
exp(1/e).

Example 1. Let Y be the space (Y, ; of continuous functions y = v(t). Equa-
tion (1) takes the form

0%y(x,t b oy(x, T
TP s [ Pt 2T =y,

where the function P(z,¢;7) is continuous in all variables for z; <z < x4, a <
t,7 < b, is infinitely differentiable with respect to = for x; < x < x5; 4 — 0

(1> 0).

Example 2. Let Y be an n-dimensional space. Equation (1) is transformed
into the system

n
pyl + Yy pi@yi =y, (G=12,...n),
i—1

where the functions p,;(z) are continuous and infinitely differentiable for z; <
x <2y u— 0 (> 0).
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