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MATHEMATICAL PHYSICS
L. I. RUBINSTEIN

ON THE ASYMPTOTICS OF THE SOLUTION
OF A CONTACT AXISYMMETRIC THERMO-
CONVECTIVE PROBLEM FOR LARGE VAL-
UES OF THE CONVECTIVE PARAMETER*

(Presented by Academician S. L. Sobolev, 21 V 1962)
Below we consider the asymptotic behavior, with respect to the parameter n —

00, of the solution u(r, z,t) of the boundary-value problem:

0%u  10u @_ 1 Ju

4+ - = ——; 0<r<oo; 0<z<oo; t>0.
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= +— — = 0<r<oo; =0; t>0; 1
or? + r Or + aaz ot rees 2 (1)
u| = 0; | = 0; lim lim w=1.
t=0 242200 r—0 2—0;t>0

This problem was posed and solved by us earlier (}?) by means of the double
transform

o0 o0
/ w(p, s,2)Jy(sr) sds = p/ e Plu(r, z,t) dt. (2)
0 0
It was shown, in particular, that for a? = 1 and integer n

w(p,s,2) = ne VT a+ Jp)y(a+ Vo + ) p s (3)

The inversion of (2) proposed in (1), using the direct application of the Bromwich
integral and Hankel’ s integral theorem, gives a representation of the solution
in a form unsuitable for numerical calculations for large values of the convective
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parameter n, owing to the strongly oscillatory character of the integrand in the
integral representation of the solution. Meanwhile, for the applications that
were intended when formulating problem (1), precisely this case is of interest,
which creates the need to obtain an asymptotic representation of the solution
as n — 0o.

Let first a2 = 1 and n be an integer. Let = denote the correspondence sign
under the Laplace-Carson transform between the image and the original, let ~

denote the correspondence sign between Hankel transforms, and let ;, —+ denote

the correspondence signs under the double Laplace-Carson transform in ¢ and
Hankel transform in r, the upper bar corresponding to the inner transform and
the lower to the outer one. Let w <+ W. Using the operational rules listed in
Table B of the handbook (*) under Nos. 0.1; 0.3; 0.7; 0.25; 0.35; 0.50, expanding
(ao+/p)" by the binomial formula, and using integration by parts and Leibniz’
formula, we readily find

e g ¢
W= / ““oen (e_aferfcf/i) it / To(sV/E€ —n?) e (n—z)" d.

L(n)
(4)

* The work was carried out on assignment from the association “Bashneft.”

From (2) it follows that w =~ u. Assuming that the change in the order of
integration is legitimate, we find that W ~ w. Hence, from (4) and the Hankel
integral theorem, after simple transformations it follows that

_ (_1)n /00 aR o —aR i —as .nR*
u= o) T erfc2\/i e % ds. (5)

Here R? = (s + 2)? + 12,

Direct substitution of (5) into (1) shows that (5) is indeed a solution of the
problem for a? = 1 and integral n.

Let C' be the contour in the plane of the complex variable (, formed by the rays
arg( =4 (4§ —¢), € > 0. Then (5) can be represented in the form

—_1)" © a(R—s) d
u= ( ) n/ < S”ds/e_CEC elrfcL __de (6)
0 c

211 R 2\/7; (¢ — R)n+1’

where the integral, considered as a double integral, converges absolutely. Put
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Remembering that, by assumption, a® = 1, we obtain

u= L exp[n(l—/\Jrln)\)]@/exp{n[RA—w—l—ln(RA—w)]}x
2mi Jy Ry Jo
w dw
fc —— .
xerc2ﬁw_R)\ (8)

Here RZ = (A + x)? 4+ y%. We shall use the saddle-point method twice, in the
same way as was done by Szeg6 in deriving Perron’ s formula for Laguerre
polynomials (). Let

< (1 o —1
R? = (1+2)* +y% ﬁmr—a ( o >?

~ 9z \ROR™ "~ 2yt
+o0 , +o0 ,
oy, = / P 2(pi) Agy_y(p)dp; By = / 120 Byy(p) dp:
0 —o0

exp{—nlpin~1/2 — In(1 — pin~Y/2)]} =~ 7123~ Ay (p)n 72,
k=0

exp{n[—pn /2 +In(1+ pn 2|} & /2N By (p)n 2.
k=0

Here ~ denotes the sign of asymptotic correspondence. It is not difficult to
verify that

O .
u =~ Z u;n, (9)
=0
where
2(j—p

k ) 1
Z Z mls! ap,kfs,mﬁjfp,s' (10)

p=0 k=0 m=0 s=0

1 R—1 o 1[(9* 190
'U;O—*erfc7 Ul— |:8:L‘2<ay2+yay>:|uo (11)
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It is easy to see that u, and u, are solutions of the boundary-value problems

02 0? 10 0
(WJraszryayaT)uiO, x>0 y>0 71>0;

0 10
<8x yay)ul—’—wl v Y 4 (12)
Ui =0 =0 ui|m2+y2~>oc =0 Ui z=y=0; 7>0 - \Ili; 1=0,1,2,..5
(12%)

9% 10 0 )
Yy = 05 ¥y =1 Y, = (6y2+y6ya287> Ui_15 ¥, =0, i=1,2,..

if in them one sets a2 = 1.

We now abandon the assumption “a” = 1 and n is an integer.” Let us introduce
the variables (7) directly into (1) and seek w in the form of the series

U= Zujn_j. (13)

Assuming that the series (13) may be differentiated twice term by term, we
find that the u; must be solutions of the boundary-value problems (12). The
convergence of the series (13) and the legitimacy of its twice term-by-term differ-
entiation can hardly be proved. However, the coincidence of the first two terms
of this series (for a? = 1) with the first two terms of the asymptotic series (9),
obtained by the saddle-point method, permits one to regard the series (13) only
as asymptotic. The terms of the series (13) can be found recursively. Namely,
put w,, =u,,; w,, =W,  sothat formally, under the assumption that the or-
der of integration may be changed, W,, ~ u,,. Repeating the arguments carried
out in (1), we show that the w,, are determined recursively by the equalities

wy = (p+s7) 2 exp [Vp— (L+2)Vp+ % ; (14)

$ 32 4 2 2, 2
A —&—apmm(p,/\))\d/\_s +a’p

1Y =1,(p, s t,,(p,s). 15
m+1 O(p )[ )\2+p mo(p’)\) m (p ) ( )

Inverting the transformation to,, = w,, will give w,,. Let us carry out the
computation of u, and u; to the end. Since u, does not depend on a?, it is
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evident that it coincides with the previously found u, (see (11)). Substituting
(14) into (15) and integrating, we find

o, = 54 v, = —Szm —+/82+pro —7a271 o 4—7a271 1 1—1——52 1o
1 1m 0 S piog pog pn 0
— 2 Vs + 2 p

m=1 p

Let vo,; = W,, ~ uy;, so that to; = u,,, or formally to; = u,,; hence,

4
i=1

As is known (3),

pln (1 + i) =771 [1 — exp(—s>7)] .

Hence, and from the convolution theorem, it follows that

a?—10 [71—exp(—s?))
W14 = Ta | f Wo(x,S,T* A) dA.

Therefore, formally,

Upy = a ;1 0 / d)\/ exp /\) Wo(z, s, 7 — N)Jy(sy) sds.  (17)

But W, is the Hankel transform of order zero of u,. Using this and Weber’ s
second exponential integral (5), we obtain

Uyg = GT_I;T/ Y [ug(z,y, 7 — A)—
_/OOO o (7,7 — \) exp[—(yzj\L n?)/4] 10(2)\) ndn} . (18)

It can further be shown that W;(x,s,0) = 0. Consequently, multiplication of
wg by p corresponds to differentiation of u, with respect to 7. From (14) we see

further that multiplication of Wy by —+/p + s2 corresponds to differentiation of
u, with respect to z, while division by /p + s? corresponds to integration of u,
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with respect to x from x to infinity. Finally, multiplication of w, by s? means

applying the operator
0? n 10
9> yoy
to ug. Comparing these remarks with (16) and using (18), we obtain

oz 1[0 10 2 o [~
n= (a3 ()| 03z [ wiewniss

a2—13 Td\

Al S wlC
°° exp[—(y> + %) /4N . (yn }
- U, (1,77777_7)‘) Iy = 77d77 9 (19)
/0 0 2) 0(2,\>

which for a? = 1 coincides with (11).

A more delicate analysis shows that all the operations that led to the represen-
tation of w; in the form (19) are legitimate, so that (19) is indeed a solution of
problem (12). A direct verification of this is difficult. We do not have estimates
of the remainder terms of the asymptotic expansions obtained. However, in
the case a® = 1 and integer n < 20, the computation of u can be carried out
by the exact formula (5). Comparison of the computational results with the
computation by the asymptotic formula u =2 uy + %ul shows that, in the range
of values of the arguments for which the asymptotics gives a value of u not less
than 0.2, the error from replacing the exact solution by the asymptotic one does
not exceed 0.005 already for n = 10, if (for n = 10) 7 > 0.1.* Deterioration of
the result occurs in the region of large 22 + 32 and, at the same time, small T,
where the solution becomes close to zero. In this region, to refine the result one
has to take into account the next term of the asymptotic expansion, which we
do not write down for lack of space. From the applied point of view, taking two
terms of the asymptotic expansion into account proves to be quite sufficient.

All numerical computations connected with the present work, and their pro-
gramming on the BESM-2, were carried out by Kh. Geiman and N. A. Avdonin,
to whom we are pleased to express our gratitude.
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