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Abstract
Full Text

PHYSICS
Yu. L. KLIMONTOVICH

ON THE STATISTICAL THEORY OF HOMO-
GENEOUS ISOTROPIC TURBULENCE IN A
RELATIVISTIC PLASMA

(Presented by Academician N. N. Bogolyubov, 17 II 1962)

To characterize the microscopic state of a relativistic plasma one may use the
density functions in phase space

Jap.t)= > dq—qt)dp—pi(t)
1<i<N,
and the strengths of the microscopic fields E™) H™): here N, is the total

number of particles of species a. The equations for the funCtIOIlb N, EM H™)
have the form (1)

ON,  ON,

v ON,
ot dq

op

. <E<m> + 1[vH<m>}> =0, (1)

Cc

p=m,v/\/1—v2/c?

1 E
rot Hm = — 19 4WZ / vN,dp,  divH™ =0, (2)

1 oH™) —
rot E™) = ——— divE™) = 4wza:ea/Na dp. (3)
Considering the functions NV,, E™ H™ a5 random, we shall confine ourselves
here to an approximation in which the statistical properties are determined by
specifying the first and second moments of these random functions. Such an
approximation is, in particular, justified if the parameter ¢ = 1/nr3d < 1.

In a spatially homogeneous plasma N, = n,f,, E®™ = 0, H™ = 0, while
the second moments depend only on the coordinate difference q — q’. Here
fo = f.(p,t) are the first distribution functions.
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Introduce the functions

SN,=N,—N,, SE=E™ _Em =E™  §H=H™ -Hm = ™,

In the second-moment approximation, in the equations for dN,,dE,JH only
the linear terms may be retained. As a result, from equations (1)—(3) it follows
that the equations for the functions f,,dN,,dE,dH in a homogeneous isotropic
plasma have the form

of e, 0 1 e, 0
o %0 9 5N 6E)=—— 2P [(5NGE,), dk;
ot n, apl (5 a(s z) 871'3 n, apl /(6 a(s z)kd ) (5)
o) O0N,, of, .
5t v 9a €,Ng0E p = 0; (6)
rot H = 186—]3 + 4 E /v&N dp, divéH = 0; (7)
1 906H .
rOtaE——Ew, d1V5E:47T Ea 6a/5Na dp (8)

In equation (5)

(6N,0E,), = / ON,OE; e a9 d(q—q).

We introduce analogous notation also for other spatial spectral functions, for
example (EJE),.

As in the nonrelativistic approximation (?), the spectral functions (§N,0N,),,
(ONLONy)y, (ONOE;), iy (0E;0E;),, 1, etc., cannot be expressed in terms of the
one-particle distribution function f, for the entire spectral range. For the part
of the spectrum where the plasma is transparent, the spectral functions are
expressed in terms of the functions (5E<H)6E(”>)g), (5E<L)5E(J—>)g)

(SESE)Y = GEISEINY + SELSEL)Y, (9)
the spatial spectral functions of the electric field in the transparency region. The
index (i) indicates that in this region the radiation of plasma waves is essential.
In a homogeneous plasma, the transverse (L) and longitudinal (||) components
of the vector §E do not correlate with one another. This follows directly from
equations (6)—(8), and also from the theorems proved by A. M. Obukhov (?).
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From equations (5)—(8) we obtain a closed system of equations for the functions
for (GEDSEINY  (SEGSEL)D:

afa a a(s al(i
=5, (00 + D)

0fa | 0 1 gatst) | gati) = 1.2,3:
ot gy (AT AIDL]L g =123 (10)

i J 7

d(PEDSE)
ot -

(IhgE )W
_ Yy i, /{kggw+<kv)fa}3<>(kv,k>dp

= 871'P,§H); (11)

{(SELSEWL) + (sHSH) '}

ot
Ar)2el df, (SEHSEM);
oy O [ 5 CE 2B L ey, |
x (kv)BW (kv, k) dp = 87 P (12)

The coefficients entering these equations are determined by the expressions

kK. /k* (8,:k% — k;k.)(kv)?[kv']?
(st) 2,2 i ij i

D, = E 2 +

*J v eaebnb/ [|E(>(kv, k)2 2k*(kv)2eD)(kv, k) — c2k2|?

xd(kv —kv') f,(p’) dk dp’; (13)

kk /k* kv] k]|, (kv)?[[kv’] K],
Ai(St) _ _ZQeze%nb/ i ]/ + H V] ]z( V) [[ V] ]]
- e (kv, k)2 2k*(kv)2eb) (kv, k) — c2k2|?
/ afb /.
x (kv — kv )6p;- dk dp’; (14)
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) 2 ah (5E§\I)5E(\I))i (6E§L)6E<L))l
a(i) €a B (kv, k) i j /k (L) i j 'k
DYV =2k B (kv k)———F—
¥ 27'(( v l (kV)2 A + ( v, ) A +
e kikj Ly, 1 kiki\ o
2
ali) _ €a | ki g (kv)[[kv]k]; o) .
A; o l:sz (kv, k) + 2 B (kv, k)| ; (16)
B — sion [ Lo /) .
(w, k) = sign E (w, k)| 6(e"W(w,k)); (17)

BW(w,k) = sign [% (w2e’(w, k))} § (w2’ (w, k) — 2k?) ; (18)

here el (w, k) = €D 4 &l is the longitudinal, and e (w, k) = ¢+ + (D)
the transverse dielectric permittivity of the plasma. In (15)

) kik; i i
(6E1(H>5E]('H>)§c) _ 721(5E(H)5E(\|))5€)’ (5E§L)5E;L))5€) _

2k?

=" (SEWL§SEENL
w? +c2k:2( k

(19)

1 kik" i i
=3 <5ij - k;) GELSEW)  (GHSH) =

The coefficients D?;Sw, A?<St) refer to the region of plasma opacity. The terms

containing these coefficients describe, in equations (10), the “collisions”of charged
particles in the plasma.

The spectral functions are also expressed in terms of the functions f,,
(5E(”>5E<”>)§;), (5E(i>5E(l>)§;). Thus, for example, the space-time spectral
functions (6E;6E;),, ;, are determined by the expression

(6E,0E;),, , = (EVSEW),  + (SEVSEN),, 4, (20)

where

2,2
gED),, =3 (4m)?ean, [ 2m0(w —kv)f,
(5E oFE )w,k k2 |8(H)(w7 k)|2 dp+

a
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(5E(H>5E(H>)g>; (21)

B (w. k
+27r7(w’ )
w

47)2e2n 216 (w — kv)[kv]? f,
(1) (1) _ ( a'’a 2 a
(6E oE )w,k § : k2 w |w25(i)(w7 k) — 02k2|2

a

dp+

+2rwB™ (w, k) (SELSEL) Y (22)

are the spectral functions of the longitudinal and transverse components of the
vector 0E.

For the region of opacity, the results obtained here coincide with the results of
the author’ s work with V. P. Silin (). For states close to equilibrium, equations
(10) coincide with those obtained in the author’s work (). In the nonrelativistic
case the equations obtained reduce to the equations of work (2).

In the equilibrium case, equations (10)—(12) have the solution: f, are Maxwell
distributions,

(sEWSEWY) = 4y T, (SEWSEMD)E = 8ruT. (23)

The expressions for the functions ((5E£”>(5EJ(-”>)W€, ((SEZ(L)(SE](-L))OJ,,c in the equi-
librium case coincide with those given in the book (°).

If the plasma is in a vacuum, then the right-hand side of equation (12) vanishes,
since w?e(w, k) — c?k? # 0 for w = kv. This means that, in the region of
transparency, transverse waves do not interact with the charged particles of
the plasma. However, such an interaction takes place if the plasma is in some
retarding system. Then plasma transverse waves are possible whose propagation
velocity is less than the speed of light in vacuum. Transverse waves also interact
with charged particles in the presence of an external magnetic field.

Starting from equations (5)—(8), let us write the expressions of the conservation
laws for the case under consideration of a homogeneous and isotropic plasma.
The conservation laws for the total particle-number density and the momentum
density have the form:

Z n, = const, Zna / pf,dp =0. (24)

In deriving the momentum conservation law it has been taken into account that,
in a homogeneous isotropic plasma, dp JE = 0, i.e. the correlation of a vector
and a scalar is equal to zero.
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Taking into account that in the case under consideration the correlation of the
electric- and magnetic-field intensities is equal to zero, we can write the law of
energy conservation in the form

2
;{;na/;%fa dp + % [0ESE + (5H6H)k]} =0. (25)

If one takes into account that

(OEJE) =

1
(27T)4/[(5E(H>5E(H>)w,k+(5E(L)5E(L)>w7k] dw dk,

then from formulas (20)—(22) it follows that the energy in a homogeneous and
isotropic plasma can be expressed in terms of the functions f,, (5E<“)5E(“))§§H),
(BELSEL)I.

It should be emphasized that the equations given here are valid when it is
possible to restrict oneself to taking into account only two roots of each of the
equations &’M(w,, k) = 0, /W (w,, k) — c?k? = 0. Otherwise the number of
equations increases.

Above it was assumed that wi ~ w?, but writing the formulas for the more
general case presents no difficulties.

A detailed derivation of the equations presented here is given in the author’ s
dissertation®.

I take this opportunity to express my gratitude to V. P. Silin for discussion of
the questions considered here.

Moscow State University
named after M. V. Lomonosov

Received
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Note: Figure translations are in progress. See original paper for figures.
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