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Abstract
Full Text
PHYSICS

Yu. L. KLIMONTOVICH

ON THE STATISTICAL THEORY OF HOMO-
GENEOUS ISOTROPIC TURBULENCE IN A
RELATIVISTIC PLASMA
(Presented by Academician N. N. Bogolyubov, 17 II 1962)

To characterize the microscopic state of a relativistic plasma one may use the
density functions in phase space

𝑁𝑎(q, p, 𝑡) = ∑
1<𝑖<𝑁𝑎

𝛿(q − q𝑖(𝑡)) 𝛿(p − p𝑖(𝑡))

and the strengths of the microscopic fields E(m), H(m); here 𝑁𝑎 is the total
number of particles of species 𝑎. The equations for the functions 𝑁𝑎, E(m), H(m)

have the form (1)

𝜕𝑁𝑎
𝜕𝑡 + v𝜕𝑁𝑎

𝜕q + 𝑒𝑎 (E(m) + 1
𝑐 [vH(m)]) 𝜕𝑁𝑎

𝜕p = 0, (1)

p = 𝑚𝑎v/√1 − 𝑣2/𝑐2;

rot H(m) = −1
𝑐

𝜕E(m)

𝜕𝑡 + 4𝜋 ∑
𝑎

𝑒𝑎 ∫ v𝑁𝑎 𝑑p, div H(m) = 0; (2)

rot E(m) = −1
𝑐

𝜕H(m)

𝜕𝑡 , div E(m) = 4𝜋 ∑
𝑎

𝑒𝑎 ∫ 𝑁𝑎 𝑑p. (3)

Considering the functions 𝑁𝑎, E(m), H(m) as random, we shall confine ourselves
here to an approximation in which the statistical properties are determined by
specifying the first and second moments of these random functions. Such an
approximation is, in particular, justified if the parameter 𝜀 = 1/𝑛𝑟3𝑑 ≪ 1.

In a spatially homogeneous plasma 𝑁𝑎 = 𝑛𝑎𝑓𝑎, E(m) = 0, H(m) = 0, while
the second moments depend only on the coordinate difference q − q′. Here
𝑓𝑎 = 𝑓𝑎(p, 𝑡) are the first distribution functions.
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Introduce the functions

𝛿𝑁𝑎 = 𝑁𝑎 −𝑁𝑎, 𝛿E = E(m) −E(m) = E(m), 𝛿H = H(m) −H(m) = H(m).
(4)

In the second-moment approximation, in the equations for 𝛿𝑁𝑎, 𝛿E, 𝛿H only
the linear terms may be retained. As a result, from equations (1)—(3) it follows
that the equations for the functions 𝑓𝑎, 𝛿𝑁𝑎, 𝛿E, 𝛿H in a homogeneous isotropic
plasma have the form

𝜕𝑓𝑎
𝜕𝑡 = − 𝑒𝑎

𝑛𝑎

𝜕
𝜕𝑝𝑖

(𝛿𝑁𝑎𝛿𝐸𝑖) = − 1
8𝜋3

𝑒𝑎
𝑛𝑎

𝜕
𝜕𝑝𝑖

∫(𝛿𝑁𝑎𝛿𝐸𝑖)𝑘 𝑑k; (5)

𝜕𝛿𝑁𝑎
𝜕𝑡 + v𝜕𝛿𝑁𝑎

𝜕q + 𝑒𝑎𝑛𝑎𝛿E 𝜕𝑓𝑎
𝜕p = 0; (6)

rot 𝛿H = 1
𝑐

𝜕𝛿E
𝜕𝑡 + 4𝜋 ∑

𝑎
𝑒𝑎 ∫ v 𝛿𝑁𝑎 𝑑p, div 𝛿H = 0; (7)

rot 𝛿E = −1
𝑐

𝜕𝛿H
𝜕𝑡 , div 𝛿E = 4𝜋 ∑

𝑎
𝑒𝑎 ∫ 𝛿𝑁𝑎 𝑑p. (8)

In equation (5)

(𝛿𝑁𝑎𝛿𝐸𝑖)𝑘 = ∫ 𝛿𝑁𝑎𝛿𝐸𝑖 𝑒−𝑖k(q−q′) 𝑑(q − q′).

We introduce analogous notation also for other spatial spectral functions, for
example (𝛿E𝛿E)𝑘.

As in the nonrelativistic approximation (2), the spectral functions (𝛿𝑁𝑎𝛿𝑁𝑏)𝜔,𝑘,
(𝛿𝑁𝑎𝛿𝑁𝑏)𝑘, (𝛿𝑁𝑎𝛿𝐸𝑖)𝜔,𝑘, (𝛿𝐸𝑖𝛿𝐸𝑖)𝜔,𝑘, etc., cannot be expressed in terms of the
one-particle distribution function 𝑓𝑎 for the entire spectral range. For the part
of the spectrum where the plasma is transparent, the spectral functions are
expressed in terms of the functions (𝛿E(∥)𝛿E(∥))(i)

𝑘 , (𝛿E(⟂)𝛿E(⟂))(i)
𝑘 :

(𝛿E𝛿E)(i)
𝑘 = (𝛿E(∥)𝛿E(∥))(i)

𝑘 + (𝛿E(⟂)𝛿E(⟂))(i)
𝑘 , (9)

the spatial spectral functions of the electric field in the transparency region. The
index (i) indicates that in this region the radiation of plasma waves is essential.
In a homogeneous plasma, the transverse (⟂) and longitudinal (∥) components
of the vector 𝛿E do not correlate with one another. This follows directly from
equations (6)—(8), and also from the theorems proved by A. M. Obukhov (3).
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From equations (5)—(8) we obtain a closed system of equations for the functions
𝑓𝑎, (𝛿E(∥)𝛿E(∥))(i)

𝑘 , (𝛿E(⟂)𝛿E(⟂))(i)
𝑘 :

𝜕𝑓𝑎
𝜕𝑡 = 𝜕

𝜕𝑝𝑖
(𝐷𝑎(st)

𝑖𝑗 + 𝐷𝑎(i)
𝑖𝑗 ) 𝜕𝑓𝑎

𝜕𝑝𝑗
+ 𝜕

𝜕𝑝𝑖
[(𝐴𝑎(st)

𝑖 + 𝐴𝑎(i)
𝑖 )𝑓𝑎] , 𝑖, 𝑗 = 1, 2, 3; (10)

𝜕(𝛿E(∥)𝛿E(∥))i
𝑘

𝜕𝑡 =

= 𝜋 ∑
𝑎

(4𝜋)2𝑒2
𝑎𝑛𝑎

𝑘2 ∫ {k𝜕𝑓𝑎
𝜕p

(𝛿E(∥)𝛿E(∥))(i)
𝑘

4𝜋 + (kv)𝑓𝑎} 𝐵(∥)(kv, k) 𝑑p =

= 8𝜋𝑃 (∥)
𝑘 ; (11)

𝜕{(𝛿E(⟂)𝛿E(⟂))i
𝑘 + (𝛿H𝛿H)(i)

𝑘 }
𝜕𝑡 =

= 𝜋 ∑
𝑎

(4𝜋)2𝑒2
𝑎𝑛𝑎

𝑘2 ∫ {[[kv] k]𝑖
𝜕𝑓𝑎
𝜕𝑝𝑖

(𝛿E(⟂)𝛿E(⟂))i
𝑘

8𝜋 + [kv]2𝑓𝑎} ×

×(kv)𝐵(⟂)(kv, k) 𝑑p = 8𝜋𝑃 (⟂)
𝑘 . (12)

The coefficients entering these equations are determined by the expressions

𝐷𝑎(st)
𝑖𝑗 = ∑

𝑏
2𝑒2

𝑎𝑒2
𝑏𝑛𝑏 ∫ [ 𝑘𝑖𝑘𝑗/𝑘4

|𝜀(∥)(kv, k)|2 + (𝛿𝑖𝑗𝑘2 − 𝑘𝑖𝑘𝑗)(kv)2[kv′]2
2𝑘4|(kv)2𝜀(⟂)(kv, k) − 𝑐2𝑘2|2 ] ×

×𝛿(kv − kv′)𝑓𝑏(p′) 𝑑k 𝑑p′; (13)

𝐴𝑎(st)
𝑖 = − ∑

𝑏
2𝑒2

𝑎𝑒2
𝑏𝑛𝑏 ∫ [ 𝑘𝑖𝑘𝑗/𝑘4

|𝜀(∥)(kv, k)|2 + [[kv] k]𝑖(kv)2[[kv′] k]𝑗
2𝑘4|(kv)2𝜀(⟂)(kv, k) − 𝑐2𝑘2|2 ] ×

×𝛿(kv − kv′)𝜕𝑓𝑏
𝜕𝑝′

𝑗
𝑑k 𝑑p′; (14)
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𝐷𝑎(i)
𝑖𝑗 = 𝑒2

𝑎
2𝜋 (kv) [𝐵(∥)(kv, k)

(kv)2
(𝛿𝐸(∥)

𝑖 𝛿𝐸(∥)
𝑗 )i

𝑘
4𝜋 + 𝐵(⟂)(kv, k)

(𝛿𝐸(⟂)
𝑖 𝛿𝐸(⟂)

𝑗 )i
𝑘

4𝜋 ] +

+ 𝑒2
𝑎

2𝜋2𝜔2
𝐿

∫ [𝑘𝑖𝑘𝑗
𝑘2 𝑃 (∥)

𝑘 + 1
𝑧 (𝛿𝑖𝑗 − 𝑘𝑖𝑘𝑗

𝑘2 ) 𝑃 (⟂)
𝑘 ] 𝑑k; (15)

𝐴𝑎(i)
𝑖 = 𝑒2

𝑎
2𝜋 [ 𝑘𝑖

𝑘2 𝐵(∥)(kv, k) + (kv)[[kv] k]𝑖
𝑘2 𝐵(⟂)(kv, k)] ; (16)

𝐵(∥)(𝜔, k) = sign [ 𝜕
𝜕𝜔𝜀′(∥)(𝜔, 𝑘)] 𝛿(𝜀′(∥)(𝜔, 𝑘)) ; (17)

𝐵(⟂)(𝜔, k) = sign [ 𝜕
𝜕𝜔 (𝜔2𝜀′(⟂)(𝜔, 𝑘))] 𝛿(𝜔2𝜀′(⟂)(𝜔, 𝑘) − 𝑐2𝑘2) ; (18)

here 𝜀(∥)(𝜔, k) = 𝜀′(∥) + 𝜀′′(∥) is the longitudinal, and 𝜀(⟂)(𝜔, k) = 𝜀′(⟂) + 𝜀′′(⟂)

the transverse dielectric permittivity of the plasma. In (15)

(𝛿𝐸(∥)
𝑖 𝛿𝐸(∥)

𝑗 )(i)
𝑘 = 𝑘𝑖𝑘𝑗

𝑘2 (𝛿𝐸(∥)𝛿𝐸(∥))(i)
𝑘 , (𝛿𝐸(⟂)

𝑖 𝛿𝐸(⟂)
𝑗 )(i)

𝑘 =

= 1
2 (𝛿𝑖𝑗 − 𝑘𝑖𝑘𝑗

𝑘2 ) (𝛿𝐸(⟂)𝛿𝐸(⟂))(i)
𝑘 , (𝛿𝐻𝛿𝐻)(i)

𝑘 = 𝑐2𝑘2

𝜔2
𝐿 + 𝑐2𝑘2 (𝛿𝐸(⟂)𝛿𝐸(⟂))i

𝑘.
(19)

The coefficients 𝐷𝑎(st)
𝑖𝑗 , 𝐴𝑎(st)

𝑖 refer to the region of plasma opacity. The terms
containing these coefficients describe, in equations (10), the“collisions”of charged
particles in the plasma.

The spectral functions are also expressed in terms of the functions 𝑓𝑎,
(𝛿𝐸(∥)𝛿𝐸(∥))(i)

𝑘 , (𝛿𝐸(⟂)𝛿𝐸(⟂))(i)
𝑘 . Thus, for example, the space-time spectral

functions (𝛿𝐸𝑖𝛿𝐸𝑗)𝜔,𝑘 are determined by the expression

(𝛿𝐸𝑖𝛿𝐸𝑗)𝜔,𝑘 = (𝛿𝐸(∥)
𝑖 𝛿𝐸(∥)

𝑗 )𝜔,𝑘 + (𝛿𝐸(⟂)
𝑖 𝛿𝐸(⟂)

𝑗 )𝜔,𝑘, (20)

where

(𝛿𝐸(∥)𝛿𝐸(∥))𝜔,𝑘 = ∑
𝑎

(4𝜋)2𝑒2
𝑎𝑛𝑎

𝑘2 ∫ 2𝜋𝛿(𝜔 − kv)𝑓𝑎
|𝜀(∥)(𝜔, k)|2 𝑑p+
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+2𝜋 𝐵(∥)(𝜔, k)
𝜔 (𝛿𝐸(∥)𝛿𝐸(∥))(i)

𝑘 ; (21)

(𝛿𝐸(⟂)𝛿𝐸(⟂))𝜔,𝑘 = ∑
𝑎

(4𝜋)2𝑒2
𝑎𝑛𝑎

𝑘2 𝜔2 ∫ 2𝜋𝛿(𝜔 − kv)[kv]2𝑓𝑎
|𝜔2𝜀(⟂)(𝜔, k) − 𝑐2𝑘2|2 𝑑p+

+2𝜋𝜔𝐵(⟂)(𝜔, k)(𝛿𝐸(⟂)𝛿𝐸(⟂))(i)
𝑘 (22)

are the spectral functions of the longitudinal and transverse components of the
vector 𝛿E.

For the region of opacity, the results obtained here coincide with the results of
the author’s work with V. P. Silin (4). For states close to equilibrium, equations
(10) coincide with those obtained in the author’s work (1). In the nonrelativistic
case the equations obtained reduce to the equations of work (2).
In the equilibrium case, equations (10)—(12) have the solution: 𝑓𝑎 are Maxwell
distributions,

(𝛿𝐸(∥)𝛿𝐸(∥))i
𝑘 = 4𝜋𝜘𝑇 ; (𝛿𝐸(⟂)𝛿𝐸(⟂))i

𝑘 = 8𝜋𝜘𝑇 . (23)

The expressions for the functions (𝛿𝐸(∥)
𝑖 𝛿𝐸(∥)

𝑗 )𝜔,𝑘, (𝛿𝐸(⟂)
𝑖 𝛿𝐸(⟂)

𝑗 )𝜔,𝑘 in the equi-
librium case coincide with those given in the book (5).
If the plasma is in a vacuum, then the right-hand side of equation (12) vanishes,
since 𝜔2𝜀(⟂)(𝜔, k) − 𝑐2𝑘2 ≠ 0 for 𝜔 = kv. This means that, in the region of
transparency, transverse waves do not interact with the charged particles of
the plasma. However, such an interaction takes place if the plasma is in some
retarding system. Then plasma transverse waves are possible whose propagation
velocity is less than the speed of light in vacuum. Transverse waves also interact
with charged particles in the presence of an external magnetic field.

Starting from equations (5)—(8), let us write the expressions of the conservation
laws for the case under consideration of a homogeneous and isotropic plasma.
The conservation laws for the total particle-number density and the momentum
density have the form:

∑
𝑎

𝑛𝑎 = const, ∑
𝑎

𝑛𝑎 ∫ p𝑓𝑎 𝑑p = 0. (24)

In deriving the momentum conservation law it has been taken into account that,
in a homogeneous isotropic plasma, 𝛿𝜌 𝛿E = 0, i.e. the correlation of a vector
and a scalar is equal to zero.
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Taking into account that in the case under consideration the correlation of the
electric- and magnetic-field intensities is equal to zero, we can write the law of
energy conservation in the form

𝜕
𝜕𝑡 {∑

𝑎
𝑛𝑎 ∫ 𝑝2

2𝑚𝑎
𝑓𝑎 𝑑𝑝 + 1

8𝜋 [𝛿𝐸 𝛿𝐸 + (𝛿𝐻𝛿𝐻)𝑘]} = 0. (25)

If one takes into account that

(𝛿𝐸 𝛿𝐸) = 1
(2𝜋)4 ∫ [(𝛿𝐸(∥)𝛿𝐸(∥))𝜔,𝑘 + (𝛿𝐸(⟂)𝛿𝐸(⟂))𝜔,𝑘] 𝑑𝜔 𝑑𝑘,

then from formulas (20)—(22) it follows that the energy in a homogeneous and
isotropic plasma can be expressed in terms of the functions 𝑓𝑎, (𝛿𝐸(∥)𝛿𝐸(∥))(II)

𝑘 ,
(𝛿𝐸(⟂)𝛿𝐸(⟂))(II)

𝑘 .

It should be emphasized that the equations given here are valid when it is
possible to restrict oneself to taking into account only two roots of each of the
equations 𝜀′(∥)(𝜔𝑘, 𝑘) = 0, 𝜀′(⟂)(𝜔𝑘, 𝑘) − 𝑐2𝑘2 = 0. Otherwise the number of
equations increases.

Above it was assumed that 𝜔2
𝑘 ∼ 𝜔2

𝐿, but writing the formulas for the more
general case presents no difficulties.

A detailed derivation of the equations presented here is given in the author’s
dissertation6.

I take this opportunity to express my gratitude to V. P. Silin for discussion of
the questions considered here.

Moscow State University
named after M. V. Lomonosov

Received
15 II 1962
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