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Abstract
Full Text
Mathematics

A. E. ZOLOTAREV

ON THE UNIQUENESS OF GENERALIZED 𝐿2
SOLUTIONS OF THE SIMPLEST PROBLEMS
OF MATHEMATICAL PHYSICS
(Presented by Academician I. G. Petrovsky on 19 XII 1961)

Consider three simplest problems of mathematical physics:

1. The mixed problem for the wave equation

Δ𝑢 − 𝑢𝑡𝑡 = 𝑓(𝑥, 𝑡) in the cylinder Ω𝑙 = 𝑔 × [0 ≤ 𝑡 ≤ 𝑙]; (1)

𝑢(𝑥, 0) = 𝜑(𝑥); 𝑢𝑡(𝑥, 0) = 𝜓(𝑥); 𝑢∣𝑥∈Γ = 0.

2. The mixed problem for the heat-conduction equation

Δ𝑢 − 𝑢𝑡 = 𝑓(𝑥, 𝑡) in the cylinder Ω𝑙 = 𝑔 × [0 ≤ 𝑡 ≤ 𝑙]; (2)

𝑢(𝑥, 0) = 𝜑(𝑥); 𝑢∣𝑥∈Γ = 0.

3. The Dirichlet problem for the Poisson equation

Δ𝑢 = 𝑓(𝑥) in the domain 𝑔,

𝑢∣𝑥∈Γ = 𝜑. (3)

Here 𝑔 is an arbitrary 𝑁 -dimensional domain bounded by the surface Γ.
The aim of the present work is to prove the fact that each of problems 1, 2, and
3 can have only one generalized 𝐿2 solution for a completely arbitrary bounded
domain 𝑔.
Until now the uniqueness theorem for a generalized 𝐿2 solution of problems 1, 2,
and 3 had been proved only for the case when the domain 𝑔 has a twice contin-
uously differentiable boundary (see (1−3)). Such a requirement of smoothness is
all the more unnatural because the existence theorems for solutions of problems
1, 2, and 3 are proved for any bounded connected domain.

In view of the brevity of this article, we shall carry out the further arguments
for the mixed problem for the wave equation (1); in doing so, we make essential
use of the method proposed in (4,5).
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Definition. A generalized 𝐿2 solution of the mixed problem 1 is a function
𝑢(𝑥, 𝑡) that belongs to 𝐿2(Ω𝑙) and satisfies the integral identity

∫
𝑔

∫
𝑙

0
{𝑢[Φ0𝑡𝑡 − ΔΦ0] − 𝑓Φ0} 𝑑𝑥 𝑑𝑡 + ∫

𝑔
[𝜑 𝜕Φ0(𝑥, 0)

𝜕𝑡 − 𝜓Φ0(𝑥, 0)] 𝑑𝑥 = 0 (4)

for any function *

Φ0(𝑥, 𝑡) ∈
0
𝐷2(Ω𝑙) ∩ 𝑊 (2)

2 (Ω𝑙). (5)

Theorem. For an arbitrary bounded connected domain there can exist only
one generalized 𝐿2 solution of the mixed problem 1.

1∘. Suppose that there exist two generalized 𝐿2 solutions 𝑢1 and 𝑢2 of problem
1. Then the difference of these two solutions 𝑢(𝑥, 𝑡) will satisfy the identity

∫
𝑔

∫
𝑙

0
𝑢 [ΔΦ0 − Φ0𝑡𝑡] 𝑑𝑥 𝑑𝑡 = 0. (4*)

* For the definition of the indicated classes see, for example, (6), p. 39.
and will be a generalized solution from 𝐿2 of the problem

Δ𝑢 − 𝑢𝑡𝑡 = 0 in the cylinder Ω𝑙; (1*)

𝑢(𝑥, 0) = 0; 𝑢𝑡(𝑥, 0) = 0; 𝑢|Γ = 0.

First of all we shall prove the following

Auxiliary assertion. If 𝑢(𝑥, 𝑡) satisfies (4∗) for a function Φ0(𝑥, 𝑡) of class (5),
then 𝑢(𝑥, 𝑡) must also satisfy (4∗) for functions Φ(𝑥, 𝑡) of the form

Φ(𝑥, 𝑡) = 𝑣(𝑥) ⋅ 𝜔(𝑡), (5*)

where 𝑣(𝑥) is one of the generalized* eigenfunctions of the problem

Δ𝑢 + 𝜆𝑢 = 0 in the domain 𝑔;

𝑢|Γ = 0,

and 𝜔(𝑡) is a function twice continuously differentiable on the entire infinite line,
equal to zero for 𝑡 ≥ 𝑡0, where 𝑡0 < 𝑙.
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This function belongs to the class Φ(𝑥, 𝑡) ∈
∘
𝐷2(Ω𝑙) ∩ 𝑊 (2)

2 (Ω′
𝑙), where Ω′

𝑙 =
𝑔′ × [0 ≤ 𝑡 ≤ 𝑙] and 𝑔′ is a strictly interior subdomain of the domain 𝑔 (*);
moreover,

|ΔΦ − Φ𝑡𝑡| = −𝑣(𝑥)[𝜔″(𝑡) + 𝜆𝜔(𝑡)] ∈ 𝐿2(Ω𝑙),

therefore the integral appearing on the left-hand side of (4∗) exists.

Approximate the domain 𝑔 by a sequence of domains 𝑔𝑚 with boundaries Γ𝑚 ∈
𝐴(2,𝜇) such that all (𝑔𝑚 + Γ𝑚) ⊂ 𝑔, and, whatever the closed set 𝑔′ ⊂ 𝑔, all
domains 𝑔𝑚 ⊃ 𝑔′, starting with some number 𝑚.

To prove (4∗) it is enough to show that

lim
𝑚→∞

∫
𝑔𝑚

∫
𝑙

0
𝑢[ΔΦ − Φ𝑡𝑡] 𝑑𝑥 𝑑𝑡 = 0, (6)

i.e. it is enough to prove that for every 𝜀 > 0 there is such an 𝑚(𝜀) that

∣∫
𝑔𝑚

∫
𝑙

0
𝑢[ΔΦ − Φ𝑡𝑡] 𝑑𝑥 𝑑𝑡∣ < 𝜀 for 𝑚 ≥ 𝑚(𝜀).

In the domain (𝑔𝑚 + Γ𝑚) consider the following Dirichlet problem:

Δ𝑣𝑚 = −𝜆𝑣 in the domain 𝑔𝑚;

𝑣𝑚|Γ𝑚
= 0.

Let 𝑣𝑚 be the generalized solution of this problem.

Next, consider the function 𝑤𝑚 = 𝑣 − 𝑣𝑚, which is a generalized solution of the
problem

Δ𝑤𝑚 = 0 in the domain 𝑔𝑚;

(𝑤𝑚 − 𝑣) ∈
∘
𝐷(𝑔𝑚), (7)

and show that

‖𝑤𝑚‖𝑊 (1)
2 (𝑔𝑚+Γ𝑚) = ‖𝑣 − 𝑣𝑚‖𝑊 (1)

2 (𝑔𝑚+Γ𝑚) < 𝜀1, where 𝜀1 → 0 as 𝑚 → ∞. (8)
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The eigenfunction 𝑣 ∈
∘
𝐷(𝑔), therefore there exists a sequence {𝜒𝑞} of functions

continuously differentiable in 𝑔 and vanishing in the boundary strip of the do-
main 𝑔, converging in the norm 𝑊 (1)

2 (𝑔) to 𝑣, i.e. for any 𝜀2 > 0 there is such a
𝑞(𝜀2) that for 𝜑0 = 𝑣 − 𝜒𝑞

‖𝜑0‖𝑊 (1)
2 (𝑔) = ‖𝑣 − 𝜒‖𝑊 (1)

2 (𝑔) < 𝜀2. (9)

* For the definition of generalized eigenfunctions see (6), p. 44.

From the convergence of 𝑔𝑚 to 𝑔 it follows that, for 𝑚 ≥ 𝑀(𝜀2), 𝜒𝑞 ∈
∘
𝐷(𝑔𝑚);

hence, for 𝑚 ≥ 𝑀(𝜀2), problem (7) has become equivalent to the problem

Δ𝑤𝑚 = 0 in the domain 𝑔𝑚; (7*)

𝑤𝑚 − 𝜑0 ∈
∘
𝐷(𝑔𝑚).

Since 𝜑0 is an admissible function for problem (7∗), the solution of problem (7),
or (7∗), 𝑤𝑚 = 𝑣 − 𝑣𝑚, by the definition of a generalized solution, satisfies the
inequalities

𝐸𝑔𝑚
(𝑤𝑚) ≤ 𝐸𝑔𝑚

(𝜑0) ≤ 𝐸𝑔(𝜑0) ≤ const ‖𝜑0‖𝑊 (1)
2 (𝑔),

where

𝐸𝑔0
(𝑧) = ∫

𝑔0

[
𝑁

∑
𝑖,𝑗=1

𝜕𝑧
𝜕𝑥𝑖

𝜕𝑧
𝜕𝑥𝑗

] 𝑑𝑥.

Thus, from (9) it follows that

‖𝜔‖𝑊 (1)
2 (𝑔𝑚+Γ𝑚) < 𝜀1.

Introduce the notation Φ𝑚 = 𝑣𝑚(𝑥)𝜔(𝑡) and note that, in order to prove (6), it
is sufficient that for any 𝜀3 > 0 there exist a number 𝑚(𝜀3) such that

∣∫
𝑔𝑚

∫
𝑙

0
𝑢 [ΔΦ𝑚 − (Φ𝑚)𝑡𝑡] 𝑑𝑥 𝑑𝑡∣ < 𝜀3 for 𝑚 ≥ 𝑚(𝜀3), (10)

since, on the basis of (8),
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|[ΔΦ − Φ𝑡𝑡] − [ΔΦ𝑚 − (Φ𝑚)𝑡𝑡]| < const ⋅𝜀1.

The function 𝑣𝑚 ∈
∘
𝐷(𝑔𝑚) ∩ 𝑊 (2)

2 (𝑔𝑚); therefore there exists a sequence { ̃𝑣𝑝}
of functions twice continuously differentiable inside 𝑔𝑚 and equal to zero in a
boundary strip, converging in the norm 𝑊 (2)

2 (𝑔𝑚) to 𝑣𝑚. Extend the functions
by zero to the domain 𝑔 − 𝑔𝑚. To prove (10) it is sufficient to show that

∣∫
𝑔𝑚

∫
𝑙

0
𝑢 [ΔΦ̃𝑝 − (Φ̃𝑝)𝑡𝑡] 𝑑𝑥 𝑑𝑡∣ < 𝜀4, where 𝜀4 → 0 as 𝑝 → ∞, Φ̃𝑝 = ̃𝑣𝑝𝜔.

But ̃𝑣𝑝 ∈ 𝑊 (2)
2 (𝑔), and consequently Φ̃𝑝 also belongs to class (5), and integral

(11) is simply equal to zero.

Thus we have fully proved the auxiliary assertion formulated above.

2∘. Relying on the proved auxiliary assertion, it is easy to show that 𝑢(𝑥, 𝑡) = 0
almost everywhere in the cylinder Ω𝑙. For this one must repeat the arguments
contained, for example, in article (4) on pp. 120 and 121.

Remark 1. Analogous theorems are valid for problems 2 and 3.

Remark 2. The obtained results and the proposed method carry over, without
any changes, to the case when in problems 1, 2, and 3, instead of the operator
Δ𝑢, one takes an arbitrary self-adjoint elliptic operator

𝐿𝑢 =
𝑁

∑
𝑖,𝑗=1

𝜕
𝜕𝑥𝑖

(𝑎𝑖𝑗(𝑥) 𝜕𝑢
𝜕𝑥𝑗

) + 𝑐(𝑥)𝑢,

whose coefficients ensure that the generalized eigenfunctions of the problem

𝐿𝑢 + 𝜆𝑢 = 0 in the domain 𝑔;

𝑢|Γ = 0

belong to the class 𝑊 (2)
2 in an arbitrary strictly interior subdomain 𝑔′ of the

domain 𝑔.
The author expresses sincere gratitude to Prof. V. A. Il’in for proposing the
topic and for his direct supervision.
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