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Mathematics

A. E. ZOLOTAREV

ON THE UNIQUENESS OF GENERALIZED L,
SOLUTIONS OF THE SIMPLEST PROBLEMS
OF MATHEMATICAL PHYSICS

(Presented by Academician I. G. Petrovsky on 19 XII 1961)
Consider three simplest problems of mathematical physics:

1. The mixed problem for the wave equation

Au—uy = f(x,t) in the cylinder @, =g x [0 <t <]; (1)
w@,0) = p@);  w(e,0) =P ul_ =0,
2. The mixed problem for the heat-conduction equation
Au—u, = f(x,t) in the cylinder , =g x [0 <t < ]; (2)
u(z,0) = p(z); u|xer =0.
3. The Dirichlet problem for the Poisson equation
Au = f(z) in the domain g,
u’wer = . (3)

Here g is an arbitrary N-dimensional domain bounded by the surface T'.

The aim of the present work is to prove the fact that each of problems 1, 2, and
3 can have only one generalized L, solution for a completely arbitrary bounded
domain g.

Until now the uniqueness theorem for a generalized L, solution of problems 1, 2,
and 3 had been proved only for the case when the domain g has a twice contin-
uously differentiable boundary (see (173)). Such a requirement of smoothness is
all the more unnatural because the existence theorems for solutions of problems
1, 2, and 3 are proved for any bounded connected domain.

In view of the brevity of this article, we shall carry out the further arguments
for the mixed problem for the wave equation (1); in doing so, we make essential
use of the method proposed in (4?).
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Definition. A generalized L, solution of the mixed problem 1 is a function
u(z,t) that belongs to Ly(€;) and satisfies the integral identity

l
l/o {u[@oy — ADy] — [Py} d dtJr/[gDa(I)oa(tx’()) —YpPy(z,0)|de =0 (4)

g

for any function *

Bo(a 1) € Dy() N W), (5)

Theorem. For an arbitrary bounded connected domain there can exist only
one generalized L, solution of the mixed problem 1.

1°. Suppose that there exist two generalized L, solutions u; and wuy of problem
1. Then the difference of these two solutions u(x,t) will satisfy the identity

l
// u[AP, — @] dxdt = 0. (4%)
g 70

* For the definition of the indicated classes see, for example, (%), p. 39.

and will be a generalized solution from L, of the problem

Au—uy =0 in the cylinder ; (1%)

u(z,0) = 0; uy(x,0) = 0; ulp = 0.

First of all we shall prove the following

Auxiliary assertion. If u(x,t) satisfies (4*) for a function ®(x,t) of class (5),
then u(x,t) must also satisfy (4*) for functions ®(x,t) of the form

O(x,t) =v(z) - w(t), (5%)

where v(z) is one of the generalized* eigenfunctions of the problem
Au+ Au =0 in the domain g;

u|F = Oa

and w(t) is a function twice continuously differentiable on the entire infinite line,
equal to zero for t > ¢, where t; <.
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This function belongs to the class ®(z,t) € 1032((21) N WQ(Q)(QZ), where Q] =
g x[0 <t <l and ¢ is a strictly interior subdomain of the domain g (*);
moreover,

[AD — By | = —v(@)[w" (1) + Aw(t)] € Ly(),

therefore the integral appearing on the left-hand side of (4*) exists.

Approximate the domain g by a sequence of domains g,,, with boundaries I',,, €
A1) such that all (g,, +T,,) C g, and, whatever the closed set g’ C g, all
domains g,, D ¢’, starting with some number m.

To prove (4*) it is enough to show that

l
lim / / W[AD — ] dz dt = 0, (6)

i.e. it is enough to prove that for every € > 0 there is such an m(e) that

/

9Im

!
/ u[A® — @, ]dxdt| <e for m > m(e).
0

In the domain (g,, +T,,,) consider the following Dirichlet problem:

Avm = —Mv in the domain 9ms

vm'l"m =0.

Let v,,, be the generalized solution of this problem.

Next, consider the function w,, = v —wv,,, which is a generalized solution of the
problem

Aw,, =0 in the domain g,,;

(wy, —v) € D(g,), (7)

and show that

[lw v <&, wheree; —0asm— oco. (8)

m||Wé“(gm+Fm) =lv— UWHWS%ngm)
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The eigenfunction v € D(g), therefore there exists a sequence {x,} of functions
continuously differentiable in ¢ and vanishing in the boundary strip of the do-
main g, converging in the norm Wél)(g) to v, i.e. for any €, > 0 there is such a
q(e) that for vy =v—x,

H‘PO”VV;U@) = [v— X”W;U(g) < é&y. 9)

* For the definition of generalized eigenfunctions see (6), p. 44.

From the convergence of g,, to g it follows that, for m > M(ey), x, € D(g,,);
hence, for m > M (e,), problem (7) has become equivalent to the problem

Aw,, =0 in the domain g,,,; (7*)

W, — P € D(gm)

Since ¢, is an admissible function for problem (7*), the solution of problem (7),
or (7), w,, = v —wv,,, by the definition of a generalized solution, satisfies the
inequalities

Egm (wm) < Egm (SOO) < Eg(SDO) < const ||<P0||W§1>(g)7

where

B, = [

90

N
[ 68] i

=19 9L

Thus, from (9) it follows that

||w”W§”(9m+Fm) < e

Introduce the notation ®,, = v,,(x)w(t) and note that, in order to prove (6), it
is sufficient that for any €5 > 0 there exist a number m(e3) such that

/

Im

!
/ u[AD,, — (P,,)] dzdt| <e; for m > mley), (10)
0

since, on the basis of (8),
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[A® — @] — [AD,, — (P,,,) ]| < comst -&;.

The function v,, € D(g,,) N W2(2>(gm); therefore there exists a sequence {7}
of functions twice continuously differentiable inside g,, and equal to zero in a
boundary strip, converging in the norm W2<2) (9,,) to v,,. Extend the functions
by zero to the domain g — g,,,. To prove (10) it is sufficient to show that

1
//u[A’ép—(gp)tt]dxdt <ey, whereeg, >0asp—o0, @ =0 w.
g 0

But %, € V(/’2(2>(g)7 and consequently ’<Iv>p also belongs to class (5), and integral
(11) is simply equal to zero.

Thus we have fully proved the auxiliary assertion formulated above.

2°. Relying on the proved auxiliary assertion, it is easy to show that u(x,t) =0
almost everywhere in the cylinder €2;. For this one must repeat the arguments
contained, for example, in article (*) on pp. 120 and 121.

Remark 1. Analogous theorems are valid for problems 2 and 3.

Remark 2. The obtained results and the proposed method carry over, without
any changes, to the case when in problems 1, 2, and 3, instead of the operator
Au, one takes an arbitrary self-adjoint elliptic operator

Lu= i\[: o a--(m)% + c(x)u
Ox; \'7" 7 0w, ’

2,j=1

whose coeflicients ensure that the generalized eigenfunctions of the problem

Lu+ Au =0 in the domain g;

belong to the class W2<2) in an arbitrary strictly interior subdomain ¢’ of the
domain g.
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