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Abstract

Full Text
MATHEMATICS
G. A. DZANASHIYA

ON CARLEMAN S PROBLEM FOR THE
CLASS OF GEVREY FUNCTIONS

(Presented by Academician A. N. Kolmogorov on 13 II 1962)

Let {m,,} be some sequence of positive numbers. Denote by C(m,,) the class
of all infinitely differentiable functions f(z) on the segment [—1,1] for each of
which there exists an A > 0 such that

[f" (@) < A",

for all x € [-1,1] and all n = 0,1, 2, ....

In the present paper the following problem is solved. For any a > 1 and any
sequence of complex numbers {v,,} satisfying the condition |v, | < B""1n"® for
some B > 0, the existence is proved of a function f(z) € C(n™®) such that
f™(0) = v,,. Moreover, the function f(z) is written explicitly.

Remark 1. This problem is analogous to the problem posed by Carleman (1)
for the case when the class C(m,,) is quasianalytic. The class C(n™*) is not
quasianalytic for any o > 1.

Remark 2. In the work of B. S. Mityagin () the fact of the existence of the
above-mentioned function f(z) is proved. In the present paper the function
f(z) is constructed explicitly in the form (1), which is an analogue of the Taylor
series.

For the proof of the assertion formulated by us, consider the series

> axte)t 1)

where the numbers v, are the same as above, and the functions a, (x) are defined
as follows.

Let by, (x) be the functions given by the equalities
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0, for —1 <2< —0y,

_ koy'
bk‘ (x) - exp <— W

0, for0<z <1,

>, for —o, <2 <0, (2)

1
where 7 is any natural number such that — < a — 1, and o), = D7'k~(@~D for

some D > 0. Put
/ by (t) dt
1

ay(e) = —3—— 3)

/_ b, (t) dt

for —1 <2 <0, and for 0 < z <1 put ai(z) = ai(—x).

We shall now prove that the series (1) converges, together with all its derivatives,
uniformly on [—1,1], and that its sum f(z) gives a solution of the problem,
ie. f(x) € C(n"), and f™(0) =v,. (The value of the number D > 0,

entering into b, (z), will be specified later.) Let us estimate ‘agﬂn) (x)‘

1
First of all, let us estimate from below the integral / b (t) dt. From (2) it is
1

clear that b, (z) increases for —o;, < © < —0},/2 and decreases for —0./2<x <
0, and, moreover, by, (—0, /2 —t) = b, (—0,/2 + t) for 0 <t < 0,,/2. Therefore,

1

/,

or, by virtue of (2),

0
_ ky (_%k
bk(t)dt—/ak by(t) dt > 7 bk( 4)

0 2r
/% by (t) dt > 5 eXP (— 2 > . (4)

Let us estimate from above ‘b;en) (x)‘ We shall use the fact that the function
by (z) is analytic on the interval (—oy,0), and apply Cauchy’ s formula to the
derivative b,(cn)(:r), taking as the contour of integration the circle with radius
equal to —hx, and center at the point = € [—0,/2,0). We obtain

L7 by (z — hae'
0

k o 271 (—hxeiw>n
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Hence

n! 1

27
|b§€")(o:)’ < % h”|l’"/0 |bk(x — h:z:ew)| de.

On the other hand, after simple transformations we obtain

—ko{" cos(2rB3 + 2r7) )

b (2 — hae™)| = exp -
227(1 — 2hcos o + h?)" [(ak + 2 — ha cos ¢)? + h2x2 sin® ga]

where § and y are defined by the relations

hsin @ ) hx sin @
(1 —2hcos ¢ + h2)t/2’ ST

sin g = 5 q1/2
[(ak + x — hx cosp)? + h2x2sin” ¢

We see that if h is sufficiently small, then

) L 2r

x?r

where L > 0 depends only on r. Consequently,

(n) n! LO’,%TIC
‘bk <$)| = hn|x|n eXp( T2 .

It is easy to show that

X L. Lopk\\ _ 1 (n>n/2r< 1 )”/QT o
max —exp| ——— — (= — .
on/2<w<0 | |z|? P x?r T o \k 2rL ¢

Thus, we have the following estimate for ’b,i")(x)’:

Tnn!nn/2r TnDnnnnn/Zrkn(ozfl)
‘b(m(x)‘ <
k - ngn/Zr - fn/2r

Here T' = max(7T}, 1), where
1/2r

1 1 1
[ —1/2r
h h (27“L) € ’
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It is clear that T does not depend on n and k. Using inequalities (4) and (5),

we arrive at the following estimate for ‘agﬁn)(x)|:

nn(nfl)/2rkn(o¢71)

|y ()] < 2exp ( 22%

Jro e —

Differentiating the series (1) n times, we obtain a series with general term

On the basis of (6)

162rk . n—i yn— 1(”72)71 Z(n i)(n7i71 /QT i Sk—1i
32r >Z<Z>T D fe—(n—i)(a—1) (n—i—1)/2r kék =

f—(n—i)(a—1) (n—i—1)/2r

3
1627 "on N (,n o Z)n l(n _ Z)(n i—1) /2rk1k k(a—1)
) Z (,L)T D*D k—n(a=1)(n—i—1)/2r <

|’Uk| 162rk —kp—k(a—1) n T n" in(nfifl)/Qrki
S20 e | 5y k™ ;( >T D (1) fn—i—1)/2r "

For k < n we shall have

1627k n nnt (n—i—1)/2r,,1
(o) <25 oxp (1 ) Dk S ()T D

k! 32r — —n(a=1)p(n—i-1)/2r —
|/Uk‘ 162rk —k .—k(a—1) - n DRpne
<25 exp | o ke Z;( )T D"

By Stirling’ s formula and the inequality |v,| < B¥1kF* we have

|wk(x)| < 2n—k+1TnDnnno<

for sufficiently large D. Therefore,

Z |wk | < 2n+2TnDn na.
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Now let £ > n. Then

knfik(nfifl)ﬂrki

1627k
<ZL> f—nla=1)f(n—i—1)/2r =

327"
162"k
32r

()] < 212 exp (

—kp—k(a—1)
k! )D K

|vg|
S 2? exp

M 1

Il
[=}

) kakfk(afl) <TZL>TTLanna

3

Thus,

o) 0 1 2r
> lwy(z) <2mHTmDr Y |vk|eXp< 0 k) D kf—kla—1) gna

k=n+1 k=n+1 k! 3"
Applying Stirling’ s formula once more, we obtain
o0
Z \wk(m)\ < 2277,+1:Z'vnDan'nnoz7
k=n+1

where for M one may take, for example, the number (2a)®, and for D the
number 4B exp <1ng + 2). As a result we have

00
Z |w,€(x)| < gn+2n pnynay 92nt1n jrn pnpno < gntlpn pn pryna < An—o—lnna7
k=0

where A = 8T'DM and does not depend on n.

Thus the uniform convergence of the series (1) and the membership of its sum
f(z) in the class C(n™) have been proved. The fact that (™ (0) = v,, follows
from the definition of a;(x).

As an application, let us find, for the space S§ (see (2)) with a > 1, the general
form of a linear continuous functional concentrated at a point. (This result was
obtained by another method in the paper 3.)

Let H(yp) be a linear functional concentrated at zero, and ¢ € S§. From the
preceding it is clear that the series

o (k)
Z ¥ k,|(0) ak(x)xk
k=0 ’

converges in Sg. Hence
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(k)
Hip) =3 F® Bl @

Since <p<k>(0) may be any sequence of complex numbers satisfying the condition
W(k)(())‘ < Bk+1kka,

it follows that, for every € > 0, starting from some k,

|H (a;(z)z")| < ekl
Conversely, if the last condition is fulfilled, formula (7) defines a functional
concentrated at the point z = 0.
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