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In the present note the construction of an arbitrary representation of a given
abstract semigroup by means of binary relations is described. The problem of
finding all representations of a given semigroup by binary relations of a special
kind (transformations, partial transformations) was solved by V. V. Wagner ()
and, in another way, by E. S. Lyapin (?).

We use the notation of mathematical logic: A is the symbol of conjunction, —
the symbol of implication, <> the symbol of logical equivalence, \ the universal
quantifier, \/ the existential quantifier.

A binary relation between elements of a set A is any subset p of the set
A x A. For binary relations between elements of the set A all set-theoretic
operations are defined.

To binary relations p; C Ax A and py, C A x A there corresponds their product
—the binary relation p, o p; C A x A, defined by the formula

(ay,aq) € pyopy > \/(a) [(ay,a) € p1 A (a,ay) € pyl. (1)

The set P(A x A) of all binary relations between elements of the set A is a
semigroup with respect to the operation of multiplication of binary relations.
The zero of this semigroup is the empty binary relation @), and the identity is
the identity binary relation A 4.

A section of a binary relation p C A x A at an element a, € A is the
subset p{ay) of the set A defined by the formula

a € plag) > (ag,a) € p. (2)
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In the case when each section of a binary relation p by elements of the set
A contains no more than one element, the binary relation p is called single-
valued, or a transformation of the set A. If in this case for all a € A,
p{a) # 0, then p is called a complete transformation of the set A*. In
the case when p is a transformation of the set A and (a;,a,) € p, one writes:

play) = ay.
To every binary relation p C A x A one can put in correspondence a single-

valued binary relation g C P(A) x P(A), called the extension of the binary
relation** p to the set of subsets and defined by the formula

pla) = U pla) for a C A. (3)

aca

To every binary relation p C A x A we put in correspondence a binary relation
p CP(A) x P(A), called the majorant extension of the binary relation p
to the set of subsets—

* Often transformations are called partial transformations, and complete trans-
formations are called (simply) transformations.

*k MW(A) is the set of subsets of the set A.

the set of subsets and defined by the formula

(ay,a5) € p <= play) C a,. (4)

The majorant extension of binary relations defines a mapping of the semigroup
PB(A x A) into the semigroup P(P(A) x P(A)). It turns out that this mapping
is an isomorphism, i.e.

P2 ©p1 = Pg° P1; p1 = Py — P1 = Pa- (5)

The restriction of a binary relation p C A x A to a subset a C A is a binary
relation p, C a X a such that p, = pNa X a.

A representation of a semigroup G by means of binary relations be-
tween elements of a set A is a homomorphism of the semigroup G into the
semigroup P(A x A). In the case of an isomorphism, the representation is called
faithful.

Thus, a mapping P of the semigroup G into PB(A x A) will be a representation
if and only if*

P(g5) e P(g1) = P(9192)- (6)
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If the images of the elements of the semigroup GG under the representation P are
(full) transformations, then P is called a representation by means of (full)
transformations.

The kernel of a representation P is the stable equivalence relation €p between
elements of the semigroup G, defined as follows:

91 = go(ep) <= P(g1) = P(ga)- (7)

The image of the semigroup G under the representation P is isomorphic to the
quotient semigroup G/ep.

Adjoining to the semigroup G an element e not belonging to the set G, and
defining ee = e, eg = ge = g for all g € GG, we obtain a semigroup G* with
identity e.

The representation A of the semigroup G by means of full transformations of
the set G*, defined by the formulas

(91,92) € A(g) <= 9o = 919, (e,9) € Alg), (8)

is called the canonical representation of the semigroup G by means of
right shifts. As is known, the representation A is faithful.

Let 6 be a one-to-one mapping of the set A onto the set B. To every binary
relation p C A X A we associate the binary relation p C B x B, defined by
the formula (aq,ay) € p <— (0(ay),0(ay)) € p. If P is a representation of the
semigroup G by means of binary relations between elements of the set A, then,

defining P(g) = P(g), we obtain a representation P of the semigroup G by means
of binary relations between elements of the set B. The representations P and
P are called similar. It is clear that similar representations differ from one
another inessentially, since we are not interested in the nature of the elements
of the set A between whose elements the binary relations are taken.

Let {A;};c; be a family of representations of the semigroup G, each of which
is similar to the canonical representation A, and let A; be a representation by
means of full transformations of the set A; and of the set

* Sometimes formula (6) is replaced by the condition P(g;) o P(g,) = P(g195);
however, we consider definition (6) more acceptable, since the factors in the
product of binary relations are written from right to left.

from the family {4,},c; are pairwise disjoint. Then A, defined by the formula

Ar(g) = J i), 9)

el
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will be a representation of the semigroup G by complete transformations of the
set |J,.; 4;- This representation is called the canonical w-fold representa-
tion of the semigroup G (here w is the cardinal number of the set I). The
semigroup G has various canonical w-fold representations, but all these repre-
sentations are similar.

Let P be a representation of the semigroup GG by binary relations between the
elements of a set A. Define P(g) = F(?) Then, by formulas (5), P will be a
representation of the semigroup G by binary relations between the elements of
the set P(A), and e = ep. The representation P will be called the derivative
of the representation P.

Let a be a subset of the set A. Construct a mapping P, of the semigroup G
into the semigroup P(a x a), defining P,(g9) = (P(g)),. If P, proves to be a
representation of the semigroup G by binary relations between the elements of

the set a, then P, is called a restriction of the representation P to the set a.

Theorem 1. Every representation of a semigroup by binary relations is similar
to a restriction of the derivative of a canonical w-fold representation of the given
semigroup, for some w.

We shall give the plan of the proof of this theorem, without going into technical
details.

Denote by Hy , where a,a; € A, the subset of the set G* defined by the formulas

g€ HE < (a,ay) € P(g), e€ Hf < a=a. (10)

Let 6, be a one-to-one mapping of the set G* onto some set B,, and let the
sets of the family {B,},c4 be pairwise disjoint. To each 6, there corresponds
a similarity of a representation A and of some representation A,. To the family
of representations {A,},c4 there corresponds a canonical w-fold representation
A 4, where w is the cardinal number of the set A. Denote by B“t the subset of
the set B = |J,_, B,, defined as follows: B* =] _,0,(Hg ). Let 2 be the

acA " a
set of all B* (for all possible a € A). It turns out that

(B*, B%) € A (g) ¢ (a1,a5) € Plg) (11)

and from B* = B“ it follows that a; = a,. Therefore the representations P
and A 4o are similar.

The least of the cardinal numbers w such that P is similar to a restriction of
the derivative of a canonical w-fold representation is called the weight of the
representation P.

A representation P of a semigroup G by binary relations is called a universal
representation of weight w if the weight of P is equal to w and every repre-
sentation of the semigroup G of weight not exceeding w is similar to a restriction
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of the representation P. It follows from Theorem 1 that the representation A I
where the cardinal number of the set I is equal to w, will be a universal repre-
sentation of the semigroup of weight w. It would be interesting to determine
which semigroups can possess several non-similar universal representations of
one and the same weight.

Let $ = {H:}'<!, be a family of subsets of the semigroup G*, specified by means
of two index sets I and A. Of course, one and the same subset (in particular,
the empty one) may occur in the family $ several times.

each time with different indices. The family § is called right admissible for
the semigroup G if, for any ¢,,9, € G, ay,a4 € A,

(N\DH: {9192} € Hi) = (\/ o)(\D)H {9,} € HinHi{gp} © HL . (12)

Define a mapping P of the semigroup G into the semigroup P(A x A):

(ay,a5) € Pylg) & (/\ )[Hi {9} C H,l. (13)

Theorem 2. The mapping P will be a representation of the semigroup G by
means of binary relations if and only if the family $ is right admissible for the
semigroup G.

For the proof it suffices to write formula (6), substituting into it the expressions
from (13).

Theorem 3. For every representation P of the semigroup G by means of binary
relations there exists a family ), right admissible for the semigroup G, such that
P = Py.

Proof. Let P be a representation of the semigroup G by means of binary
relations between the elements of a set A. Consider the family $ = {Hg} Z;gﬁ
of subsets of the semigroup G*, whose elements are defined by formulas (10).
Let (aj,ay) € Pg(g). This means that (A a)[Hg {g} C Hg ] In particular,
Hg'{g} C Hg! and, since e € Hy!, g € Hg!. By formulas (10), (a,a,) € P(g).
Conversely, let (a;,ay) € P(g). If g, € Hy , then (a,a,) € P(g;) and (a,ay) €
P(g)oP(g1) = P(g19), or g19 € H , whence Hg {g} C H,, ie. (aj,ay) € Py(g).
Thus, P = Pg. Therefore the family §) is right admissible for the semigroup G.
It turns out that the weight of the representation P is equal to the least of
the cardinal numbers of the upper index sets of families § such that P = P.

It would be interesting to find all right admissible families for a given semigroup.
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