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Abstract
Full Text

Mathematics

Yu. N. Drozhzhinov

ON THE STABILIZATION OF THE SOLU-
TION OF THE CAUCHY PROBLEM FOR A
PARABOLIC EQUATION

(Presented by Academician 1. G. Petrovskii, 2 VIII 1961)

Consider the parabolic equation:

The functions ay,(t), by (t), g(t) for all k,1 = 1,2,...,n are assumed to be inte-
grable in every finite interval of the argument ¢.

Introduce the notation:

Ay(t) = / aw(r)dr,  By(t) = / b(r)dr,  G(t) = / o(r) dr.

The symmetric matrix A = ||A;;(¢)| is uniformly positive definite for t > ¢* > 0,
since the parabolicity condition (1”), integrated from 0 to ¢, gives

n t n
Z Aoy > / v(7) dTZO‘i-
k=1 0 =

The eigenvalues of A satisfy

t
)\,L-(t)>/’y(7')d7'25>0 for ¢t>1t*>0.
0

The fundamental solution of equation (1), according to (1), can be written in
the form
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W(z—€,t) = / exp [i(7, &) — &’ Aa) da, (2)

where the integral is extended over the whole space, do = do; ... do,,,

aq n
- . —7 _ 2 __
a=1|: 1, o' = (ayq,...,q,), E af =
=1

<B1(t)+331—§1) - B
Y= =B+z-¢
Bn<t) +xn 7§n

With the aid of (2), the solution of the Cauchy problem for equation (1) with
bounded initial condition

u|t:0 =p(xy,...,z,) = ©(T) (3)

can be written as follows:

eC®) - 1
:m/sﬁ(f) *1 )(B;+x; —§)(B; +x;— &) |

where /L-j(t) are the elements of the matrix A~!. For what follows, it is more
convenient to present (4) in the form

ult,) = = [ ¢(B+7 = 2PAE) expl—(€,8)] dE, )

M@0
Alz( ):P’AP
0 A0

is the Jordan normal form of the symmetric positive-definite matrix A; P =
Ip;;(t)] is an orthogonal matrix. Denote by A, (t) and A, (t), respectively,
the maximum and minimum eigenvalues of the matrix A; then the estimate

holds:

where
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ig=1
1 n
<exp |———+— ) (B;+x;—&)%] . (5)
4)‘max(t) ; ’ ! ’
Let € be the vector (g4, ..., €,,), where each ¢, for all i = 1,2, ..., n, can take only
two different values 4+1; R, is the angle of the space {e;z, >0, ...,£,,n > 0}; a
is an arbitrary vector (aq,...,a,,), with

R, is the parallelepiped {0 < &,2; < aq,...,0< ¢, ,n<a,}.
Following (2), we shall say that ¢(z) has angular limiting means I, if

E(p)= lim - /R PO dE=1 (6)

a;—+o00 [a]
a,,—++00

for all vectors e. We say that ¢(Z) has a ball limiting mean equal to [, if

_ . 1 " 7 - \n—1 ’
M(p) = Tginoo P /0 ‘[lgo(r w)(r)"HdQdr =1, (7)

where c,, is the volume of the n-dimensional unit ball; Q) is the n-dimensional
unit sphere; @ is a variable unit vector. We say that ¢(Z) has a spherical limiting
mean equal to [, if

N(p) = lim L

r—+00 ST n—1

/(p(r@)r”’l aQ =1, (8)
Q

where s,, is the area of the n-dimensional unit sphere .

It can be proved that the existence, for a bounded function, of angular limiting
means equal to [ implies the existence for it of a spherical limiting mean equal
to . But, as the simple example

sovietrxiv.org/items/ru-196201.38289 Machine Translation


https://sovietrxiv.org/items/ru-196201.38289

(z,y) = 1, forz >0, y>0and z <0, y <0,
Y= —1, forz <0, y>0and z >0, y <0,

shows, the converse is not true. It is easily proved that if a bounded function
has a spherical limiting mean equal to [, then it also has a ball limiting mean
equal to [.

Let u(t,Z) be the solution of the Cauchy problem for equation (1) with initial
condition (3). Suppose that M(p) = I. The question arises: what conditions
must be imposed on the coefficients of equation (1) so that the solution u(t, &)
stabilizes as t — 4007

Theorem 1. If:
1) the trace of the matrix A, Sp A — 400 as t — +00;
2) there exists K such that (Sp A)"/det A < K

3)
B2(t)/SpA — 0 ast— +oo;
i—1
4)
lim G(t) =c¢;
t—+o00

5) (Z) is bounded, M(p) =1, and p(Z) — [ preserves its sign,
then the solution u(t,Z) of the Cauchy problem (1), (3) stabilizes to le¢, i.e.

lim u(t,z) = le°
t—+o00

uniformly in z in any bounded domain.
Theorem 2. If:

1) there exist a positive function #(t) and a constant K such that

n n t t
A0 arz Y ayltloges [ ryar— [ rar< K
=1 k=1 0 0
2) t
/ v(1)dT = +00  ast — 4o0;
0
3)

n t
ZBf(t)// v(t)dT = 0 ast— +oc;
i=1 0
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lim G(t) =¢;

t—+o00
5) ¢(&) is bounded, M(p) = I, then the solution of the Cauchy problem (1),
(3) stabilizes to le® uniformly in = in any bounded domain.
We give a brief proof of Theorem 2.
Let p(2) — 1 = 9(Z). Clearly, M (¢)) = 0. Using (*), we have:

uti—leG(t):i(t) B+Z—2PA)exp [—(£,6|dé=1, + I 9
(t, %) W:w( + §exp (&8 dE=1+1, (9)

where I, is the integral over the domain (6 > |€]) U (|€] > R), and I, over
the remaining part of space § < || < R. Since 1(Z) is bounded, |4 (Z)| < M,
for every £ > 0 there exist 6* and R* such that |I;| < ¢/3 for 6 < ¢* and
R > R*. Passing in I, to spherical coordinates, separating out the ball mean
and integrating by parts, we obtain:

G(t) r r=R
I="¢ e / / (B + 2 —2PAr'®) ()"t dQdr’
vV 0 JQ r=§

G(?)

R r
2 = &
+/ e / /1/) B+Z —2PA®) (7)Y dQdr dr p = ——={I,+ I} }.
5 0 Jo ( ) N
(10)

For sufficiently small ¢* and 1/R*, |I| < ¢/3. Fixing § < §* and R > R*,
we make the change of variables 2r'y/A,;,(t) = € in the inner integral of the

min
expression [7:

R 1 27"\/ >‘1nin<t) _ ~
1= / TTPED S S / / $(B+ 2 — ¢PRO)E 1 dQde | dr,
s (2r Amin (t)) 0 Q

where

Ao—L a

>‘min (t)

The expression in braces is the integral of the function (%) over an n-
dimensional ellipsoid with semiaxes {2r\/A{(t),...,2r\/A,(t)} and center at
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the point (B(t) 4+ ), rotated in some way in the space by the orthogonal matrix
P. Using the conditions of the theorem and the fact that M () = 0, one can
show that the expression in braces tends to zero as t — +o0o. Consequently,
|I5] < 2¢/3 for sufficiently large ¢. The proof of the theorem now follows easily
from this.

In particular, the conditions of Theorem 2 are satisfied for the equation

ou < ou
Tl a(t)Au + kz:;bk(t)a—xk, where a(t) > 0,

t t t 1/2
/ a(T)dT — 00, / bk(T)dT/ [/ CL(T)dT] —0 ast—oofor k=12 ..,n.
0 0 0

Moreover, the following stabilization theorems hold:

Theorem 3. If:

1)
tlgknoo G(t) =6
2)
lim () =1
|Z|—+o00

3) there exists at least one k, k = 1,2,...,n, such that

lim
t—+o0

then the solution of the Cauchy problem (1), (3) stabilizes to le® as t — +oo,
uniformly in z in any bounded domain.
Theorem 4. If:
1)
lim G(t) =¢;

t—+o0

2) ~(t) in the parabolicity condition (1”) is such that

t
/ ¥(T)dT = +00 ast — +o0;
o

3) there exist constants K and [ such that, for bounded ¢(Z),
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/:1:1 /”C" [p(€) —1] dﬁ‘ <K for all z,
0 0

then the solution of the Cauchy problem (1), (3) stabilizes to le® as t — +oo,
uniformly in z in any bounded domain.

Let us note that, in the case of one variable (n = 1), condition 3) of Theorem 4
will be satisfied for every uniformly almost periodic function whose Fourier ex-
ponents do not have zero as an accumulation point (see (%), p. 89). In particular,
this condition will be satisfied for a periodic function.
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