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MATHEMATICS
E. A. VOLKOV

ON THE SOLUTION OF BOUNDARY-VALUE
PROBLEMS FOR THE POISSON EQUATION
IN A RECTANGLE
(Presented by Academician A. A. Dorodnitsyn, 19 V 1962)

A theorem of S. M. Nikol’skii (1) is generalized; it establishes necessary and
sufficient conditions for the solution of the Dirichlet problem for the Laplace
equation in a rectangle 𝐷 to belong to the class 𝐶𝑘,𝜆(𝐷)* for the case of the first,
second, and mixed boundary-value problems for the Poisson equation. When
the matching conditions for the boundary functions at the corners are not ful-
filled, a method is indicated for separating out the irregular component of the
solution. Difference schemes are given for the grid method, making it possi-
ble to compute the regular solution of the second and mixed boundary-value
problems for the Poisson equation with errors of order 𝑂(ℎ6−𝜀) and 𝑂(ℎ6), re-
spectively, in contrast to 𝑂(ℎ2−𝜀) and 𝑂(ℎ2) for the known difference schemes
(2, 3). The method proposed by Bachelet (4) for obtaining estimates of the rate
of convergence of the grid method is refined.

1. Denote by 𝐷 the rectangle {0 < 𝑥 < 𝑎, 0 < 𝑦 < 𝑏}. Number the sides
of the rectangle Γ𝑗 (𝑗 = 1, 2, …) counterclockwise, beginning with the side
𝑥 = 0. Take the point (0, 𝑏) as the origin for measuring the arc 𝑠 of the
boundary Γ, and denote by 𝑠𝑗 the beginning of Γ𝑗. Suppose that in 𝐷 the
equation

Δ𝑢 = 𝑓(𝑥, 𝑦) (1)

is prescribed, with boundary conditions

𝜈𝑗𝑢∣Γ𝑗
+ 𝜈𝑗𝑢𝑛∣Γ𝑗

= 𝜈𝑗𝜑𝑗(𝑠) + 𝜈𝑗𝜓𝑗(𝑠), 𝑗 = 1, 2, 3, 4, (2)

where 𝑢𝑛 is the derivative along the interior normal; 𝜑𝑗(𝑠), 𝜓𝑗(𝑠) are functions
continuous on the segment [𝑠𝑗, 𝑠𝑗+1]; 𝜈𝑗 may take the values 0 or 1; 𝜈𝑗 = 1 − 𝜈𝑗.
Let 𝜎 = ∑4

𝑗=1 𝜈𝑗. If 𝜎 = 0, then the condition
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4
∑
𝑗=1

∫
𝑠𝑗+1

𝑠𝑗

𝜓𝑗(𝑠) 𝑑𝑠 = − ∬
𝐷

𝑓(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦

is satisfied. Suppose, moreover,

𝜈𝑗𝜑𝑗(𝑠) + ∫
𝑠

𝑠𝑗

𝜈𝑗𝜓𝑗(𝑠) 𝑑𝑠 ∈ 𝐶𝑘,𝜆([𝑠𝑗, 𝑠𝑗+1]); 𝑓(𝑥, 𝑦) ∈ 𝐶𝑘−2,𝜆(𝐷), (3)

𝑘 ≥ 2, 0 < 𝜆 < 1,

and, for 𝑠 = 𝑠𝑗+1, the matching conditions hold

𝜒𝑗𝑞 ≡ 𝜈𝑗+1𝜑(2𝑞+𝛿𝜏−2)
𝑗+1 + 𝜈𝑗+1𝜓(2𝑞+𝛿𝜏)

𝑗+1 −

− (−1)𝑞+𝛿𝜏+𝛿𝜏−1 (𝜈𝑗𝜑(2𝑞+𝛿𝜏−1)
𝑗 + 𝜈𝑗𝜓(2𝑞+𝛿𝜏)

𝑗 ) = 𝜃𝑗𝑞, (4)

* 𝑓 ∈ 𝐶𝑘,𝜆(𝐺), if 𝑓 is continuously differentiable 𝑘 times in 𝐺 and all its 𝑘-th derivatives satisfy in 𝐺 a Hölder condition with exponent 𝜆.

where 𝜏 = 𝜈𝑗 + 2𝜈𝑗+1; 𝛿𝜔 = 1 for 𝜔 = 0; 𝛿𝜔 = 0 for 𝜔 ≠ 0; 𝑞 = 0, 1, … , 𝑄;

𝑄 = [(𝑘 − 𝛿𝜏−1 − 𝛿𝜏−2)/2] − 𝛿𝜏 ; 𝜃𝑗0 = 0;

𝜃1𝑞 =
𝑞−1
∑
𝜇=0

(−1)𝜇 𝜕2𝑞−1+𝛿𝜏−𝛿𝜏−3𝑓(0, 0)
𝜕𝑥2(𝑞−𝜇)−1−𝛿𝜏−1−𝛿𝜏−3 𝜕𝑦2𝜇+𝛿𝜏+𝛿𝜏−1

, 𝑞 > 0; (5)

𝜃𝑗𝑞 (𝑗 = 2, 3, 4; 𝑞 > 0) have expression (5) in a coordinate system with axes 𝑥
and 𝑦 passing through Γ𝑗+1 and Γ𝑗.

Theorem 1. In order that the solution of problem (1)—(2) satisfy 𝑢 ∈ 𝐶𝑘,𝜆(𝐷),
𝑘 ≥ 2, 0 < 𝜆 < 1, it is necessary and sufficient that conditions (3)—(4) be
fulfilled.

For 𝑓 ≡ 0 and 𝜎 = 4, Theorem 1 belongs to S. M. Nikol’skii (1) and is a special
case of V. V. Fufaev (5). We shall prove the sufficiency of the conditions of
Theorem 1 for 𝑓 ≡ 0 and 𝜎 < 4.
𝜎 = 0 (the Neumann problem). Compute

𝜑1(𝑠) = ∫
𝑠

0
𝜓1(𝑠) 𝑑𝑠
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and

𝜑𝑗(𝑠) = 𝜑𝑗−1(𝑠𝑗) + ∫
𝑠

𝑠𝑗

𝜓𝑗(𝑠) 𝑑𝑠, 𝑗 = 2, 3, 4.

Consider the solution of the equation Δ𝑣 = 0 with 𝑣|Γ𝑗
= 𝜑𝑗. From the fulfill-

ment of (4) for 𝜓𝑗 with 𝜈𝑗 = 0 follows the fulfillment of (4) for 𝜑𝑗 with 𝜈𝑗 = 1.
Therefore 𝑣 ∈ 𝐶𝑘,𝜆(𝐷). The function

𝑢 = ∫
𝑧

𝑧0

−𝜕𝑣
𝜕𝑦 𝑑𝑥 + 𝜕𝑣

𝜕𝑥 𝑑𝑦 + 𝐶,

where 𝑧0 = 𝑎/2 + 𝑖𝑏/2, 𝑧 = 𝑥 + 𝑖𝑦, is the harmonic function conjugate to 𝑣 (6),
and, by virtue of the Cauchy–Riemann conditions, 𝑢 ∈ 𝐶𝑘,𝜆(𝐷) and satisfies
conditions (2) for 𝜎 = 0.
𝜈1 = 0, 𝜎 = 3. Extend the functions 𝜓𝑗(𝑠) (𝑗 = 2, 3, 4) so that for 𝜈𝑗 = 0
conditions (3)—(4) are fulfilled and there exists a solution of the equation Δ𝑣 = 0
with 𝑣′

𝑛|Γ𝑗
= 𝜓𝑗(𝑠). According to the preceding, 𝑣 ∈ 𝐶𝑘,𝜆(𝐷). Denote 𝑤 = 𝑢−𝑣.

Obviously, 𝑤′
𝑛|Γ1

= Ψ1(𝑠) ≡ 0, and, since 𝑣 ∈ 𝐶𝑘,𝜆(𝐷) and is harmonic in 𝐷,
conditions (4) with 𝑗 = 2, 3 are fulfilled for the functions Φ𝑗(𝑠) = 𝜑𝑗(𝑠) − 𝑣|Γ𝑗
(𝑗 = 2, 3, 4), and moreover

Φ(2𝑞+1)
2 (𝑏 + 0) = Φ(2𝑞+1)

4 (2𝑎 + 2𝑏 − 0) = 0

(𝑞 = 0, 1, … , ([(𝑘 − 1)/2])).

Construct the rectangle 𝐷∗{−𝑎 < 𝑥 < 𝑎, 0 < 𝑦 < 𝑏}. Continue, onto the
part of the boundary Γ∗ of the domain 𝐷∗ situated to the left of the 𝑦-axis,
the functions Φ𝑗 symmetrically with respect to the 𝑦-axis, and obtain boundary
conditions of the first kind for the equation Δ𝑤∗ in 𝐷∗, satisfying conditions (3)
—(4). The function 𝑤∗ ∈ 𝐶𝑘,𝜆(𝐷∗) and, being even with respect to the 𝑦-axis,
coincides with 𝑤 in 𝐷. Consequently, 𝑢 = 𝑣 + 𝑤 ∈ 𝐶𝑘,𝜆(𝐷).
𝜈1 = 𝜈3 = 0, 𝜎 = 2. We construct a harmonic function 𝑣 ∈ 𝐶𝑘,𝜆(𝐷) such
that 𝑤′

𝑛|Γ𝑗
= 0 (𝑗 = 1, 3). We continue the boundary conditions for 𝑤 from Γ𝑗

(𝑗 = 2, 3, 4) symmetrically with respect to the 𝑦-axis onto the part Γ∗ situated
to the left of the 𝑦-axis. The function 𝑤∗, which is a solution of the Laplace
equation in 𝐷∗ with the constructed mixed boundary conditions, according to
(6,7) is bounded in 𝐷∗ and 𝑤∗ ∈ 𝐶𝑘,𝜆(𝐷′), where 𝐷′ is the rectangle {0 < 𝑥 <
0.7𝑎, 0 < 𝑦 < 𝑏}. Since 𝑤∗ = 𝑤 in 𝐷, 𝑢 = 𝑣 + 𝑤 ∈ 𝐶𝑘,𝜆(𝐷′). By symmetry
considerations 𝑢 ∈ 𝐶𝑘,𝜆(𝐷″), where 𝐷″ is the rectangle {0.3𝑎 < 𝑥 < 𝑎, 0 < 𝑦 <
𝑏} and, consequently, 𝑢 ∈ 𝐶𝑘,𝜆(𝐷).
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In the remaining cases, for 𝑓 ≡ 0, the proof of Theorem 1 is carried out analo-
gously to the cases considered.

For 𝑓 ≠ 0 we extend it, according to Whitney and Hestenes (8), to a minimal
circle 𝐸 containing 𝐷. The extended function 𝑓∗ ∈ 𝐶𝑘−2,𝜆(𝐸) and coincides
with 𝑓 in 𝐷. According to (9), the solution of the equation Δ𝑣 = 𝑓∗ in 𝐸 with
zero boundary values 𝑣 ∈ 𝐶𝑘,𝜆(𝐸). We reduce the solution of problem (1)—(2)
to finding a har-

harmonic function 𝑤 = 𝑢 − 𝑣. By direct calculations, using (1), we verify that
for the functions 𝜑∗

𝑗 = 𝜑𝑗 − 𝑣|Γ𝑗
, 𝜓∗

𝑗 = 𝜓𝑗 − 𝑣′
𝑛|Γ𝑗

(𝑗 = 1, 2, 3, 4), (3)—(4) are
satisfied. Consequently, the solution of problem (1)—(2) is 𝑢 = 𝑣 + 𝑤 ∈ 𝐶𝑘,𝜆(𝐷).
The necessity of the conditions of Theorem 1 is quite obvious. If 𝑢 ∈ 𝐶𝑘,𝜆(𝐷),
then, in particular, (3) is satisfied. The fulfillment of conditions (4) is checked
by differentiating (1).*

2. Theorem 2. If (3) holds, but (4) is not fulfilled, then the solution of problem
(1)—(2) can be represented in the form 𝑢 = ∑4

𝑗=1 𝐹𝑗 + 𝑢∗, where

𝐹1 = 2
𝜋

𝑄
∑
𝑞=0

𝜒1𝑞 − 𝜃1𝑞
(2𝑞 + 1 + 𝛿𝜏 − 𝛿𝜏−3)! ((𝛿𝜏 + 𝛿𝜏−1)Re{𝑧2𝑞+1+𝛿𝜏 ln 𝑧}

−(𝛿𝜏−2 + 𝛿𝜏−3) Im{𝑧2𝑞+1−𝛿𝜏−3 ln 𝑧}) , (6)

𝐹𝑗 (𝑗 = 2, 3, 4) have expression (6) in the coordinate system with axes 𝑥 and 𝑦
passing through Γ𝑗+1 and Γ𝑗, with 𝜒1𝑞 − 𝜃1𝑞 replaced by 𝜒𝑗𝑞 − 𝜃𝑗𝑞; the function
𝑢∗ ∈ 𝐶𝑘,𝜆(𝐷) is a solution of equation (1) with boundary conditions (2) when
𝜑𝑗 and 𝜓𝑗 are replaced by

𝜑∗
𝑗 = 𝜑𝑗 −

4
∑
𝑝=1

𝐹𝑝|Γ𝑗
, and 𝜓∗

𝑗 = 𝜓𝑗 − (
4

∑
𝑝=1

𝐹𝑝)
′

𝑛

∣
Γ𝑗

.

By direct calculations we verify that for the functions 𝜑∗
𝑗 and 𝜓∗

𝑗, (3)—(4) are
satisfied. On the basis of Theorem 1, 𝑢∗ ∈ 𝐶𝑘,𝜆(𝐷).
3. For rational 𝑎/𝑏 it is possible to construct effective difference schemes for the
approximate computation of the regular solution of problem (1)—(2). At grid
nodes lying in 𝐷, for example at 7 (see Fig. 1), we use equation (10)

𝑢7 = 𝑢3 + 𝑢6 + 𝑢10 + 𝑢8
5 + 𝑢2 + 𝑢9 + 𝑢11 + 𝑢4

20 − 3ℎ2

10 𝑓 − 3ℎ4

4!5 Δ𝑓

−3ℎ6

6!5 (Δ2𝑓 + 2𝑓 (4)
𝑥2𝑦2) + 𝐶1ℎ8𝑀 (8)

7 ; (7)
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at nodes lying inside Γ𝑗 with 𝜈𝑗 = 0, for example at 3, by the method of
undetermined coefficients, using (1) and (2), we construct the equation

𝑢3 = 2
5𝑢7 + 𝑢2 + 𝑢4

5 + 𝑢6 + 𝑢8
10 − 3ℎ

5 𝜓2 − 3ℎ2

10 𝑓 − ℎ3

10𝑓 (1)
𝑦

−3ℎ4

4!5 Δ𝑓 − ℎ5

5!5 (3𝑓 (3)
𝑦3 + 7𝑓 (3)

𝑥2𝑦 − 2𝜓(4)
2 ) − 3ℎ6

6!5 (Δ2𝑓 + 2𝑓 (4)
𝑥2𝑦2)

− ℎ7

7!5 (3𝑓 (5)
𝑦5 + 18𝑓 (5)

𝑥2𝑦3 + 17𝑓 (5)
𝑥4𝑦 − 10𝜓(6)

2 ) + 𝐶2ℎ8𝑀 (8)
3 (8)

and at corner points for 𝜏 = 0, for example at 1, the equation

𝑢1 = 2
5(𝑢2 + 𝑢5) + 𝑢6

5 − 3ℎ
5 (𝜓1 + 𝜓2) − ℎ2

5 (3
2𝑓 + 𝜓(1)

2 )

−ℎ3

10 (𝑓 (1)
𝑥 + 𝑓 (1)

𝑦 ) − ℎ4

4!5 (3Δ𝑓 + 4𝑓 (2)
𝑥𝑦 )

− ℎ5

5!5 (3𝑓 (3)
𝑥3 + 3𝑓 (3)

𝑦3 + 7𝑓 (3)
𝑥𝑦2 + 7𝑓 (3)

𝑥2𝑦 − 2𝜓(4)
1 − 2𝜓(4)

2 )

− ℎ6

6!5 (3Δ2𝑓 + 6𝑓 (4)
𝑥2𝑦2 + 10(Δ𝑓)(2)

𝑥𝑦 + 4𝜓(5)
1 − 4𝜓(5)

2 )

− ℎ7

7!5 (3𝑓 (5)
𝑥5 + 3𝑓 (5)

𝑦5 + 18𝑓 (5)
𝑥3𝑦2 + 18𝑓 (5)

𝑥2𝑦3 + 17𝑓 (5)
𝑥4𝑦 + 17𝑓 (5)

𝑥𝑦4

−10𝜓(6)
1 − 10𝜓(6)

2 ) + 𝐶3ℎ8𝑀 (8)
1 , (9)

* Note added in proof. As became known to the author during the correction
of Theorem 1, for 𝜎 = −4, 𝜑𝑗 ≡ 0 (𝑗 = 1, 2, 3, 4), 𝑓 ≢ 0, it was reported by V. V.
Fufaev at a seminar at the V. A. Steklov Mathematical Institute of the USSR
Academy of Sciences in 1961.

where 𝐶𝛼 (𝛼 = 1, 2, …), here and below, are constants independent of ℎ and 𝑢;
𝑀 (8)

𝛽 are quantities not exceeding in absolute value the maximum of the absolute
values of the eighth derivatives of 𝑢 in 𝐷; the values of 𝜓1, 𝜓2, and 𝑓 , and of
their derivatives, are taken at the point for which the equation is written.

Fig. 1

If equations (7)—(9) are written at all nodes of the grid in 𝐷, except for the
nodes at which 𝑢 is known, and the terms with ℎ7 and ℎ8 are discarded, then
we obtain a system of difference equations for the approximate solution 𝑢̃ of
problem (1)—(2). For 𝜎 = 0, in order to single out a unique solution, at one
node closest to the center of 𝐷 we fix 𝑢̃ and discard the corresponding equation.
The coefficients of the unknowns appearing on the right-hand side in (7)—(9)
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are nonnegative and in sum do not exceed one, which ensures the validity of the
maximum principle for the system of difference equations.

4. Theorem 3. If the solution of problem (1)—(2) satisfies
𝑢 ∈ 𝐶8,0(𝐷), then

|𝑢̃ − 𝑢| ≤ 𝐶4(1 + 𝐶𝜀)(𝑀 (7) + 𝑀 (8))ℎ6−𝜀𝛿𝜎,

where 𝜀 > 0; 𝐶𝜀 depends on 𝜀; 𝑀 (𝑟) is the maximum of the absolute values of
the derivatives of 𝑢 of order 𝑟 in 𝐷.

For 𝜎 = 4, Theorem 3 was proved by Sh. E. Mikeladze (11). For 𝜎 = 0, the
method of proof is set forth in (12). For 0 < 𝜎 < 4, Theorem 3 can be proved by
refining the method proposed by Batschelet (4). In (4), to majorize the error, the
solution of the equation Δ𝑤 = −1 with boundary conditions (2) for 𝜑𝑗(𝑠) ≡ 1
and 𝜓𝑗(𝑠) ≡ −1 is used, under the assumption that 𝑤 ∈ 𝐶3,0(𝐷). But this
assumption is not satisfied, since (4) is satisfied. However, if 𝜑𝑗(𝑠) is modified
so that (3) and (4) hold for 𝑘 = 3, 𝜆 > 0, and the inequalities 1 ≤ 𝜑𝑗(𝑠) ≤ 2 hold,
then by means of the arguments of (4) one can already obtain the inequality

|𝑢̃ − 𝑢| ≤ 𝐶5(𝑀 (7) + 𝑀 (8))ℎ6

for ℎ ≤ ℎ0, where ℎ0 is a certain finite quantity. For ℎ > ℎ0, the solution of
the system of equations for the error is bounded by a constant multiplied by
(𝑀 (7) + 𝑀 (8)). Consequently, Theorem 3 is valid for any ℎ realizable in 𝐷.
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Academy of Sciences of the USSR
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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