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Abstract

Full Text
MATHEMATICS
V. V. IVANOV

ON ALGORITHMS OF RAPID DESCENT

(Presented by Academician I. N. Vekua on 3 XI 1961)

In the Soviet mathematical literature, works on methods of rapid descent are
very few in number (1), although in automatic control these methods are used
rather intensively, especially in the construction of so-called optimizers (). In
(3) the application of methods of rapid descent to the approximate solution of
linear functional equations in arbitrary normed spaces is justified, in particular
to the solution of problems of best linear approximation in an arbitrary metric
and for an arbitrary set of elements.

The present note is devoted to the application of methods of rapid descent to
the approximate solution of one of the basic problems of optimization theory
—the determination of the least value of a function Q(P) in the domain D :
H;(P)<0, j=1,2,...,m; P(xq,2q,...,7,).

Suppose that @ and H;, j = 1,2,...,m, are everywhere continuously differen-
tiable convex functions,* and that on the boundary of D grad H; +0, j=
1,2,...,m, and among the {HJ} there are no two functions differing only in sign.
Without loss of generality we shall assume D bounded, since one can always
add to the functions {H;} the function p(0, P) — R with sufficiently large R. To
find the desired point P°, at which the least value of @ in D is attained, we
apply the rapid descent method Y, consisting of the following main parts.

A. Finding a point lying inside D. This can be done by the rapid descent
method X (see (%)), applied to the function

A, = max H.(P)

1<j<m J

or to the function

Ay = iHj(P) 5j(P)a

where 0,(P) =0, H;(P) <0, and 0,(P) =1, H;(P) > 0.

Moreover, problem A can be reduced to a finite sequence of problems of the
type under consideration, but with initial points {Pj} located beforehand inside
the admissible domains. For example, let
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QP1 = ZHJ‘(P> 5j(P1)

and Dp : H; (P) < 0forallj;, 6; (P)=0. Findapoint P, € Dp , Qp (P,) <

0, and take

QP2 = ZH]‘(P) 5j(P2)
1
and Dp, : H; (P) <O0forall jy, d; () =0. Thenfind P3 € Dp , Qp,(P;) <0,
and so on. It is clear that either such a construction is impossible, and then D
has no interior points, or, for some s, 1 <s<m, P, € D, C D.

B. Finding inf@ in D in a given direction V. Let the initial point be
P, € D, 0 > 0. Form the sequence of points

T,=P +22V, r=23,.. (T,=T, =DP,).

As long as H;(T,) < 0, j = 1,2,...,m, apply algorithm 2 (see (*)). If r,
is the first value for which, for some j;, 1 < j, < m, H; (T,) > 0 and

To
Hj(Troq) <0, j =1,2,...,m, then take the point R, = %(Tro*l + Tro)' If
H;(R;) <0, j=1,2,...,m, and Q(R;) — Q(T%il) > 0, then the desired

* The convexity of any function ¢(P) means that ¢[2(P; + P,)] < i[p(P)) +
P(Py)]-

the value of @ is attained on [T, ro—2> R,], and it can be determined by algorithm
1(3). ¥ Q(R,) —Q(T,,-1) <0, or, for some j;, 1 < j; <m, H; (R;) >0, then
we take, respectively, the point R, = 1(R; + T,,) or R = (R, + T,,-1) and
repeat with it the same operations as with R, etc.

In the case where the problem of solving the equations H,;(P; +tV) =0, j =
1,2,...,m, presents no particular difficulty (this will be so, for example, when
{H j} is a sequence of linear or quadratic functions), it is more expedient to find
the smallest positive root ¢’ of the indicated equations and then determine inf @
on the segment [P, P’], P' = P, +t'V, by algorithm 1 (3).

C. Finding a direction of decrease of ) in D. If the initial point P; is
located inside D, then as the desired direction we take — grad Q(P;). Suppose
now that P has the property: H;(P) =0, j=1,2,...,r,and H;(P;) <0, j=
r+1,7+2,...,m. Let n; = —grad H;(P;), j=1,2,...,7, and g = —grad Q(P; ).
The problem consists in finding a vector £ which makes acute angles with all
{n;} and with g.
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In many problems, among the constraints H; < 0, j = 1,2,...,m, there are
inequalities —z; <0, j=1,2,...,n. In that case, putting

¢=x— 0P, zzszek,
1

where e,(1,0,...,0), e5(0,1,0,...,0), ...,e,(0,...,0,1), we reduce the problem to

e n

determining nonnegative solutions of the following system of linear inequalities:

n

(57773') — 0= Z(ekvnj)xk - (Wlanj) —0 2 07 j - 1723 EEENA)
k=1

Zek, —(OPy,9)—0>0 (1)
k=1
under the additional condition

A ay+ o tr, <1+ 2l 4l (2)

From the theoretical point of view, it is more expedient to determine such
a nonnegative solution of the first r inequalities (1) which realizes max(¢, g)
under condition (2). Thus, in the present case, the solution of problem C can
be reduced to the use of standard subprograms of linear programming or to the
search for nonnegative solutions of a system of linear equations ().

In the general case we construct an equivalent initial orthonormal system of
vectors 7y, 7y, ..., 7, and § (°) so that

q
:Zagj)nk, j:]-v?v"'aq;

g q
T]q+i :Zﬁl(;)nkﬁ i:172""apa p+q:T7 0§p<7“, :g denkﬂ
— ]

and put §; = (£,n;), j=1,2,...,¢, and §; = (£, g). Then the problem is reduced
to determining a solutlon of the following system of inequalities:

5'_0—20u 3217277(17
J

q
S e —o=0,  i=12...p (1)
k=1
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& —02>0.

under the condition

Sot&t&+..+E, =1 (27)

The desired vector is

q q
€= (&), + (£,9)7 Z(Za nk+djg>£+fog (3)

1 7j=1 =
Here one can also pose the problem of determining max(&,g). If § # 0, then
we obtain the following problem: to find a nonnegative solution of the first r
inequalities (1”), for which

So=1—(&4 +&+ . +E) (4)

takes the greatest possible value. If § = 0, then one should determine a
nonnegative solution of the first r inequalities (1’), satisfying the condition
§ + & + ... + &, =1, for which

=Y &, (5)
1

takes the greatest possible value.

Let us note that in the case when all H;(P) =0, j = 1,2,...,r, are essentially
hyperplanes, one may set 0 = 0 in the system (1) and, for g # 0, set £ = g.
Then we arrive at the so-called method of gradient projection ().

Starting from an arbitrary point P, € D and determining, by means of one of
the algorithms indicated in C and B, a direction of decrease of @ in D and the
least value of @ in D in this direction, we obtain a point P, € D. Repeating
the same operations again, we obtain P; € D, then P, € D, and so on.

Theorem. The fast descent methodY , for sufficiently small o, always converges
in the sense that, whatever arbitrarily small number € > 0 is given, either after
a finite number of steps a point P, € D is obtained for which none of the
algorithms C determines a direction of decrease in D, and then

Q(P,) — inf Q(P) < (6)

pPeD

or

sovietrxiv.org/items/ru-196201.36354 Machine Translation


https://sovietrxiv.org/items/ru-196201.36354

lim Q(P;) — inf Q(P) <e. (7)

j—o0 PeD

Let us outline the proof of the theorem. Denote by D, the set of points of D
for which Q(P) — infp.p Q(P) > €, and assign to every point P € D, as was
done for Py, the vectors nq,n,,...,n, and g (here the vectors themselves and r
depend on P). Using the restrictions on {H;} and @, it is not difficult to show
that

€y = nf min{|ny|, [no. ... In.[, lgl} > 0

€

and that at every point P € D, one can draw a unit vector £ which forms with
the vectors nq,n,,...,n, and g acute angles not exceeding o < 7/2, where «
does not depend on P. It is clear that, for 0 = o, < C] cos a, £ will be a solution
of (1). Represent £ in the form & = & + ¢”, where

q
&= (&0, + (€9)F
1

By virtue of the orthogonality of £” to &’, the vector £/||¢’|| is a solution of the
system (1’) for ¢ = o,. Hence the vector \¢'/|€’|, where A = (&, + & + & +
.+ &,)7", satisfies (1) for o = Aoy It is easy to see that

C, = inf X >0.
PeD,

Take 0 = 0, < Cy,C) cosa. Let the point P, be such that no vector can be
drawn from it which satisfies (1’) and (2’) for 0 = 0,. Then P, € D_, and,
consequently, (6) is proved.

Let us now suppose that there is an infinite sequence of points P, P, ..., P, ...,
at each of which one can draw a vector £ satisfying (1’) and (2'). Extract

a convergent subsequence {P, }, limy_, . P, = P°. If P € D_, then there
exists a direction of decrease £° which makes acute angles with n(l),ng, 7n20
and ¢°, smaller than a® < 7/2, where a° does not depend on o. Therefore,
beginning with some k, all £(5+), for sufficiently small o, make acute angles with
Ny, Mg, - ,n, and g not exceeding a”. This means that the decrease of @ in
passing from the point P, to the point P, ., cannot be less than some fixed
number, i.e. Q(P’) = —oco. But this cannot be. Consequently, P° ¢ D_, and
(7) is proved.

Let us now consider the more general situation when @ is not necessarily convex
and grad @ has a finite number of zeros. We shall find the direction of decrease
as before, and inf @ in the given direction by algorithm B, but with the difference
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that, in the case when the segment [P, P’] to the boundary of D is determined
in advance, we shall again apply the first variant of algorithm B, taking the
boundary surface to be t —1 < 0, where Q(t) = Q[P; +t(P’ — P;)]. In addition,
when using algorithm 1 (3), in the case of equality of three values of @), we shall
continue the division of the segment with the center at the former point.

It is not difficult to verify that Q’(t), for an arbitrary smooth curve Q(¢), has a
finite number of zeros; the indicated algorithm for determining inf @ leads to a
point P,, which is either a point of min @), or the boundary point P’. In any case,
the passage from P, to P,, under the condition that P’ is at a distance from
P, not less than some fixed constant independent of the position of P;, leads to
a decrease of Q(P;) — Q(P,) to zero only when Q;(P;) — 0. This means that
either grad Q(P,) — 0, or the angle between grad Q(P;) and the vector P, P”
tends to 7/2. The same holds (as ¢ — 0) if P, is found approximately in any
finite number of steps, setting it equal to P’ if it is sufficiently close to P’.

Thus, in the case under consideration, the method of fastest descent Y always
leads to a point arbitrarily close to one of the stationary points of @ in D, or
to a point of boundary minimum. The question of how to find the least value
of @ in D remains, generally speaking, open.
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