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Abstract
Full Text
Mathematical Physics

B. V. MEDVEDEV and M. K. POLIVANOV

ON THE ROLE OF COUNTERTERMS IN
THE DISPERSION APPROACH TO QUAN-
TUM FIELD THEORY
(Presented by Academician N. N. Bogolyubov, 28 XI 1961)

1. As is well known, in constructing quantum field theory one usually encoun-
ters divergent expressions; when they are eliminated there arises an element of
ambiguity connected with the possibility of adding arbitrary counterterms (see,
for example, (1)). This circumstance is often perceived as a shortcoming of the
theory, without which the theory would benefit greatly.

Recently we proposed (2) a different point of view on the role of counterterms.
Namely, we expressed the opinion that the very possibility of obtaining nontriv-
ial solutions in quantum field theory is opened only at the cost of the necessity,
connected with infinities, of adding counterterms. The purpose of the present
note is to illustrate this point of view by the example of counterterms associated
with mass renormalization.

2. We shall work within the framework of the dispersion approach (2−4), since in
this way it is possible to avoid the questionable aspects connected with perturba-
tion theory, and we shall proceed from the infinite system of coupled equations
studied in (2):

𝐼(𝑝, (𝑝)𝑙; (𝑞)𝑠) = 𝑃 ( 𝑞1
(𝑞)𝑠−1

) √2𝑝0 2𝑞0
1 𝛿(p − q1) 𝐼((𝑝)𝑙; (𝑞)𝑠−1)

− (2𝜋)3/2
∞

∑
𝜈

1
𝜈! ∫ (𝑑𝑘)𝜈

(2𝑘0)𝜈
𝐼((𝑝)𝑙; (𝑘)𝜈) 𝐼((𝑘)𝜈; (𝑞)𝑠)

× { 𝛿(p + ∑ p𝑖 − ∑ k𝜈)
∑ 𝑘0𝜈 − ∑ 𝑝0

𝑖 − 𝑝0 − 𝑖𝜀 − 𝛿(p − ∑ q𝑗 + ∑ k𝜈)
− ∑ 𝑘0𝜈 + ∑ 𝑞0

𝑗 − 𝑝0 − 𝑖𝜀} ;

(11)
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𝐼((𝑝)𝑙; 𝑞, (𝑞)𝑠) = 𝑃 ( 𝑝1
(𝑝)𝑙−1

) √2𝑝0
1 2𝑞0 𝛿(p1 − q) 𝐼((𝑝)𝑙−1; (𝑞)𝑠)

− (2𝜋)3/2
∞

∑
𝜈

1
𝜈! ∫ (𝑑𝑘)𝜈

(2𝑘0)𝜈
𝐼((𝑝)𝑙; (𝑘)𝜈) 𝐼((𝑘)𝜈; (𝑞)𝑠)

× { 𝛿(−q + ∑ p𝑖 − ∑ k𝜈)
∑ 𝑘0𝜈 − ∑ 𝑝0

𝑖 + 𝑞0 − 𝑖𝜀 − 𝛿(−q − ∑ q𝑗 + ∑ k𝜈)
− ∑ 𝑘0𝜈 + ∑ 𝑞0

𝑗 + 𝑞0 − 𝑖𝜀} .

(12)

We shall use without explanation the notation of paper (2), with the improve-
ment that, for brevity, a collection of symbols differing only in indices, for
example 𝑝1, … , 𝑝𝑙, will now be written, as in formulas (1), by a single letter
enclosed in parentheses, the index on which indicates the number of symbols:
(𝑝)𝑙.

3. Let us consider (11) for the function 𝐼 with one argument (the propagation
function):

𝐼(𝑝; −) = −(2𝜋)3/2
∞

∑
𝜈=0

1
𝜈! ∫ (𝑑𝑘)𝜈

(2𝑘0)𝜈
𝐼(−; (𝑘)𝜈) 𝐼((𝑘)𝜈; −)

× { 𝛿(p − ∑ k𝜈)
∑ 𝑘0𝜈 − 𝑝0 − 𝑖𝜀 − 𝛿(p + ∑ k𝜈)

− ∑ 𝑘0𝜈 − 𝑝0 − 𝑖𝜀} ,
(2)

and assume that no counterterms are added to the right-hand side of this equa-
tion (such an assumption will be consistent if all integrals on the right-hand side
converge). By virtue of invariance with respect to three-dimensional rotations,
the functions 𝐼(−; 𝑘1, … , 𝑘𝜈) can, obviously, depend only on the scalar prod-
ucts 𝑘𝑖 ⋅ 𝑘𝑗 and, consequently, do not change under the replacement 𝑘𝑖 → −k𝑖.
Therefore

𝐼(𝑝; −) = − (2𝜋)3/2 ∫ 𝑑𝑘
2𝑘0 |𝐼(𝑘; −)|2𝛿(p − k) 2𝑘0

(𝑘0)2 − (𝑝0 + 𝑖𝜀)2

− (2𝜋)3/2
∞

∑
𝜈=2

1
𝜈! ∫ (𝑑𝑘)𝜈

(2𝑘0)𝜈
|𝐼(𝑘1, … , 𝑘𝜈; −)|2 2 ∑ 𝑘0

𝜈
(∑ 𝑘0)2 − (𝑝0 + 𝑖𝜀)2 𝛿(p − ∑ k𝜈) .

(3)

From the stability condition for one-particle states it follows, as is easy to verify
(see (3), § 4.1), that

𝐼(𝑝; −) = 0; 𝐼(−; 𝑞) = 0. (4)
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Therefore the first line in (3) vanishes, and the condition imposed by this equa-
tion reduces to the requirement that the sum in the second line be equal to zero.
Introducing the masses of the intermediate states

𝑀2
𝜈 = (∑ 𝑘0

𝜈)2 − (∑ k𝜈)2 , (5)

we transform the denominators in this sum to invariant form, after which (3)
reduces to the requirement

(2𝜋)3/2
∞

∑
𝜈=2

1
𝜈! ∫ (𝑑𝑘)𝜈

(2𝑘0)𝜈
2 ∑ 𝑘0

𝜈 𝛿(p − ∑ k) |𝐼((𝑘)𝜈; −)|2
𝑝2 − 𝑀2𝜈 + 2𝑖𝜀𝑝0 = 0. (6)

But the vector 𝑝 lies on the energy surface (cf. (2)), 𝑝2 = 𝑚2; as for the masses
of the intermediate states 𝑀𝜈, each of them satisfies 𝑀𝜈 ≥ 𝜈𝑚, and since the
sum in (6) begins with 𝜈 = 2, all 𝑀𝜈 > 𝑚, and consequently

1
𝑝2 − 𝑀2𝜈 + 2𝑖𝜀𝑝0 = 1

𝑚2 − 𝑀2𝜈
< 0. (7)

All the remaining factors on the left-hand side of (6) are manifestly positive.
Thus the sum on the left-hand side of (6) is a sum of essentially negative quan-
tities, and from its being equal to zero it follows that each term separately is
equal to zero. Consequently, we have shown that

𝐼(𝑘1, … , 𝑘𝜈; −) = 0; 𝐼(−; 𝑘1, … , 𝑘𝜈) = 0, 𝜈 = 2, 3, … , (8)

i.e. that from the infinite system of coupled equations (1) and the stability
condition for one-particle states, in the absence of counterterms of the mass-
renormalization type, there follows the vanishing of all matrix elements of the
structure 𝐼((𝑝)𝑙; −) or 𝐼(−; (𝑞)𝑙).

4. Arguments of the type given above are by no means new and have been
used to justify far-reaching conclusions (6) about the structure of quantum
field theory. We shall now show, however, that along this path one can
advance still further and, still assuming that counterterms are absent,
prove the vanishing of all matrix elements, i.e. prove the theorem on the
absence of any interaction:

𝑆 = 1. (9)

Indeed, considering in the system (12) the equation for the function with one
right argument,
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𝐼((𝑝)𝑙; 𝑞) =𝑃 ( 𝑝1
(𝑝)𝑙−1

) √2𝑝0
1 2𝑞0 𝛿(p1 − q) 𝐼((𝑝)𝑙−1; −)

− (2𝜋)3/2
∞

∑
𝜈=0

1
𝜈! ∫ (𝑑𝑘)𝜈

(2𝑘0)𝜈
{ 𝛿(−q + ∑ p𝑖 − ∑ k𝜈)

∑ 𝑘0𝜈 − ∑ 𝑝0
𝑖 + 𝑞0 − 𝑖𝜀 + 𝛿(−q − ∑ k𝜈)

− ∑ 𝑘0𝜈 + 𝑞0 − 𝑖𝜀}

× 𝐼((𝑝)𝑙; (𝑘)𝜈) 𝐼((𝑘)𝜈; −),
(10)

we see that, by virtue of (8), each of the terms on the right-hand side tends
to zero, and, consequently, in the absence of counterterms all matrix elements
with one right-hand argument will also be equal to zero

𝐼(𝑝1, … , 𝑝𝑙; 𝑞1) = 0. (11)

Supposing now that the equality to zero of the matrix elements with a number of
right-hand arguments not exceeding 𝑛 has already been proved, and considering
equation (12) for the function with 𝑛 + 1 right-hand arguments, we convince
ourselves that such matrix elements too must tend to zero. Thus the assertion
that all matrix elements are equal to zero,

𝐼(𝑝1, … , 𝑝𝑙; 𝑞1, … , 𝑞𝑠) = 0 (12)

has been proved by induction. It is easy to see that assertion (9) follows from
it.

5. The seeming paradoxical character of the result obtained has a simple
explanation. For the foregoing arguments the assumption of the absence
of counterterms is quite essential. It would be justified if all the integrals
entering into the system (1) were convergent. Therefore, from the above
rigorous result it follows that a nontrivial local theory without divergences
is impossible—a result that has already been obtained (7) by a closely
related method—and for the description of nature within the framework
of a local scheme we are left only with theories containing divergences.
For such theories our chain of proofs is immediately destroyed. Indeed,
if in one of the equations of the system (1) we encounter a divergent
integral, then this, as always (cf. (3)), means that additional powers of
the momentum should have been introduced into the denominator and
an arbitrary counterterm of the required type added. In this case the
arguments restricting the sign of the integral, if it were convergent, in no
way extend to the counterterm. Therefore from condition (6) one can now
extract only an indication of the sign of the mass counterterm.

For a complete substantiation of the point of view on counterterms proposed by
the authors in (2), it would still be necessary to show that even in the presence
of a mass counterterm one cannot go beyond the trivial, if in the theory there
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is not at least one counterterm of the charge type at one of the higher vertices.
We expect to return to this question.

6. Let us make one more remark. In the derivation given above one could
reproach us for basing ourselves on the system (1), which itself, since
it uses Fourier transforms of 𝜗-functions without due justification, does
not belong to the class of rigorous results of the dispersion method (5).
However, we have resorted to this instrument only for the sake of making
the derivation more transparent. In fact, for the proof of the central point
—the proposition (6)—(8)—there is essentially no need for any system of
coupled equations at all; it is sufficient to have the Jost–Lehmann spectral
representation, which is established quite rigorously (3).

Indeed, by the definition of 𝐼 :

𝐼(𝑝; −) = √2𝑝0 ⟨𝑝|𝑗(0)|0⟩ = 1
(2𝜋)3/2 ∫ 𝑑𝑥 𝑒𝑖𝑝𝑥 ⟨0 ∣ 𝛿𝑖(0)

𝛿𝜑(𝑥) ∣ 0⟩ , (13)

or, if we use the functions 𝑓ret(𝑥) and 𝑔ret(𝑝) introduced in (3), § 4,

𝐼(𝑝; −) = − 1
(2𝜋)3/2 ∫ 𝑑𝑥 𝑒𝑖𝑝𝑥𝑓ret(𝑥) = − 1

(2𝜋)3/2 𝑔ret(𝑝)∣
𝑝0=+√p2+𝑚2

. (14)

But for 𝑔ret(𝑝) the Jost–Lehmann representation holds (see (3), equation 4.38)

𝑔ret(𝑝) = (𝑝2 − 𝑚2)𝑛+1 ∫
∞

(2𝑚)2

Υ(𝜁) 𝑑𝜁
(𝜁 − 𝑚2)𝑛+1(𝜁 − 𝑝2 − 𝑖𝜀𝑝0) +

𝑛
∑
𝑖=0

𝐶𝑖(𝑚2 − 𝑝2)𝑖,

(15)

the spectral function Υ(𝜉) of which is given by expression (4.7) from (3), being
expressed in terms of our matrix elements 𝐼 , has the form

Υ(𝑘2) = (2𝜋)3
∞

∑
𝜈=1

1
𝜈! ∫ (𝑑𝑘)𝜈

(2𝑘0)𝜈
|𝐼(−; (𝑘)𝜈)|2 𝛿(𝑘 −

𝜈
∑

1
𝑘𝜈)

× 2
𝜈

∑
1

√𝑘2
𝑖 + 𝑚2 𝛿(𝑘2 − 𝑀2

𝜈 ) .
(16)

For the case of the absence of counterterms in (15), 𝑛 + 1 = 0, and, substituting
(16) there, we arrive exactly at condition (6) and the consequences (8) following
from it.

As for the further induction argument (equations (10)—(12)), it is not difficult to
convince oneself that here, too, one can dispense with the Fourier transforms of
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𝜗-functions, basing the reasoning not on system (1), but on the corresponding,
more cumbersome system in the 𝑥-representation (see (2), equations (9) and
(13)). Thus all the arguments can be given the required degree of rigor.

In conclusion, the authors express their gratitude to N. N. Bogolyubov for dis-
cussion of the results obtained.
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