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PHYSICS
V. G. NEVZGLYADOV

QUANTUM THEORY OF A ROTATING AND
DEFORMABLE PARTICLE

(Presented by Academician V. A. Fock on VII 6, 1961)

The complexity of the many-body problem of quantum mechanics requires the
construction of simplified models that would reflect certain essential proper-
ties of systems. For example, for an atomic nucleus and a complex molecule
such properties are rotational and vibrational states. The quantum theory of
a rotating and deformable particle proposed for describing these properties is
constructed on the basis of the classical theory—of a body of homogeneous de-
formation as a mechanical system with nine degrees of freedom (with the center
of mass fixed)—three rotational and six deformational. A closed theory of such
a system, which is a generalization of the model of an absolutely rigid body, has
been constructed by the author (1) (see also the notation there).

§ 1. The equations of motion of the classical theory (!) can be written in
Hamiltonian form. Let us construct the Hamiltonian function H. As generalized
coordinates we choose nine independent quantities x;,. The conjugate momenta
are:

Pir = 0T /OX ik = JpyXis: (L1)
the inertial constants ;9 are defined in (*) (1,12). The Hamiltonian function

oT

= X — L=puxu —L=T+U+U™ (1,2)
aXl’k

Denote the solution of system (1,1) with respect to x;, by:

X'L’k = I'Sm,ikpnm; (173)

I gm,ik is a square matrix of the ninth rank; its rows are numbered by the two

first indices nm, and its columns by the two indices ik; Igm k= I?k nm 1-€. this
matrix is symmetric; it is inverse to the matrix

0 — 0

Jjm, ik = Tk Oni- (1,4)
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Substituting (1,3) into (1,2), we obtain the Hamiltonian function explicitly:

H= %I'gm,ikpnmpik +U(eir) + U (Xin)s (1,5)

where the deformational coordinates ¢;;, are expressed through x;,,;:

ik = XniXnk — Oik- (1,6)

The angular momentum M,;, has the form

Mik = XknPin = XinPkn> (177)

My = X2,P3n — X3nPoni Mo = X3nP1n — X1nP3n; M3 = X1nPan — X2nP1n-

Let us compose the Poisson brackets for two functions F} and F, of the me-
chanical state, i.e. functions of the canonical variables X,,,,,; Prm- We retain the
usual definition, namely

OF, OF, 9F OF,

[Fy, Fy) = (1,8)

Hence, for the coordinates %,, and momenta p,, we obtain

[%7"87 %nm] = 0; [prs7pnm] = 0’ [p'f‘S’ %nm] = 67‘8,"17}1’ (1?9)

where the unit matrix of ninth rank 6 is a generalization of the Kronecker

rs,nm

symbol; it can be represented in the form of a product ¢ =9,,0 The

rs,nm rm’sm-*

Poisson brackets for the components of the angular momentum of the amount
of motion M, have the form

[My, My] = —Ms; [MzaMs] = —M;; [M37Mﬂ =—M,. (1,10)

Next we obtain that

[M%2 M) =0 (k=1,2,3); (1,11)

[My,211] = [My, n15] = [My, %13] = 0;

[Mla %21] = —"315 [Mh %22] = —N32; [Mu %23] = —%33; (1,12)
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(M, 7131 = w1 (M, #39] = #9; [M, 9133] = #3.
The relations for M, and M; have an analogous form. The Poisson brackets

[M, p;;] have the form (1,12) with »,;, replaced by p;;. If the external potential
field is “central,” i.e., if

Wy OU [0,y — w1, OU JOny s = 0, (1,13)

and also @, = 0, then the Poisson brackets are

[H, M) =0, (1,14)

and hence it also follows that

[H, M?] = 0. (1,15)

If the external central field is stationary, then there is an energy integral H = E;
in addition, from (1,14) we obtain three more first integrals of the motion,

M, = M, (1,16)

which, however, will not be independent because of the existence of (1,10). Two
of the three M, will be independent. As three independent first integrals of the
motion one may choose H, M?, M.

§ 2. To construct the quantum theory of a rotating and deformable particle
we shall follow the usual rules: assigning operators to dynamical quantities, we
establish commutation relations between them by using the quantum analogue
of Poisson brackets, namely

7
[F17F2]—>%(F1F2_F2F1)- (2,1)

In what follows, without changing the notation of the dynamical quantities, we
regard them as operators. From (1,9) we obtain

%’I"S%’I’Lm - %nm%rs = 07 prspnm _pnmprs = O; (272)

Prs?pm = PpmPrs = _ihérs,nm' (273)

From (1,10) we obtain
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M, M, — MyM, = ihMy;  MyM, — MyM, = ihM,;

MM, — My M, = ihM, (2,4)

and from (1,11)

M2M, — M2, =0 (k=1,2,3). (2,5)

From the commutation relations (2,4) and (2,5), as is known (2, there follows
the spectrum of eigenvalues of M? and M;, namely

M2 = h25(j + 1)1, 2j is an integer; (2,6)

Mgp=mhp (=5 <m < +j).

Restricting ourselves to the case of a central external field, we obtain from (1.15)

HM? — M?H = 0. (2,7)

Thus, the eigenfunction of M? will also be an eigenfunction of the operators M,
and H, i.e., a solution of the Schrédinger equation

Hip = Eip. (2,8)

Let us write the explicit form of the Schrodinger equation in the representation
in which the operators of the independent commuting variables x,, are simply
operators of multiplication by x,,. For this it is necessary to construct the
operators p,,,, in the x,, representation. Then from (2.3), up to a unitary
transformation, it follows that

Prs = —ih 8/6er (279)

To construct the operator H we turn to the Hamiltonian function (1.5) and see
that, since Igm,ik are constants, by virtue of (2.2) substitution of the opera-
tors (2.9) gives an unambiguous expression for the operator H. Just as in the
quantum mechanics of a point (a system of points), in order to obtain an un-
ambiguous form of the operators one must use Cartesian coordinates, so in the
theory developed here one must use the coordinates y,,. Thus, the Schrodinger
equation (2.8) takes the form
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1
Hw = _§h212m,ik 82¢/8Xnmasz + (U + Uex) 1/} = E’l/} (2710)
If the direction of the fixed axes Ox,z524 is chosen so that they coincide with
the principal axes of inertia of the body in the natural arrangement of the points,
then I3, =0 for i # k; IY, = ID, 19, = 19, I, = IY, and then the matrix Igmﬂ-k
assumes the simple form

v 0,

1
nm,ik — Fénz mk? (2711)
k

here there is no summation over the index k, which we indicate by underlining.

§ 3. To investigate deformation, rotation, and the relation between them, we
pass to other variables: six deformation coordinates ¢,,, and three “orienta-
tional” coordinates ¥,,, which we assume to be only independent of ¢,,, and
uniquely expressible in terms of x,.,:

¥, = 9, (X115 X12> X135 X215 X22> X235 X315 X32> X33) (7 =1,2,3) (3,1)

By 9, one may, for example, understand ¢;; from ((1.3) or the Euler angles
of a suitably rotating reference frame. From (1.6), (3.1), and (2.2) it follows for
the corresponding operators that

EnmErs — Ers€nm = 07 ?977,’197” - ﬂrﬂn =0. (372)

The passage to the new variables can be carried out by applying the variational
principle, as was already shown in Schrédinger’ s first communication ) (see
also ). However, it is simpler to perform a direct transformation to the new
variables of the differential equation (2.10). Assuming that the nine coordinates
X Dy solving the system (1.6) and (3.1), are expressed in terms of the nine

Enms U by single-valued continuous functions:

Xik = Xik(511a522,533a512a513a523ﬂ91ﬂ92,793) (3,3)

and, consequently,

w(Xik) = w(gnm’ﬂn)7 (374)

we obtain

8/8Xnm = gnm,rs 6/a‘ers + hnm,r 6/619r’ (375)
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where g, s = 0€,5/OXnms Pomr = 0U,./0X,m- Substituting the operator
(3.5) into equation (2.10), we obtain, restricting ourselves to the case (2.11), the
Schrodinger equation in the coordinates ¢,,,,,7,,:

nm?

(T + T+ T35+ U+ U)Y) = Ev, (3,6)

where

h2 0 o 72 P 9
T = ——— 7 R T T O ERY
1 212 Jukrs e, (gnk’mp agmp) ’ ? 212 o 09, ( nk,m 09, ) ’

Ty=——+ s o9 a0, ey )]
5 2]2 |:gnk,’l‘s asrs (hnk,m 8’(9m ) + hnk,’r 8197‘ <gnk,mp 8€mp >:|

Further, using (1,6), we obtain:

gnk,rs = "prs k= 53 gnk,rs = s k= r gnk,rs = 07 k 7& S, k 7& r.
(3,7)

The coeflicients h,,;, ,,, are likewise uniquely expressed in terms of #,, after
choosing the explicit form of the functions (3,1). The %, in equation (3,6) must
be replaced by the functions (3,3). Using only (3,7) and (1,6), the Schrodinger
equation (3,6) can also be given the following form:

(de + Hrot + Hrd)w = va (378)

where

rs

0 ahnk m 0
= - 2 b} _ ex
[ nk, 7"819 nk,m aﬁm) + Anr agrk aﬁm] Urotv
32
n

=y h
rd ,72 nr n@ma&_ 819

The interaction of rotation with deformation is very close and is described not
only by the term H, 4; in the term Hgy; the orientational coordinates 9, are
present, and in the term H,, the coordinates ¢,,,,,. Let us note that the names
of the terms Hy¢, H, ., H,4, respectively as deformation energy, rotational energy,
and the energy of the interaction of rotation with deformation, are somewhat
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conventional and do not correspond to the separation of the energy in (1) (2,13),
because if the instantaneous rotation is defined by the vector Q; (1) (2,3), which
is quite natural, then the angles 1J,, do not describe purely rotational degrees of
freedom (i.e. the ¥,, are not linear homogeneous functions of €2,).

The closed theory constructed is, in a certain sense, a generalization of the
quantum theory of the asymmetric top investigated in works (°~7). For the
phenomenological description of quantum systems it uses a small number of
constants: the inertial constants j9 and the elastic constants A, u, which enter
into the expression for the internal potential energy

1
U=r1 (5)\52 + ,Ufz'kgik-) 5 E=¢e +522+€337 T = T0(1+8+6ki€ki+A);
(3,9)

7 is the volume of the particle, and A is the determinant of ¢;,. We note
that for a potential energy of the form (3,9) or ((*) (1,20)), the total energy of
the particle satisfies a fact known from nuclear physics—the independence, with
respect to mass number, of the binding energy of the nucleus and of the density
of its matter, calculated per nucleon.
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