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It is known (7) that, under fairly general assumptions on the right-hand sides,
the system of second-order equations

𝜀 ̇𝑥 = 𝑓(𝑥, 𝑦), ̇𝑦 = 𝑔(𝑥, 𝑦) (1)

may have a periodic solution 𝑍𝜀, “close”to a discontinuous periodic solution
𝑍0. The most typical picture in the phase plane is presented in Fig. 1, where
the solution 𝑍0 is indicated by a heavy line, and 𝑍𝜀 by a dashed line.

The solution 𝑍𝜀 consists of portions of two types: portions of “slow motions,”
lying near the arcs 𝐴𝐵 and 𝐶𝐷 of the curve 𝑓(𝑥, 𝑦) = 0 and traversed by the
representing point in a finite time, and portions of “fast motions,”lying near
the horizontal segments 𝐵𝐶 and 𝐷𝐴 and traversed by the representing point in
a time small together with 𝜀.
Fig. 1
Fig. 1

Many works have been devoted to the asymptotic computation of solutions of
system (1) for small 𝜀 > 0 and, in particular, solutions of the type 𝑍𝜀 (see,
for example, (1,2 ,4 –6)). The most general results were obtained in (3). There,
with arbitrary accuracy, asymptotic expansions were found for the solution on
portions of “slow”and “fast”motions and in neighborhoods of the points of
loss of stability (points 𝐵 and 𝐷 in Fig. 1) and of the points of falling (points
𝐴 and 𝐶). Then these expansions were“matched”with accuracy up to 𝑂(𝜀7/6)
at the junctions of the portions. From the expansion found for the solution 𝑍𝜀,
an asymptotic formula is obtained for the period 𝑇𝜀 of the relaxation oscillation
𝑍𝜀:
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𝑇𝜀 = 𝑇0 + 𝑄1𝜀2/3 + 𝑄2𝜀 ln 𝜀 + 𝑄3𝜀 + 𝑂(𝜀7/6). (2)

Here 𝑇0 is the period of the discontinuous solution 𝑍0, and 𝑄1, 𝑄2, 𝑄3 are nu-
merical coefficients depending on the values of the right-hand sides of system
(1) and their derivatives on the arcs 𝐴𝐵 and 𝐶𝐷 of the curve 𝑓(𝑥, 𝑦) = 0.
In the present work a complete asymptotic expansion of the period of the re-
laxation oscillation 𝑍𝜀 is obtained, i.e., the period of the cycle 𝑍𝜀 is computed
with any prescribed degree of accuracy 𝑜(𝜀𝑁).
It turns out that*

𝑇𝜀 = 𝑇0 +
3𝑁
∑
𝑛=2

𝜀𝑛/3
[𝑛/3]−𝜒(𝑛)

∑
𝜈=0

𝑄𝑛,𝜈 ln
𝜈 𝜀 + 𝑜(𝜀𝑁). (3)

In this formula 𝑇0 is the same as in (2); 𝜒(𝑛) = 0, if 𝑛 ≡ 0 (mod 3) or

* The symbol [𝑎] denotes the integer part of the number 𝑎.
𝑛 ≡ 2 (mod 3) and 𝜒(𝑛) = 1, if 𝑛 ≡ 1 (mod 3); 𝑄𝑛,𝜈 are numerical coefficients
whose values are determined by the values of the right-hand sides of system
(1) and of several of their derivatives on the arcs 𝐴𝐵 and 𝐶𝐷 of the curve
𝑓(𝑥, 𝑦) = 0.
Concrete explicit expressions have been obtained for the coefficients in the for-
mula

𝑇𝜀 = 𝑇0 + 𝑄1𝜀2/3 + 𝑄2𝜀 ln 𝜀 + 𝑄3𝜀 + 𝑄4𝜀4/3 + 𝑄5𝜀5/3 ln 𝜀 + 𝑄6𝜀5/3+
+𝑄7𝜀2 ln2 𝜀 + 𝑄8𝜀2 ln 𝜀 + 𝑂(𝜀2).

Effective expressions can also be obtained for the subsequent coefficients, but
the computations necessary for this are too cumbersome.

If, instead of system (1), one considers the more general system

𝜀 ̇𝑥 = 𝑓(𝑥, 𝑦, 𝜀), ̇𝑦 = 𝑔(𝑥, 𝑦, 𝜀), (4)

then, although the formulas for the solutions change, the structure of the asymp-
totic expansion (3) is preserved, and the coefficients 𝑄2,0 and 𝑄3,1 do not even
change.

The derivation of formula (3) is based on refining the asymptotic expansions
(obtained in [3]) of the solution 𝑍𝜀 on various intervals and on“matching”these
expansions with an arbitrary degree of accuracy.
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The greatest difficulty is presented by the computation of the time 𝑇−𝑝,𝑝 spent
by the representative point in traversing part of the trajectory in a finite (in-
dependent of 𝜀) neighborhood of the jump point. Introducing (see [3]) in this
neighborhood special local coordinates 𝜉, 𝜂, we can determine the time

𝑇−𝑝,𝑝 = ∫
𝑝

−𝑝

𝑑𝜂
𝑑𝜉 𝛿(𝜉, 𝜂) 𝑑𝜉, (5)

where 𝜂 = 𝜂(𝜉) is the equation of a piece of the cycle in local coordinates,
and 𝛿(𝜉, 𝜂) is a certain function expressible in terms of the right-hand sides of
system (1). The asymptotic representation for the function 𝜂 = 𝜂(𝜉) is obtained
differently on different intervals: on the interval [−𝑝, −𝜎1], 𝜎1 = 𝜀𝜆, the solution
is asymptotically represented in the form

𝜂(𝜉) =
𝑛

∑
𝑖=0

𝜀𝑖𝜂𝑖(𝜉) + 𝑂(𝜀𝑛(1−3𝜆)+1−𝜆) ;

on the interval [−𝜎1, 0]—in the form

𝜂(𝜉) = 𝜇2
𝑘

∑
𝑖=0

𝜇𝑖𝑣𝑖(
𝜉
𝜇) + 𝑂(𝜀1+𝑘𝜆) ,

where 𝜇3 = 𝛾𝜀, 𝛾 is a certain constant; on the interval [0, 𝜎2], 𝜎2 = 𝜀𝜈,—in the
form

𝜂(𝜉) = 𝜇2
𝑘

∑
𝑖=0

𝜇𝑖𝑣𝑖(
𝜉
𝜇) + 𝑂(𝜀1+𝑘𝜈) ;

on the interval [𝜎2, 𝑝]—in the form

𝜂(𝜉) = 𝜂(𝑙)(𝜉) + 𝑂(𝜀 𝑙(1−3𝜈)+1−𝜈) .

For all the functions 𝜂𝑖(𝜉), 𝑣𝑖(𝜉/𝜇), 𝜂(𝑙)(𝜉), effective algorithms of computation
are indicated in [3].

It is necessary to choose the numbers 𝑛, 𝜆, 𝑘, 𝜈, 𝑙 in such a way that the remainder
terms have order 𝑂(𝜀𝑁) or higher. It turns out that such a choice of these
numbers is possible, and at the same time at the points −𝜎1 and 𝜎2 the pieces
of the solutions can be matched. Taking into account the asymptotic expansions
of the functions 𝑣𝑖(𝑢) for

for large negative values of 𝑢
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𝑣𝑖(𝑢)− ∼ 𝑢𝑖−1
∞

∑
𝛼=0

𝑎𝛼,𝑖
𝑢3𝛼

and the functions 𝜂𝑖(𝜉) as 𝜉 → 0

𝜂𝑖(𝜉) ∼
∞

∑
𝛼=0

𝑏𝛼,𝑖𝜉𝛼−3𝑖+2,

the time 𝑇−𝑝,0 is computed by formula (5). Determination of 𝑇0,𝑝 is more
complicated because of the peculiar asymptotics of 𝑣𝑖(𝑢) as 𝑢 → +∞:

𝑣𝑖(𝑢)+ ∼
𝑖

∑
𝛼=0

∞
∑

𝛽=1+3𝛼−𝑖
𝛽≠2+3𝛼−𝑖

𝐴𝛼,𝛽,𝑖 ln
𝛼 𝑢

𝑢𝛽 + Φ𝑖(𝑢), (6)

where

Φ𝑖(𝑢) =
⎧{
⎨{⎩

𝐴𝑖 ln
𝜌 𝑢, if 𝑖 = 3𝜌,

𝐴𝑖 ln
𝜌+1 𝑢, if 𝑖 = 3𝜌 + 1,

𝐴𝑖 ln
𝜌 𝑢, if 𝑖 = 3𝜌 + 2.

However, on the basis of formulas (6) and (5) it too can be found.

The computation of the time of motion of the representative point on the re-
maining parts of the trajectory 𝑍𝜀 is carried out on the basis of asymptotic
representations obtained analogously to those indicated in paper (3).

The present work was carried out in L. S. Pontryagin’s seminar on the theory
of oscillations and automatic control at the suggestion of E. F. Mishchenko, to
whom the author expresses sincere gratitude.

Moscow State University
named after M. V. Lomonosov
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