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Abstract

Full Text
MATHEMATICS
Ya. N. ROITENBERG

ON DETERMINING THE POSITION OF A
NONLINEAR CONTROLLED SYSTEM IN
PHASE SPACE

(Presented by Academician A. N. Kolmogorov, 3 II 1962)

To determine the position of a linear controlled system in phase space in the case
where not all phase coordinates are accessible to measurement and, moreover,
there is no information about the position of the reference system relative to
which the position of the controlled system is to be determined, an indirect
method was developed in paper (). As the initial data, the increments of one
of the phase coordinates of the system accessible to measurement were used. In
the present paper an analogous problem is considered for nonlinear controlled
systems.

1. The equations of motion of a controlled system of continuous action may
be represented in the following form:

(my,

ij (D)yk:xj(t)"_wj(ylv:[/lv'“,y(lwh_l)a"'ayn,ynv"'ayn 71)7t> (]: 17"')”)'
k=1
(1.1)

Here y, are generalized coordinates, xj(t) are prescribed external forces. By
f; (D) are denoted polynomials in D, whose coefficients are prescribed functions
of time; D = d/dt is the operator of differentiation with respect to time. The
highest degree of D in the polynomials f; (D) (j = 1,...,n) for a given k is
denoted by my, i.e. my, (k= 1,...,n) is the order of the highest derivative of y,
with respect to time occurring in the left-hand sides of equations (1.1).

The nonlinear functions 1, (j = 1,...,n) are assumed to be continuous in all
their arguments in some closed domain and to satisfy in this domain Lipschitz
conditions with respect to the arguments

. 1 ) .
yl’yl""’ygml >v"'7ynaynw..,y7(17nn ).

Equations (1.1) can be reduced (?) to the following form:
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21 =Y1s  Zo = Uiy zmlzyg ! ),..., zT:y; " >; (1.3)
r=m;+my+..+m,; (1.4)
=~ By, (1)
X, (1) = (),
oE A
=~ By,;(t)
\I/Uj(zl, vy 2y ) = Z A*J(t) V(21505 2051) (0= 01,.0,0,); (1.5)
k=1
01 =My, Og=mMy+Mg,..., 0O, =T, (1.6)

and the functions X, (¢), ¥, (21, ..., 2,,t), for which u # o, (I = 1,...,n), are
identically equal to zero.

In expressions (1.5), A*(¢) denotes the determinant formed from the coefficients

bjj,(t) with which the quantities yémk) enter the left-hand sides of equations (1.1),

Ar(t) = [b (D], (L.7)

and it is assumed that this determinant is not identically equal to zero. By By;
are denoted the cofactors of the elements by ; in the determinant (1.7).

The system of scalar differential equations (1.2) can be replaced by the matrix
differential equation

Z4+alt)z=X({t) 4+ (21,2, 1), (1.8)
where z, a(t), X(t), ¥(z, ..., 2, t) are the following matrices:

2=yl alt) =lag @)l

X(t) = |X,@)], W2y, s 200 t) = [W(205 05 2,5 1) (1.9)

J tad o)

sovietrxiv.org/items/ru-196201.31110 Machine Translation


https://sovietrxiv.org/items/ru-196201.31110

By 2(ty) = ||z;(ty)| we denote the matrix of values of the desired functions at
the initial time ¢ = ¢,.

Denoting by 6(t) the fundamental matrix for the matrix differential equation

Z+a(t)z=0, (1.10)

one can pass from the nonlinear matrix differential equation (1.8) to the nonlin-
ear matrix integral equation

2(8) = Nt to)=(ty) + / N(t,7)X(r)dr + / Nt )W (24 (1), . 2, (7). 7) d,
(1.11)

where

N(t,7) = 0(t)0~(7) (1.12)

is the weight function for the matrix differential equation (1.10). By 671(t) in
expression (1.12) is denoted the inverse matrix.

Since the functions X, (t), ¥, (21, ..., z,,t), for which u # o, (I = 1,...,n), are
identically equal to zero, the system of scalar integral equations equlvalent to
the matrix equation (1.11) takes the form

() = 5" Nyt to) )+ > / W (t, 7)a (7 dT+Z / At TV (21(7),
k=1 =1 Ytq
(1.13)
where
iN B”(T) (G=1,,r; 1=1,...,n). (1.14)

=1 <T>

To solve the system of integral equations (1.13), it is necessary to prescribe the
initial values z,(t,) (k = 1,...,r) of the phase coordinates. We are concerned,
however, the problem of interest will be one in which the initial values z(t,)
(k=1,...,7) are unknown, while it is possible to measure only one of the phase
coordlnates z4, and the position of the origin of this coordinate is unknown.

We shall assume that the law according to which the external forces x;(¢t) (I =
1,...,n) vary is known.
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To solve the problem posed, let us choose a new arbitrary origin and, fixing
it, measure the deviations S(t,),S(ty),...,S(t,,;) of the phase coordinate z,
relative to the new origin at certain instants of time ¢,,...,¢, .

Since S(t;) = S* + z,(t;) (i =1,...,7+ 1), where S* is the deviation of the new
origin relative to the original origin, then, denoting
S(ty) —St,)=L, (u=1,..,r), (1.15)

we obtain the following relations, which do not contain the unknown quantity
S*, between the increments of the phase coordinate z, and the measurement
results L,:

zs(tu+1)—zs(tu) =L, (n=1,..,r). (1.16)
With the aid of (1.13), the expressions (1.16) can be brought to the following

form:

t

r n [ n n
Zcukzk(tO) = PM_Z/ Wsl(tu+177-) %(21(7)’ azr<7-)a7-) dT+Z Wsl(tuvT) wl(zl(7—>a azr(T)7T) dr
k=1 t

=1 “to =1 Ytq
(1.17)
where
C[Lk :Nsk<tp+1?t0)7Nsk(t,u7tO) (/“LZ ]-a"'ar; k:]_,...,T'); (118)

n t n t,
P,=L,—>_ W (t,r, ) 2 (7) dT+Z/ Wy (t,, 7z (r)dr  (p=1,..,7).
=1 Y% =1 Yt
(1.19)

From equations (1.17) it follows that

1 & 1 <& n t n t,
lto) = § D APy DA |3 [ Wl a0 207 =3 [ Wt )
= n= = 0 = 0
(1.20)
where
C11 Cq9 o Crp
A=l o+ w1, (1.21)
Cr1 Cp2 o Cpp
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and A,; (p,i=1,...,7) are the cofactors of the elements c,,; in the determinant
(1.21).

Substituting into (1.13) the expressions (1.20) found for z;(¢,), we arrive at a
system of integral equations, not containing the unknown initial values z(t,),
with respect to the unknown functions z,(t) (v =1,...,r):

r

2(t) = Gy(t) = > V(1)

n

tu+1
j{jh/“ Wt oo ) (21 (1), s 20 (1), ) d
1 Yo
n t

pn=1 =
_Z/ Wsl(tuaT)wl(zl(T)a-'~7Zr(7—)77—) dr
=1 Ytq
t
+3° [ Wit e n i ndr =1
=1 Yto
(1.22)
where
1 T T n t ‘
G;(t) = n 1 lei(tvtO)A;u'Pp + zz/t Wyt m)z(r)dr (j=1,...,7);
1=1 p= =1 Yo
(1.23)
1 )
ij@) = A Nji(tvtO)Am (Ju=1,..,7). (1.24)

i=1

To solve the integral equations (1.22), it is necessary to use numerical methods
(3 4 )

2. In the case where the nonlinear functions ¥;(z, ..., z,,t) ({ = 1,...,n) do not
depend on certain phase coordinates of the system z,, the number of integral
equations forming the system (1.22) is reduced. Thus, for example, if only

one phase coordinate z, enters under the sign of the nonlinear functions
(I=1,...,n),

(0 :wl<zk(t>7t) <l: 1""7”)’ (2'1)

then, in accordance with (1.22), it will be necessary to solve the following non-
linear integral equation with respect to the unknown function z;(t):
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2lt) = Gult) — S Vi)
p=1

Z/HH Wsl( ut1> T )%(Zk( ) )d

_Z/“W (1 7) a7 dr] +Z sz (t, 7)Y (2, (1), 7) dT.
=1 Ytq
(2 2)

The remaining phase coordinates z, (p=1,....,k—1,k+1,...,r) will be expressed
by quadratures:

n W u+10 T z dr
ZZ/ (1o ) 1 (2 (7). )

—Z/ st T) i (2 (7 dT}‘*‘Z/ o1t 7) Wy (2, (7), 7) dT.
(2.3)
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