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Abstract
Full Text
Mathematics

V. P. MIKHAILOV

ON THE EXTENSION OF FUNCTIONS
(Presented by Academician I. G. Petrovskii, 28 X 1961)

In the theory of boundary-value problems for partial differential equations, an
essential role is played by the question of the possibility of extending a function
𝑢(𝑥), 𝑥 = (𝑥1, … , 𝑥𝑛), given in some bounded domain 𝑄, to the whole space
while preserving its smoothness. A function 𝑢∗(𝑥), defined on the whole space
𝑅𝑛, will be called an extension from the domain 𝑄 of the function 𝑢(𝑥), if
𝑢∗(𝑥) = 𝑢(𝑥) for 𝑥 ∈ 𝑄. When 𝑢(𝑥) belongs to the Sobolev class 𝑊 (𝑙)

𝑝 (𝑄) (1) for
some integer 𝑙, and the boundary Γ of the domain 𝑄 is sufficiently smooth, its
extension 𝑢∗(𝑥) to 𝑅𝑛, belonging to the class 𝑊 (𝑙)

𝑝 (𝑅𝑛), was constructed by V.
M. Babich (2) by the methods of Whitney and Hestenes (3). It was also proved
that there exists a constant 𝐶, independent of the function 𝑢(𝑥), such that

‖𝑢∗‖𝑊 (𝑙)
𝑝 (𝑅𝑛) ≤ 𝐶 ‖𝑢‖𝑊 (𝑙)

𝑝 (𝑄) . (1)

L. N. Slobodetskii (4) investigated an analogous question on the extension of
functions from the class 𝑊 (𝑙1,…,𝑙𝑛)

(𝑥1,…,𝑥𝑛),2(𝑄), where the 𝑙𝑖 are arbitrary positive
numbers, to the whole space in the case when 𝑄 is a domain of special form.
If all 𝑙𝑖, 𝑖 = 1, … , 𝑛, are distinct, then the domain 𝑄 in (4) is assumed to be a
parallelepiped with faces parallel to the coordinate planes. If {𝑙𝑖, 𝑖 = 1, … , 𝑛}
are divided into 𝑘 groups of numbers equal among themselves 𝑙1 = 𝑙2 = ⋯ = 𝑙𝑠1

,
𝑙𝑠1+1 = ⋯ = 𝑙𝑠2

, … , 𝑙𝑠𝑘−1+1 = ⋯ = 𝑙𝑛, then the domain 𝑄 in (4) is the intersection
of cylinders Ω1, … , Ω𝑘,

𝑄 =
𝑘

∏
𝑟=1

𝑄𝑟,

where Ω𝑟 is a cylinder with generators parallel to the coordinate planes 𝑥𝑠𝑟−1+1 =
𝑥𝑠𝑟−1+2 = ⋯ = 𝑥𝑠𝑟

= 0, and with a sufficiently smooth directrix surface lying in
the plane {𝑥𝑠𝑟−1+1, … , 𝑥𝑠𝑟

}. In (5), in solving a certain boundary-value problem
for a parabolic equation of order 2𝑝, an extension of a function 𝑢(𝑡, 𝑥1, … , 𝑥𝑛)
from 𝑊 (1,2𝑝,…,2𝑝)

(𝑡,𝑥1,…,𝑥𝑛),2(𝑄) to the whole space was carried out with preservation of the
norm. In this case the domain 𝑄 in (5) (if, for simplicity, it is assumed convex)
is bounded by a smooth surface Γ, which with the tangent planes 𝑡 = 𝑡𝐵 and
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𝑡 = 𝑡𝐻 , 𝑡𝐻 = inf{𝑡, (𝑥1, … , 𝑥𝑛, 𝑡) ∈ 𝑄}, 𝑡𝐵 = sup{𝑡, (𝑥1, … , 𝑥𝑛, 𝑡) ∈ 𝑄}, has
contact of at least order 2𝑝.

In the present note the question is considered of extending, from a two-
dimensional domain 𝑄, a function 𝑢(𝑥, 𝑦) belonging to the space 𝑊 (𝑚,𝑛)

(𝑥,𝑦),2(𝑄)
(4) and satisfying certain boundary conditions, to the whole plane with
preservation of the norm. For simplicity in the formulation of the result we
assume the domain 𝑄 convex, and 𝑚 < 𝑛 (the case 𝑚 = 𝑛 was considered in
(2,4 )).
Theorem. Let 𝑢(𝑥, 𝑦) ∈ 𝑊 (𝑚,𝑛)

(𝑥,𝑦),2(𝑄), 𝑢|Γ = 𝐷𝑥𝑢|Γ = ⋯ = 𝐷[𝑚]−1
𝑥 𝑢|Γ = 0, where

Γ is a sufficiently smooth boundary of the domain 𝑄. If, in neighborhoods of
the points Λ = (𝑥Λ, 𝑦Λ) and Π = (𝑥Π, 𝑦Π), 𝑥Λ = inf{𝑥, (𝑥, 𝑦) ∈ Γ}, 𝑥Π =
sup{𝑥, (𝑥, 𝑦) ∈ Γ}, the equation Γ can be represented in the form 𝑥 − 𝑥Λ =
𝑂(|𝑦 − 𝑦Λ|𝑛/𝑚), 𝑥Π − 𝑥 =

= 𝑂 (|𝑦 − 𝑦Π|𝑛/𝑚) ,
respectively, then there exists a function 𝑢∗(𝑥, 𝑦), which is an extension of the
function 𝑢(𝑥, 𝑦) to the whole plane 𝑅 and is such that

‖𝑢∗‖𝑊 (𝑚,𝑛)
(𝑥,𝑦),2(𝑅) ≤ 𝐶‖𝑢‖𝑊 (𝑚,𝑛)

(𝑥,𝑦),2(𝑄), (2)

where 𝐶 is a constant depending only on the domain 𝑄.

Before proceeding to the proof of the theorem, which for brevity will be carried
out for integer 𝑚 and 𝑛, we formulate several auxiliary assertions concerning
fractional derivatives. Let 𝑓(𝑥) be a function of one variable 𝑥 of class 𝐿2(0, 1).
We shall say that 𝑓(𝑥) has a derivative 𝑓 (𝛼)(𝑥) of order 𝛼, 0 < 𝛼 < 1, from
𝐿2(0, 1), if 𝑓 (𝛼)(𝑥) ∈ 𝐿2(0, 1) and

∫
𝑥

0
𝑓 (𝛼)(𝑥) 𝑑𝑥 = 1

Γ(1 − 𝛼) ∫
𝑥

0

𝑓(𝜉)
(𝑥 − 𝜉)𝛼 𝑑𝜉. (3)

Lemma 1. If the function 𝑓(𝑥) ∈ 𝐿2(0, 1) has a derivative 𝑓 (𝛼)(𝑥) of order 𝛼,
0 < 𝛼 < 1, from 𝐿2(0, 1), then

∫
𝑥

0
𝑓(𝜉) 𝑑𝜉 = 1

Γ(1 + 𝛼) ∫
𝑥

0
(𝑥 − 𝜉)(𝛼)𝑓 (𝛼)(𝜉) 𝑑𝜉. (4)

Lemma 2. If the function 𝑓(𝑥) ∈ 𝐿2(0, 1) has a derivative 𝑓 (𝛼)(𝑥), 0 < 𝛼 < 1,
from 𝐿2(0, 1), then

∥ 𝑓
𝑥𝛼 ∥

𝐿2(0,1)
≤ 𝐶1‖𝑓 (𝛼)‖𝐿2(0,1), (5)

where 𝐶1 is an absolute constant.

sovietrxiv.org/items/ru-196201.30648 Machine Translation

https://sovietrxiv.org/items/ru-196201.30648


Lemma 1 is proved analogously to the corresponding assertions on fractional
derivatives in the book (6), and Lemma 2 can be obtained from Theorem 319
of the book (7).
Lemma 3. The set of functions 𝑓(𝑥) ∈ 𝐿2(0, 1) for which there exists a deriva-
tive of order 𝛼, 0 < 𝛼 < 1, from 𝐿2(0, 1), coincides with Slobodetskii’s space
𝑊 (𝛼)

2 (0, 1).
Lemma 3 is proved by applying the Fourier transform to (3) and using the
corresponding theorem of Slobodetskii (4).
Lemma 4. Let 𝑢(𝑥, 𝑦) be a finite function, concentrated in the domain 𝑄 and
belonging to the space 𝑊 (𝑚,𝑛)

(𝑥,𝑦),2(𝑅), and let 𝛼 and 𝛽 be integers, 𝛼 ≥ 0, 𝛽 ≥ 0,
such that

1 − 1
𝑛 ≤ 𝛼

𝑚 + 𝛽
𝑛 ≤ 1.

Then
∥ 𝐷𝛼

𝑥 𝐷𝛽
𝑦𝑢

𝑥𝑚(1− 𝛼
𝑚 − 𝛽

𝑛 )
∥

𝐿2(𝑄)
≤ 𝐶2‖𝑢‖𝑊 (𝑚,𝑛)

(𝑥,𝑦),2(𝑄), (6)

where 𝐶2 is a constant depending only on the domain 𝑄.

For the proof of the theorem, cut the domain 𝑄 by the straight lines 𝑥 = 𝑥Λ + 𝛿
and 𝑥 = 𝑥Π − 𝛿 into the parts

𝑄(𝛿)
1 = 𝑄 ∩ (𝑥Λ ≤ 𝑥 ≤ 𝑥Λ + 𝛿), 𝑄(𝛿)

2 = 𝑄 ∩ (𝑥Λ + 𝛿 < 𝑥 < 𝑥Π − 𝛿),

𝑄(𝛿)
3 = 𝑄 ∩ (𝑥Π − 𝛿 ≤ 𝑥 ≤ 𝑥Π),

where 𝛿 is some positive sufficiently small number, 𝛿 < (𝑥Π − 𝑥Λ)/2. From the
condition of the theorem it follows that the equations of the curves Γ ∩ (𝑥Λ ≤
𝑥 ≤ 𝑥Λ + 𝛿) and Γ ∩ (𝑥Π − 𝛿 ≤ 𝑥 ≤ 𝑥Π), parts of the boundary of 𝑄(𝛿)

1 and 𝑄(𝛿)
3

in neighborhoods of the points Λ and Π, respectively, can be represented in the
form

𝑥 − 𝑥Λ = 𝜓Λ(|𝑦 − 𝑦Λ|) and 𝑥Π − 𝑥 = 𝜓Π(|𝑦 − 𝑦Π|),
where

𝜓Λ(𝑡) ≤ 𝐴𝑡𝑛/𝑚, 𝜓Π(𝑡) ≤ 𝐴𝑡𝑛/𝑚, 0 ≤ 𝑡 ≤ min (𝜓−1
Λ (𝛿), 𝜓−1

Π (𝛿)) ,

and 𝐴 is a constant independent of 𝛿, provided 𝛿 is less than some sufficiently
small 𝛿0.

Lemma 5. If the function 𝑢(𝑥, 𝑦) satisfies the conditions of the theorem, then
for it there exists an extension from the domain 𝑄(𝛿)

2 into the strip

𝑅(𝛿)
2 = (𝑥Λ + 𝛿 < 𝑥 < 𝑥Π − 𝛿).

Moreover,
‖𝑢∗‖𝑊 (𝑚,𝑛)

(𝑥,𝑦),2(𝑅(𝛿)
2 ) ≤ 𝐶(𝛿)‖𝑢‖𝑊 (𝑚,𝑛)

(𝑥,𝑦),2(𝑄(𝛿)
2 ), (7)
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where the constant 𝐶(𝛿) does not depend on 𝑢(𝑥, 𝑦).
Lemma 5 is proved analogously to the corresponding theorems in (2,4,8) by
means of a local straightening of the boundary Γ ∩ (𝑥Λ + 𝛿 < 𝑥 < 𝑥Π − 𝛿) of the
domain 𝑄(𝛿)

2 . In extending 𝑢(𝑥, 𝑦) from the domain 𝑄(𝛿)
1 (as well as from the

domain 𝑄(𝛿)
3 ) we shall assume that 𝑥Λ = 𝑦Λ = 0 and that the function 𝑢(𝑥, 𝑦),

together with all its existing derivatives, vanishes on the line 𝑥 = 0.

Define in 𝑄(𝛿)
1 = (0 ≤ 𝑥 ≤ 𝛿, 𝑦 ≥ 0) ∖ 𝑄(𝛿)

1 ∩ (𝑦 ≥ 0) the function

𝑣1(𝑥, 𝑦) =
𝑁

∑
𝑖=1

𝜆𝑖𝑒𝑀𝑖(1−𝑦/𝜑(𝑥)) 𝑢(𝑥, 𝜑(𝑥)𝑒𝑚𝑖(1−𝑦/𝜑(𝑥))), (8)

where 𝑦 = 𝜑(𝑥) is the equation 𝑥 = 𝜓Λ(𝑦), solved for 𝑦 for 𝑦 > 0; 𝑚𝑖 ≥ 1, 𝑀𝑖 ≥
𝑚𝑖, 𝑖 = 1, … , 𝑁 , are certain positive numbers. It has been proved that, with
a suitable choice of 𝑚𝑖 and 𝑀𝑖, one can find numbers 𝑁, 𝜆𝑖, 𝑖 = 1, … , 𝑁 ,
such that the function 𝑣1(𝑥, 𝑦), defined in 𝑄(𝛿)

1 , will coincide with the function
𝑢(𝑥, 𝑦), given in 𝑄(𝛿)

1 , along their common boundary 𝑦 = 𝜑(𝑥) with any number
of derivatives with respect to 𝑥 and to 𝑦. In the same way one constructs the
function 𝑣2(𝑥, 𝑦), which carries out the extension of 𝑢(𝑥, 𝑦) from 𝑄(𝛿)

1 to the
domain 𝑄(𝛿)

1 = (0 ≤ 𝑥 ≤ 𝛿, 𝑦 ≤ 0) ∖ 𝑄(𝛿)
1 ∩ (𝑦 ≤ 0). Denoting by 𝑢∗(𝑥, 𝑦) the

function defined in the strip 𝑅(𝛿)
1 = (0 ≤ 𝑥 ≤ 𝛿), coinciding with 𝑢(𝑥, 𝑦) in

𝑄(𝛿)
1 , with 𝑣1(𝑥, 𝑦) in 𝑄(𝛿)

1 , and with 𝑣2(𝑥, 𝑦) in 𝑄(𝛿)
1 , and taking into account

the regularity of the boundary Γ, from (8) we obtain

∥𝐷𝑛
𝑦 𝑢∗∥2

𝐿2(𝑅(𝛿)
1 ) ≤ 𝐶2

3

𝑛
∑
𝑘=0

∥ 𝐷𝑘
𝑦𝑢

𝑥(𝑛−𝑘)𝑚/𝑛 ∥
2

𝐿2(𝑄(𝛿)
1 )

, (9)

‖𝐷𝑚
𝑥 𝑢∗‖2

𝐿2(𝑅(𝛿)
1 ) ≤ 𝐶2

3 ∑
0≤𝑠/𝑛+𝑘/𝑚≤1

𝑘+𝑠=𝑚

∑ ∥ 𝐷𝑘
𝑥𝐷𝑠

𝑦𝑢
𝑥𝑚(1−𝑘/𝑚−𝑠/𝑛) ∥

2

𝐿2(𝑄(𝛿)
1 )

, (10)

where the constant 𝐶3, for sufficiently small 𝛿, does not depend on 𝛿. Analogous
estimates are obtained:

∥𝐷𝑠
𝑦𝑢∗ ⋅ 𝜃(𝑥)∥2

𝐿2(𝑅(𝛿)
1 ) ≤ 𝐶2

3

𝑠
∑
𝑘=0

∥ 𝐷𝑘
𝑦𝑢

𝑥(𝑠−𝑘)𝑚/𝑛 𝜃(𝑥)∥
2

𝐿2(𝑄(𝛿)
1 )

, 0 ≤ 𝑠 ≤ 𝑛; (9𝑠)
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‖𝐷𝑠
𝑥𝑢∗ ⋅ 𝜃(𝑥)‖2

𝐿2(𝑅(𝛿)
1 ) ≤ 𝐶2

3 ∑
𝑘1+𝑘2=𝑠

0≤𝑘1+𝑘2𝑚/𝑛≤𝑠

∑ ∥𝐷𝑘1𝑥 𝐷𝑘2𝑦 𝑢 ⋅ 𝜃(𝑥)
𝑥𝑠−𝑘1−𝑘2𝑚/𝑛 ∥

2

𝐿2(𝑄(𝛿)
1 )

, 0 ≤ 𝑠 ≤ 𝑚,

(10𝑠)

for an arbitrary 𝜃(𝑥) ≥ 0 for which (9𝑠) and (10𝑠) make sense.

Let us note that the function 𝑢∗(𝑥, 𝑦) in 𝑅(𝛿)
1 , for sufficiently large |𝑦|, may

be taken to be zero, without violating the estimates (9), (10), (9𝑠), and (10𝑠).
Moreover, without violating these estimates, one may also regard 𝑢∗(𝑥, 𝑦) as
being defined not only in 𝑅(𝛿)

1 , but in the whole half-strip 𝑥 ≤ 𝑥Λ + 𝛿, setting it
equal to zero for 𝑥 ≤ 𝑥Λ. This follows directly from (8), since 𝑒𝑀𝑖(1−𝑦/𝜑(𝑥)) for
𝑥 = 0, 𝑦 ≠ 0 vanishes together with all its derivatives. In connection with this,
the norms standing on the right-hand side of (9), for 𝑘 < 𝑛, can be estimated
as follows:

∥ 𝐷𝑘
𝑦𝑢

𝑥(𝑛−𝑘)𝑚/𝑛 ∥
2

𝐿2(𝑄(𝛿)
1 )

≤ ∥ 𝐷𝑘
𝑦𝑢∗

𝑥(𝑛−𝑘)𝑚/𝑛 ∥
2

𝐿2(𝑅(𝛿)
1 )

≤

≤ 𝜀 ∥ 𝐷𝑘+1
𝑦 𝑢∗

𝑥(𝑛−𝑘−1)𝑚/𝑛 ∥
2

𝐿2(𝑅(𝛿)
1 )

+ 1
𝜀 ∥ 𝐷𝑘−1

𝑦 𝑢∗

𝑥(𝑛−𝑘+1)𝑚/𝑛 ∥
2

𝐿2(𝑅(𝛿)
1 )

.

for any 𝜀 > 0. Hence, with the aid of (9𝑠), for a suitable choice of 𝜃(𝑥),

∥ 𝐷𝑛
𝑦 𝑢

𝑥(𝑛−𝑘)𝑚/𝑛 ∥
2

𝐿2(𝑄(𝛿)
1 )

≤ 𝜀‖𝐷𝑛
𝑦 𝑢∗‖2

𝐿2(𝑅(𝛿)
1 ) + 𝐶𝜀 ∥ 𝑢

𝑥𝑚 ∥
2

𝐿2(𝑄(𝛿)
1 )

, (11)

where 𝐶𝜀 depends only on 𝜀 > 0. From (11) and (9) it follows that

‖𝐷𝑛
𝑦 𝑢∗‖2

𝐿2(𝑅(𝛿)
1 ) ≤ 𝐵 (‖𝐷𝑛

𝑦 𝑢‖2
𝐿2(𝑄(𝛿)

1 ) + ∥ 𝑢
𝑥𝑚 ∥

2

𝐿2(𝑄(𝛿)
1 )

) , (12)

where the constant 𝐵 > 0.

Similarly, with the aid of (10𝑠), estimates are obtained for the terms on the
right-hand side of (10) when

𝑘
𝑚 + 𝑠

𝑛 > 1 − 1
𝑛 ∶
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∥ 𝐷𝑘
𝑥𝐷𝑠

𝑦𝑢
𝑥𝑚(1−𝑘/𝑚−𝑠/𝑛) ∥

2

𝐿2(𝑄(𝛿)
1 )

≤ 𝜀 ∥ 𝐷𝑘
𝑥𝐷𝑠+𝜆

𝑦 𝑢
𝑥𝑚(1−𝑘/𝑚−(𝑠+𝜆)/𝑛) ∥

2

𝐿2(𝑅(𝛿)
1 )

+ 𝐶𝜀 ∥ 𝐷𝑘
𝑥𝑢

𝑥𝑚−𝑘 ∥
2

𝐿2(𝑄(𝛿)
1 )

,

(13)

where 𝜆 is such an integer that

1 − 1
𝑛 ≤ 𝑘

𝑚 + 𝑠 + 𝜆
𝑛 ≤ 1.

Applying Lemmas 3 and 4 to the remaining terms of the right-hand side of (10),
as well as to the first term of (13), we finally obtain

‖𝐷𝑚
𝑥 𝑢‖2

𝐿2(𝑅(𝛿)
1 ) ≤ 𝐵 (‖𝐷𝑛

𝑦 𝑢‖2
𝐿2(𝑄(𝛿)

1 ) + ‖𝐷𝑚
𝑥 𝑢‖2

𝐿2(𝑄(𝛿)
1 ) +

𝑚
∑
𝑟=0

∥ 𝐷𝑟
𝑥𝑢

𝑥𝑚−𝑟 ∥
2

𝐿2(𝑄(𝛿)
1 )

) .

(14)

By means of integration by parts with respect to 𝑥 over the domain 𝑄(𝛿)
1 , one

can prove the existence of a constant 𝐶4, independent of 𝑢(𝑥, 𝑦), such that

∥ 𝐷𝑟
𝑥𝑢

𝑥𝑚−𝑟 ∥
2

𝐿2(𝑄(𝛿)
1 )

≤ 𝐶2
4 ‖𝐷𝑚𝑢‖2

𝐿2(𝑄(𝛿)
1 ). (15)

Taking into account (15), (14), (12), and (10), we obtain

‖𝑢‖2
𝑊 (𝑚,𝑛)

(𝑥,𝑦),2(𝑅(𝛿)
1 ) ≤ 𝐶2

5 ‖𝑢‖2
𝑊 (𝑚,𝑛)

(𝑥,𝑦),2(𝑄(𝛿)
1 ), (16)

with a constant 𝐶5 independent of 𝑢(𝑥, 𝑦) and of 𝛿 for 𝛿 < 𝛿0.

Since estimate (16) remains valid if in it the domains 𝑄(𝛿)
1 and 𝑅(𝛿)

1 are replaced
by 𝑄(𝛿)

3 and 𝑅(𝛿)
3 , respectively, it follows immediately from (16) and Lemma 5, in

which 𝛿 should be replaced by 𝛿0, that the assertion of the theorem is obtained.

Remark. From this theorem, with the aid, for example, of (4) or (8), there
immediately follows the existence in 𝑄 of the generalized derivatives 𝐷𝜇

𝑥𝐷𝜈
𝑦𝑢 ∈

𝐿2(𝑄) for

𝜇
𝑚 + 𝜈

𝑛 ≤ 1

and

‖𝐷𝜇
𝑥𝐷𝜈

𝑦𝑢‖𝐿2(𝑄) ≤ 𝐶1‖𝑢‖𝑊 (𝑚,𝑛)
(𝑥,𝑦),2(𝑄),

𝜇
𝑚 + 𝜈

𝑛 ≤ 1,
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where 𝐶1 does not depend on 𝑢(𝑥, 𝑦). Moreover, in 𝑄 the corresponding results
proved for 𝑅2 on the behavior of 𝑢(𝑥, 𝑦) on manifolds of a smaller number of
dimensions (on curves in the domain 𝑄) turn out to be valid.
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