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Abstract
Full Text

Mathematics

V. P. MIKHAILOV

ON THE EXTENSION OF FUNCTIONS

(Presented by Academician I. G. Petrovskii, 28 X 1961)

In the theory of boundary-value problems for partial differential equations, an
essential role is played by the question of the possibility of extending a function
u(z), z = (xq,...,2,), given in some bounded domain @, to the whole space
while preserving its smoothness. A function «*(z), defined on the whole space
R,,, will be called an extension from the domain @ of the function u(z), if
u*(z) = u(x) for z € Q. When u(x) belongs to the Sobolev class WISU(Q) (1) for
some integer [, and the boundary I' of the domain @ is sufficiently smooth, its
extension u*(x) to R,,, belonging to the class WZ(,U(RR), was constructed by V.
M. Babich (?) by the methods of Whitney and Hestenes (). It was also proved
that there exists a constant C, independent of the function u(x), such that

HU*HWI‘;”(RH) <C ”u”W,()”(Q) . (1)

L. N. Slobodetskii (*) investigated an analogous question on the extension of
functions from the class W((;lllm:m(@), where the [; are arbitrary positive
numbers, to the whole space in the case when @) is a domain of special form.
Ifall I;, i = 1,...,n, are distinct, then the domain @ in (%) is assumed to be a
parallelepiped with faces parallel to the coordinate planes. If {I,, i = 1,...,n}
are divided into k groups of numbers equal among themselves [, =1, = - =1, ,
lg;a="=1,,., 1l 41 = =1, thenthe domain Q in (1) is the intersection

of cylinders Q4, ..., 4,

3
Q=@
r=1
where €2, is a cylinder with generators parallel to the coordinate planes Ty 41 =
Ty 4o ==z, =0, and with a sufficiently smooth directrix surface lying in
the plane {xsrfﬂrl’ e CEST}. In (%), in solving a certain boundary-value problem
for a parabolic equation of order 2p, an extension of a function w(t, z,...,z,)
from W 1-2P2P) (@) to the whole space was carried out with preservation of the

(25, ),2
norm. In this case the domain @ in (°) (if, for simplicity, it is assumed convex)
is bounded by a smooth surface I', which with the tangent planes ¢t = ¢tz and
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t =ty, ty = inf{t, (zq,...,2,,t) € Q}, tg = supi{t, (21,...,2,,t) € Q}, has
contact of at least order 2p.

In the present note the question is considered of extending, from a two-

dimensional domain @, a function u(z,y) belonging to the space Wé;ny;lé(Q)

(*) and satisfying certain boundary conditions, to the whole plane with
preservation of the norm. For simplicity in the formulation of the result we
assume the domain @) convex, and m < n (the case m = n was considered in
)

Theorem. Let u(z,y) € W((:?z;;l,>2<Q)’ ulp = Dyylp == DT]71u|F =0, where
I' is a sufficiently smooth boundary of the domain . If, in neighborhoods of
the points A = (zy,y,) and Il = (2, yy), zy = inf{z, (z,y) € I'}, 2y =
sup{z, (x,y) € T'}, the equation T can be represented in the form =z — z, =
Oly = ya|™'™), oy —x =

= O(|y—yn\n/m),
respectively, then there exists a function v*(x,y), which is an extension of the

function u(z,y) to the whole plane R and is such that

where C' is a constant depending only on the domain Q.

Before proceeding to the proof of the theorem, which for brevity will be carried
out for integer m and n, we formulate several auxiliary assertions concerning
fractional derivatives. Let f(z) be a function of one variable x of class L,(0,1).

We shall say that f(z) has a derivative f(®(z) of order o, 0 < a < 1, from
Ly(0,1), if f®)(x) € Ly(0,1) and

’ (@) () da — 1 c 1
/Of (2)d F(100/0 g e (3)

Lemma 1. If the function f(z) € Ly(0,1) has a derivative f(®(z) of order a,
0 < o<1, from Ly(0,1), then

: I S AP
| @t =g [ -0 (W

Lemma 2. If the function f(z) € Ly(0,1) has a derivative f(*(z), 0 < a < 1,
from L,(0,1), then
‘ f

o
where C| is an absolute constant.

<Gy f Iz,0,1)s (5)
L,(0,1)
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Lemma 1 is proved analogously to the corresponding assertions on fractional
derivatives in the book (°), and Lemma 2 can be obtained from Theorem 319
of the book (7).

Lemma 3. The set of functions f(x) € L,(0, 1) for which there exists a deriva-
tive of order a, 0 < o < 1, from L,(0,1), coincides with Slobodetskii’ s space

wi(0,1).

Lemma 3 is proved by applying the Fourier transform to (3) and using the
corresponding theorem of Slobodetskii (*).

Lemma 4. Let u(x,y) be a finite function, concentrated in the domain @ and
belonging to the space W(TyT)Q(R), and let a and 3 be integers, a« > 0, 8 > 0,
such that

1
1—-< 2 + é <1
n m n
Then ;
D3 D
] MR Q
t Ly(Q)

where C, is a constant depending only on the domain Q.
For the proof of the theorem, cut the domain () by the straight lines x = x, +46
and x = x — ¢ into the parts

QY =Qnay<a<ay+0), QY =QN(1y+0<z<ay—0d),

Qé‘s):Qﬂ(xH—éngmH)7

where § is some positive sufficiently small number, 6 < (z; — z,)/2. From the
condition of the theorem it follows that the equations of the curves I' N (z, <

x<xp+0)and I'N (g —3d <z < zp), parts of the boundary of Q(15> and Q<36>
in neighborhoods of the points A and II, respectively, can be represented in the
form

r—xp =YPp(ly—yal) and zp—z=9Yy(ly —ynl),

where
Pa(t) <A™, () < AtM™, 0 <t < min (Y3 1(0), ¥ (6))

and A is a constant independent of §, provided § is less than some sufficiently
small §;.

Lemma 5. If the function u(z,y) satisfies the conditions of the theorem, then
for it there exists an extension from the domain Qgs) into the strip

Rgs):(m/\+5<x<xn—5).

[\/loreover,
* R .
[lu ”W((;*fyz”z(R(z‘”) < 0(5)||U\|W(<ij;>2@<2&)v (7)
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where the constant C'(0) does not depend on u(z,y).

Lemma 5 is proved analogously to the corresponding theorems in (248) by
means of a local straightening of the boundary T'N(x) +6 < z < x — ) of the

domain Q(;)' In extending wu(z,y) from the domain Q(lé) (as well as from the

domain Qg&)) we shall assume that x, = y, = 0 and that the function u(z,y),
together with all its existing derivatives, vanishes on the line z = 0.

Define in @g‘” =0<z<é, y>0)\ Q;J) N (y > 0) the function

N
= Z AieMi(lfy/W(z)) u(x’ ¢(x>emi(17y/@(w>)>’ (8)
i—1
where y = () is the equation z = 1, (y), solved for y for y > 0; m; > 1, M, >
m;, @ = 1,..., N, are certain positive numbers. It has been proved that, with
a suitable choice of m, and M,, one can ﬁnd numbers N, \;, « = 1,..., N,

such that the function v, (z,y), deﬁned in Q , will coincide with the function
u(z,y), given in Q(1'5>7 along their common boundary y = ¢(x) with any number
of derivatives with respect to = and to y. In the same way one constructs the
function vy(x,y), which carries out the extension of u(z,y) from Q(lé) to the
domain 5(15) =0<z<6, y<0)\ Q<16) N (y < 0). Denoting by u*(x,y) the
function defined in the strip R(lé) = (0 < x < §), coinciding with u(z,y) in
Q(l >, with v, (z,y) in 5 , and with vy(z,y) in @(15)7 and taking into account
the regularity of the boundary I, from (8) we obtain

n k
n, x| 2 i
HDyu ||L2(R(‘15)) < CS o r(n—kym/n . (Q(‘;))7 (9)
= 2(&y
D’“DS
* 2
L REUES BIP VY Frs =) INPREND
0<s/n+k/m<1 (6))
k+s=m

where the constant Cj, for sufficiently small §, does not depend on 6. Analogous
estimates are obtained:

Dsu - 0(a)| e wl 0<s< 9
Dy - (m)HLQ(Rf)) =3 Ll (s—k)ym/n () . s<n; (9)
e L@
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2
DD - 6(x)

rs—ki—kom/n

2 ‘ 2
IDyus 0@} o, <C3 Y
ki +ky=s
0<k;+kym/n<s

Ly(Q)

for an arbitrary 6(x) > 0 for which (9,) and (10,) make sense.

Let us note that the function u*(x,y) in R<16>7 for sufficiently large |y|, may
be taken to be zero, without violating the estimates (9), (10), (9,), and (10,).
Moreover, without violating these estimates, one may also regard u*(z,y) as
being defined not only in R(lé), but in the whole half-strip « < x, + 0, setting it
equal to zero for x < x,. This follows directly from (8), since eM:(1=¥/¢(@) for
x =0, y # 0 vanishes together with all its derivatives. In connection with this,
the norms standing on the right-hand side of (9), for k < n, can be estimated
as follows:

k k., *
Dyu Dyu <
n—k)m/n L n—k)m/n -
G PRI K e
k+1, * k—1, %
- Dyttu 1 Dy~ tu .
> p(n—k=1)m/n . (R(l‘”) e || z(n—k+1)m/n . (R(l‘s))

for any € > 0. Hence, with the aid of (9,), for a suitable choice of 6(z),

e <eppu o +C (11)
L) Fan) 7L @y)
where C, depends only on £ > 0. From (11) and (9) it follows that
w2
ID5 L iy < B (”Dzu||iz<c23“> * me”Lz(Qf‘)) ’ 12

where the constant B > 0.

Similarly, with the aid of (10,), estimates are obtained for the terms on the
right-hand side of (10) when

sovietrxiv.org/items/ru-196201.30648 Machine Translation


https://sovietrxiv.org/items/ru-196201.30648

2

DEDiu DEDs DFy,
m(l—k/m—s/n) T € m(l—k/m—(s+\)/n) ) +C‘5 rm—k ’
. L,(QY) * Ly(RY) L,(QY)
(13)
where A is such an integer that
1
LA R

n_- m n

Applying Lemmas 3 and 4 to the remaining terms of the right-hand side of (10),
as well as to the first term of (13), we finally obtain

m

IDF U2 ) < B (||Dgu|§2@;a,> DT o+ D

o2
Dl u
m—r :
=0 ¥ Ly(QY)

(14)
By means of integration by parts with respect to z over the domain Q;‘S), one

can prove the existence of a constant C,, independent of u(zx,y), such that

2
,
Diu

m-—r
x L,

<D™ (15)

@)
Taking into account (15), (14), (12), and (10), we obtain

2 2 2
HU||WKL:,L1:,;L,)2(R(16)) S 05 ”u”W((;,,L;;L,)Q(Q;&y)’

with a constant Cy independent of u(z,y) and of J for 0 < 4.

Since estimate (16) remains valid if in it the domains Q<16> and R<16> are replaced

by Qg‘;) and Ré‘”, respectively, it follows immediately from (16) and Lemma 5, in
which § should be replaced by J,, that the assertion of the theorem is obtained.

Remark. From this theorem, with the aid, for example, of (4) or (8), there
immediately follows the existence in Q of the generalized derivatives Dj Dyu e
Ly (Q) for

3=
IN
—

SEIN

and

_|_

IN
—

IDE DYl ) < Cullulyrn,

SN

1
@ m
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where C; does not depend on u(z,y). Moreover, in @) the corresponding results
proved for R, on the behavior of u(z,y) on manifolds of a smaller number of
dimensions (on curves in the domain @) turn out to be valid.

Moscow State University
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