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Abstract
Full Text

L. I. Kamynin

ON A PROBLEM IN HYDRAULIC ENGINEERING
(Presented by Academician S. L. Sobolev on 25 VII 1961)

The note considers the solution of a mixed problem for a parabolic equation with
coefficients that have a discontinuity along a moving and initially unknown line.
Problems of this kind arise in the practice of hydraulic engineering, for example
(see (1)) in the injection of binding solutions into rock formations to increase the
strength and water impermeability of the foundations of hydraulic structures.
If injection is carried out simultaneously from a number of wells located on one
straight line at equal and sufficiently small distances from one another, then, in
order to determine the pressure u,(x,t) of the injected liquid and the pressure
uy(z,t) of the displaced liquid, moving in a porous medium without mixing
(where = h(t) is the line of their interface), one may formulate the following
mathematical problem, which in what follows we shall call Verigin’ s problem.

It is required to find three functions u,(z,t), us(x,t), and h(t) satisfying the
system of equations of parabolic type

Ou; 0 Ouy )

ot oz (al(x’t) o ) A
Ouy 0 Ouqy ) .
ﬁ——x<a2(x,t)g), ht)<ax <l 0<t<T; (1)

the initial conditions

ul(x,O):¢1(x), OSZES}L(O):C,

uy(z,0) = Z/)2<$)7 c<z < (2)

the boundary conditions

W =1 (t);
M:%(m 0<t<T, (3)
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the conjugation conditions on the unknown line of discontinuity of the coeffi-
cients = = h(t)

ul(h(t)a t) = u2<h<t)7 t);

iy (B0 P (h(1),) = aa(h(0), ) D2 (b, 1),  0<t<T,  (4)

where, moreover, for the line of discontinuity the differential equation must hold

dh(t)

S = s )

Ouy

oL (h(t), ), )

where

aq(z,t)aq(z,t) — ag(x, t)aq (z,t)
a2($7 t)

B(x,t) = B

(B > 0 is a constant).

In addition, the compatibility conditions are satisfied

1(0) = ‘P1(O>§
50 = g0
b1 (0) = vnlc): ©)
1y (e 008 ) = e, 0 c)

With regard to the coefficients of equation (1), the initial functions (2), and
the boundary functions (3)—(5), we shall henceforth assume that the following
conditions are fulfilled:

I. The functions a,(z,t) are continuous in the closed domain
Gp={(,); 0<2 <, 0<t<T}

together with the derivatives da,(z,t)/0z, da,;(x,t)/0t, and 0?a,;(x,t)/0x? (i =
1,2), and a;(z,t), Oa,;(z,t)/0x, and Oa,;(x,t)/0t satisfy a Holder condition in x
and ¢ with nonzero exponent; moreover,

0<a; <a;(z,t) <A

(2

where a;, A; (i = 1,2) are constants.

sovietrxiv.org/items/ru-196201.30466 Machine Translation


https://sovietrxiv.org/items/ru-196201.30466

IT. The functions ¢;(t) (i = 1,2) satisfy a Holder condition in ¢ with nonzero
exponent; the functions ¢,(xz) (i = 1,2) are continuous together with
Yi(x), and ¢ (x) satisfy a Holder condition in = with nonzero exponent;
moreover, ¢,;(t) < 0 and ¢¥}(z) <0 (i =1,2).

III. In the domain G the functions a,(z,t) (i = 1,2) satisfy a Holder condition
in x and t with nonzero exponent, and

\/al(xat) 0“2(1’70+ CLQ(.T,t) al(xvt) #07
a;(z,t) >0 (i=1,2), A > B(x,t) > a > 0, where A and a are constants.
IV. The condition 0 < ¢ < I is fulfilled.

When conditions I-IV are fulfilled, the existence of a solution of the Verigin
problem (1)—(6) is proved. We note that, in the case of constant a,(x,t) and
a;(z,t), the Verigin problem (1)—(6) was considered by N. N. Verigin (!) and
L. I. Rubinshtein (). We outline the scheme of the proof.

Assuming that h(t) is a monotonically nondecreasing function, by integrating
equations (1) over the domains

é(T” ={(2,t), 0<z<h(t),0<t<T}

and "
Gp ={(z,t), h(t) <z <; 0<t< T},

respectively, and by using the initial and boundary conditions (2)—(4), one can
obtain an integral equation for determining h(t) (cf., in this connection, the
method of the authors who dealt with the solution of the Stefan problem (°9)):

(t)
h(t)—Sh(t)_chB{ /Oh ul(x,t;h)das+/h:)u2(z,t;h)dx
t c l
a1(0, 7)1 (7) — as(l, 7)o (1)) dT — 1(z)dr — o(x)dz 5.
+ [0 st s ar = [ wn@ydr = [ }
(7)

Consider the set M obtained as the closure, in the metric of C, of the set
of continuously differentiable functions h(t) (0 < ¢t < T') for which h(0) = ¢
and 0 < dh(t)/dt < L. On the set M we consider the operator Sh, g = Sh,
defined by means of the right-hand side of (7), where w,(x,t;h) (i = 1,2) is the
solution of the auxiliary problem (1)—(4), (6) with the given function h(t) from
M. As was proved by the author in (%), the problem (1)—(4), (6) has a solution
w;(x,t; h) (i = 1,2), continuous together with

ou;
ox

(z,t;h)
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on the closure of é;i), provided conditions I-IV are fulfilled, if only h(t) satisfies
a Holder condition in ¢ with exponent > 1 /2, which holds in our case, since
h(t) € M satisfies a Holder condition

with exponent 1. The following lemmas are needed for the proof of the existence
theorem.

Lemma 1. If u;(x,t, h) is a solution of the auxiliary problem (1)—(4), (6), then,
under conditions I-1V, there exists a constant D, independent of the choice of
h(t) from M, such that in G(jf)

Ou; (z,t;h) <O0.

DK
ox

Lemma 2. If h(t) is a monotonically nonincreasing function satisfying a Holder
condition in ¢ with exponent 1, then g(¢) = Sh(t) will be a differentiable mono-
tonically nonincreasing function for which

g(0) = ¢, 0< di]l—it) < Dmax fB(x,t) = L.

T

Using the theorem on the continuous dependence of the solution of problem (1)
—(4), (6) on the boundary, contained in our paper (%), one proves

Lemma 3. The operator Sh is continuous in the norm

|9(t1) — g(t5)|
= max |g({)|+ sup —F—
Il 0<t<T l9(t)] 0<ty b<T |t — o]

on the set M.
Using the results of our paper (3) and of the paper of Gevrey (°), one proves

Lemma 4. There exists at least one fixed point of the mapping g = Sh of the
set M into itself.

Finally, with the aid of Lemma 4 and the integral equation (7), the main theorem
is proved:

Theorem. Under conditions I-IV, the Verigin problem (1)—(6) has at least
one solution {u, (z,t;h); uy(x,t;h); h(t)}, and both

O
u;(x,t;h), as well as ﬂ(aat;h)

Ox

satisfy a Holder condition in z and ¢ in égﬁ) with a nonzero exponent.
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