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OF A SECOND-ORDER DIFFERENTIAL
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(Presented by Academician P. S. Aleksandrov, 3 III 1962)

The second-order differential equation

d*v dv

- =F — 1

du? (u,v, du) (1)
will be called nomographable under the boundary conditions

u=1uy, v=v; and uU=1uy, V=0, (2)

if there exists a Massau determinant

Aj(u)  Ay(u)  Ag(u)

Bi(v)  By(v) Bgl(w #0, (3)

satisfying the condition

Aj(u)  Ay(u)  As(u)
Bi(v) By(v) Bs 1(17)
S Co

0, (4)

where v = v(u,cq,¢y) is the general solution of equation (1), and ¢, ¢, are
arbitrary constants. In this case the point M with mark u of the scale u,
the point N with mark v of the scale v, and the point C' with coordinates
(¢1;¢y) lie on one straight line. The point C(c;;¢y) is determined, by means of
the boundary conditions (2), as the point of intersection of the straight lines
M, N, and M,N,, passing respectively through the points M, (u,), N;(v;) and
My(uy), Ny(vy) (see Fig. 1).

Fig. 1
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Fig. 1
Figure 1: Fig. 1
Theorem. A necessary and sufficient condition for the momographability of

equation (1) is that its general solution be a solution of the differential equation
of geodesic lines on a sphere under the conditions

{121}:0’ {212}:0_ -

1. Suppose that equation (1) is nomographable. Then it follows from (4)
that its general solution has the form

C1Py3(u,v) + ey Pyy (u,v) + Ppo(u,v) =0, (6)
where
A A
Pik - ‘ Bi Bk (7)

It is known that the vector P = {P,5; Py;; P)o} satisfies conditions (2)

(PP,P”,) =0, (8)
(PP.P7,) =0, (9)
(PP,P7) #0. (10)

Conditions (8), (9), (10) are necessary and sufficient for the left-hand side of
equation (6) to be representable in the form of the Massau determinant (3).

From (6) we obtain

€143 + C2q31 + ¢12 = 0,
CT9g + CoTg + 119 =0,

where

0Py | 9Py dv
Gir = "5y, ov du’
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_ PPy PPydv 9Py (dv)2 OP,, d*v

Tik T T2 Au v du o2 \du Ov du?’ (12)

Eliminating ¢;, ¢, from (6), (11), we obtain the desired differential equation

d2U 7 T dv 3 L dv 2 o o
W(PPqu) + (@) (PPUPUU) + (@) [(PPqu}) + 2(PPquU)] +
+ (?) (PP, P;,) +2(PP, P )]+ (PP, P/, ) =0. (13)
U

Consider the functions z = A(u, v)Pys, ¥y = AM(u,v)Pyy, 2 = A(u,v)P5. Choose
A(u,v) so that 22 + y? + 22 = 1. Then z,y, z are the coordinates of a point of
the sphere whose radius is equal to unity. If, in equations (8), (9), (10), (13),
P,5, Py, Py are replaced respectively by z/\, y/\, z/A, then these equations
will have the form:

(BB =0, (8"
(B, =0, (©)
(PBL) # 0, (107

(Hﬂ/ ﬂ/)@ + (d’(})g(ﬂﬂl =/ >+ (dv>2[(aw =/ )+2(ﬁa/ =/ )]+
ppupv duQ du pp’UlD’L)'U dU; pp’u.p’U’U ppvpuv

d’U = =7 >y — =/ oy = =7 o 9
+o [(B P Pr) + 2(P PruPr)] + (B Prfryn) = 0, (13)

where g = {z;y; z}.

From identities (8"), (9”) we obtain the Gauss derivative formulas

-, 11 — - —// 22 =/ (g
pZuZ{l}pquDp, pva{Q}pﬁD’p- (14)

Moreover, it is known that

=/ 12 >/ 12 =/ /= 9
puv={1}pu+{2}pu+Dﬂ (14)
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If in equation (13") we replace p..,, Brys Py Dy their values from formulas (14),
(147), then it takes the form

%+ <{222}_2{112}> (fhﬁ* (_{111}+2{122}> (%) 15)

This is the differential equation of geodesic lines on the sphere under the condi-

tions
{212} 0, {121} — 0. (16)

Thus, if equation (1) is nomographable, then its general solution is the solution
of the differential equation of geodesics on the sphere under conditions (16).

2. Let us prove the converse proposition to the one considered, i.e., that the
solution of equation (15) under conditions (16) is nomographable.

The general solution of the differential equation of geodesics on the sphere has
the form

crz(u,v) + coy(u, v) + z(u,v) =0, (17)

where x,y, z are the coordinates of a point of the sphere. Since in equation (15)

11 22
{ap-0 {¥}-o
the equalities (14) hold. Consequently,

Gr i) =0 (35, =0.

The vector p is the radius vector of a point of the sphere and at the same time
the unit normal vector to the sphere; therefore

(P P Py) # 0.

On the basis of conditions (8"), (9), (10”), expression (17) can be represented in
the form of a Massau determinant; consequently, equation (15) is nomograph-
able as (1).
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