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MATHEMATICS
E. G. D’ yakonov

DIFFERENCE SCHEMES WITH A SPLIT-
TING OPERATOR FOR NONSTATIONARY
EQUATIONS

(Presented by Academician 1. G. Petrovskii, 12 XII 1961)

Let, in the space of x,t (z = (z,2y,...,7,)), the solution of a periodic Cauchy
problem or of a mixed problem be sought by means of the grid method. Denote
by wj, the grid in z (b = (hy, hy, ..., h,)), ie., the set of points (z,); = i.h,
(s=1,2,...,p), and by w,_ the set of points t,, = 7o +7, ++7,,_1 (0<¢t, <T);
Qpr =Wy, X W,

Ordinary implicit difference schemes have the form

Av ) = P o)yl =)y (1)

where v(™ is the vector of values of the function v on the grid layer ¢t = t,, fis
a given function; A, F' are certain difference operators depending on @, with
A a p-dimensional operator, i.e., to specify Av, (A € w;,) one must specify the
values of v at the points of w; belonging to a neighborhood of the point A in
the space .

For many problems it is known (!'?) that such schemes are absolutely stable,

but finding ™) from (1) requires ~ T3 arithmetic operations.

B3

For one and the same problem there usually exists a class of different implicit
absolutely stable difference schemes with the same order of approximation. It
therefore seems expedient to single out from this class those difference schemes
in which the operator A splits, i.e.,

A:

S

P
A,
=1

where A, are operators of dimension less than p. If all A, are one-dimensional,
then finding v™*1 from (1) reduces to the successive solution of p systems
of equations A w /P = w+E=V/P) - where w™ = F(fM o™ .. o=7))
wnts ) = A A A (s = 1,2, p — 1), wTP/P) = (D) gatisfy

the boundary conditions or periodicity conditions for A, ; A, 5 A,p"™) and
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(n+1).

v In this case the transition from v™ to vV is carried out with the

expenditure of only ~ T arithmetic operations.

It is interesting to note that both the schemes (37%), proposed for equations
with constant coefficients, and their generalizations to the case of equations with
separable variables (7®), in those cases when intermediate steps are eliminated,
lead to relation (1) with a splitting operator A and an operator F' of special
form.

In works (1), for the heat-conduction equation, a difference scheme was pro-

posed in which a factorization of the operator A is carried out. This requirement
on A is somewhat more stringent than the requirement of splitting of A, since
the factorization of the splitting operator A by the method of (%1°) is possible
only in the case of commutativity of A, and A, (s; # s5). In the case of an
equation with variable coefficients, however, the splitting operator A can be fac-
torized only incompletely (11); moreover, because of the incomplete factorization
of A, there arises the necessity at each time

layer an iterative process that is a certain modification of the method (12).

In the present note we give some of the difference schemes with a splitting
operator that have been obtained for equations with variable coefficients.

1. Let, in the cylinder Q7 = Q x [0 < t < T, the solution of the equation
P

Dou =" [D, (ay(x,t)Dy,) + b,(z,t)D,] + d(z,t)u + f, 2)

s=1

be sought, satisfying the conditions

ul,_ =),  ulg=dt),  (at) €S, (3)
where D, = 0/0t, D, = 0/0x, (s = 1,2,...,p); Q is a parallelepiped, S is the
lateral surface of Qr; a, > % > 0.

Introduce the notation:

1 — 1
Asu = hi(u(xs + hs) - u($s))7 Asu = Fs(u<x5) - u(mS - h5>)7

S

Zsu = (AS + ZS> u; E is the identity operator; L™ = Zsagn)As+b§n>Zs+dgn)E,

N

A(;””) =F — an<”>, a(sn) =aq..
If A is a boundary point of w;,, then we set

o=t (1)
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+

and if A is an interior point of wy,, then 11<An U is determined from the following

system of equations:

1 u n n+1 1 —(n) n n
=JTAY = = (B+rd ™)l + 580, (5)
n g=1 n
0 )
WY = pa, (5")

where d,,d are chosen from the conditions: 1) under homogeneous boundary
conditions (4) the operator L is negative definite; 2)

P
E(n) +ngn) — qn
s=1

Theorem 1. If the coefficients (2) are bounded and £(™ satisfies (5) with f = 0
and (4) with ¢ = 0, then

[TV < 1+ er,) €™,

where ¢ > 0 and does not depend on 7,, or h for 0 <t, <T}

[0 = 10" L -

Theorem 2. Suppose the following conditions are fulfilled:
1) ag € Cg(ﬁt)a bs € OO(QT)a de OO(QT)a Dgu € CO(QT)7 D(2)u € CO(QT)7
2) for every t (0 <t < T), u € Dgp)(M(T)); D.a,,b,,d,, considered as

s§7sY Vs ER

functions of x,y,..., 5 1,Z44,...,7,, belong to Dép_D(M(T)).
Then
[u® — o™ = O(I7]) + O(IA]),

where ﬁto =QrNt=ty,ty,=17+7++7_ 1 <T, || =max, 7,
Il = maxh,,
S

D;p )(M ) is the set of functions with partial derivatives containing no more than
two differentiations with respect to z, (s = 1,2,...,p), bounded in Q by the
constant M, and u is the solution of (2), (3).

Ifa, =a,(z,,t), b, =0,d=3"_ d,(x,,1), then for the scheme
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1 £ LD ) 1 n 7 (n+1/2) n+1/2)
EH< ) ot —H(E+2L J o) f2) (6)

Tn

where L% = A a_(z,,t, + 7,/2)A, + d\" E, under somewhat stronger as-

sr7n
sumptions than in Theorem 2, one can obtain the estimate |u®) — v®| =

O(|7?) + O(|h|?). Note that schemes (5) and (6) can be split by the method of
(°.2), if ¢ =0.
2. For the mixed problem

P

D(%U:Z[Ds(as(its,t) su>+ds(xs7t)u] +f(l‘,t), (7)
U |S: w(%t), u ’tzoz @(x)v DOU ’t:OZ 901('7:) (8)

the difference scheme with splitting

A=][E

s=1
has the form
Loapmin— 2 (4 li,—jn) ) _ L gyn-1) 4 g, ©)
27 T2 2~ s )Y 27 ’

the notation here is the same as in Sec. 1.

Theorem 3. If the coefficients in (7) are bounded and E™ satisfies (9) with
f =0 and (4) with ¢ =0, then

&L — £0)
] < M(T) (||6<°> I+ H

) , nr <T.
Theorem 4. Let the conditions of Theorem 2 be fulfilled and
Dyu € C%(Qr),  D§Due C%(Qr) (a=0,1,2);

D,DgDg2 € CY(Qyp), s F 8y, a; =0,1,2 (i=1,2).

Then the estimate is valid
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[u®) —v®)|| = O(12) + O(h?).

3. Suppose that in the cylinder Q, (see Sec. 1) one seeks the solution of the
periodic Cauchy problem

Dyu = (—1)m! Z aspu+ Z a,D*u + Z agDPu+ f,  (10)

|s|=2m |a|=2m |Bl<2m

ul,_ = o),

where s, a, § are p-dimensional differentiation vectors, and a are the vectors cor-
responding to mixed derivatives. The coefficients a will be regarded as constant,
although some generalizations to the case of variable coefficients are possible;
ag > 0.

The difference scheme with splitting A for this problem has the form

L

Tns

(E + rn(—1)mzs + Tnds> ) =

=

Il
—

1 ~ _
=— | E § A E AP +d (n) 4 fn) 11
T, ( + Tn ( Ay + a,B + ) ) v + f ) ( )

|a|=2m |B]<2m

k k
'U<A)+5 = 'U(A>; (12)

¢ is the periodicity vector.

Theorem 5. Suppose: 1)
Yo anl| < (1=0)) aldr £= (6,6, 8,
|a|=2m s

where o > 0, in general, when ZB a3 >0, and o = 0 if Zﬁ a% = 0; 2) the d,
are chosen sufficiently large.

Then, if &™) satisfies (11) with f = 0 and condition (12), then

[TV < (1+ er)le™],

where ¢ > 0 does not depend on 7,, and h (0 < nr <T).
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Theorem 6. Suppose: 1) the conditions of Theorem 5 are fulfilled; 2) u €
C?(Qr). u € Dy (u(T)), DI™?u € C°(Qr).

Then

[u® — v | = O(|7]) + O(|hJ?).

Remark 1. Some general criteria for the stability of difference schemes of the
form A, & (nt1) — B,£ () can be formulated. Namely, for stability with respect
to the initial conditions it is sufficient that, under zero boundary conditions or
periodicity conditions,

14,612 (1 —ei7)

€l 1Bl <1+ ¢

With the aid of this criterion, convergence and the corresponding error estimate
for ordinary implicit schemes have been obtained for general domains © under
weaker smoothness requirements on the solution and on the coefficients of the
equation.

Remark 2. Difference schemes with a splitting operator have also been con-
structed for certain systems of differential equations.

Remark 3. The use of splitting operators in iterative methods makes it possible
to obtain useful modifications of methods (3,%,13).
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