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Abstract
Full Text

N. N. Chentsov
Estimation of an Unknown Distribution Density from Ob-
servations
(Presented by Academician M. V. Keldysh, 21 V 1962)

As is known (see (1)), the deviation of a histogram from the unknown graph of
the density decreases, roughly speaking, as 𝑁−1/3, where 𝑁 is the number of
independent observations from which the histogram is constructed. In this paper
a class of methods for estimating an unknown density is considered, generalizing
the histogram method and capable of giving greater accuracy. These methods
proved useful to the author in solving certain practical problems (see (2)).

Let 𝜉 be a random variable (not necessarily numerical), 𝜇(𝑑𝑥) a measure in the
space 𝑋 of values of 𝜉, a point function; 𝑝(𝑥) = 𝑑𝑃/𝑑𝜇 the sought density of
the probability distribution 𝑃(⋅) of the variable 𝜉 with respect to the measure
𝜇.

Let a weight 𝑟(𝑥) be given on 𝑋, and let the scalar product

(𝜑, 𝜓) = ∫
𝑋

𝜑(𝑥)𝜓(𝑥) 𝜇(𝑑𝑥) (1)

define a Hilbert space 𝐿2(𝑟), with 𝑝(⋅) ∈ 𝐿2(𝑟).
Consider an arbitrary 𝑛-dimensional subspace 𝐸𝑛 with orthonormalized basis
{𝜑𝑘𝑛(𝑥)}, 𝑘 = 1, … , 𝑛. Denote

𝜋𝑛(𝑥) =
𝑛

∑
𝑘=1

𝑎𝑘𝑛𝜑𝑘𝑛(𝑥) =
𝑛

∑
𝑘=1

(𝜑𝑘𝑛, 𝑝)𝜑𝑘𝑛(𝑥)

the mean-square approximation of 𝑝(𝑥), i.e., the projection of 𝑝(⋅) onto 𝐸𝑛. The
coefficients 𝑎𝑘𝑛 may be interpreted as

𝑎𝑘𝑛 = (𝜑𝑘𝑛, 𝑝) = ∫ 𝜑𝑘𝑛(𝑥) 𝑟(𝑥) 𝑑𝑃 = M𝛼𝑘(𝜉), (2)

where 𝛼𝑘(𝜉) = 𝜑𝑘𝑛(𝜉)𝑟(𝜉). Let 𝜉(1), … , 𝜉(𝑁) be independent observations of the
variable 𝜉. Form the mean

𝑎∗
𝑘 = 1

𝑁
𝑁

∑
𝑖=1

𝛼𝑘(𝜉(𝑖)),
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and also the polynomial

𝜋∗
𝑛𝑁(𝑥) =

𝑛
∑
𝑘=1

𝑎∗
𝑘𝜑𝑘𝑛(𝑥) =

𝑛
∑
𝑘=1

(𝜑𝑘𝑛, 𝑑Ξ𝑁
𝑑𝜇 ) 𝜑𝑘𝑛(𝑥), (3)

i.e., the projection onto 𝐸𝑁 of the “derivative”𝑑Ξ𝑁/𝑑𝜇 with respect to the
measure 𝜇(𝑑𝑥) of the empirical discrete measure Ξ𝑁(𝑑𝑥) with atoms of weight
1/𝑁 at the observed points 𝜉(𝑖).

By the Pythagorean theorem,

‖𝜋∗(𝑥) − 𝑝(𝑥)‖2 = ‖𝜋𝑛(𝑥) − 𝑝(𝑥)‖2 +
𝑛

∑
𝑘=1

[𝑎∗
𝑘 − 𝑎𝑘𝑛]2. (4)

Thus, by choosing a subspace 𝐸𝑛 that approximates 𝑝(𝑥) sufficiently well and
then making a sufficiently large number 𝑁 of observations,

we can obtain, by formula (3), an approximation to 𝑝(𝑥) with an arbitrarily
small random error in 𝐿2(𝑟).
Although the density 𝑝(𝑥) is unknown, we may have information that 𝑝(𝑥)
belongs to a set Π of functions with a known rate of approximation (for example,
by trigonometric polynomials). Suppose 𝑁 independent observations of 𝜉 have
been made. What dimension 𝑛 should be chosen in order to use them in the best
way for estimating 𝑝(𝑥)? The rate of approximation of 𝑝(𝑥) by a given sequence
of subspaces 𝐸𝑛 is assumed known. We measure the error 𝜌(‖𝜋∗ − 𝑝‖) in the
approximation of 𝑝(𝑥) by the random polynomial 𝜋∗(𝑥) either by the quantity
√𝑀‖𝜋∗ − 𝑝‖2, or by the confidence estimate 𝑄𝛿(‖𝜋∗(𝑥) − 𝑝(𝑥)‖)—the quantile
of order 1 − 𝛿 for the corresponding sufficiently small 𝛿.

Theorem 1a. If it is known that 𝑝(⋅) ∈ 𝐿2(𝑟) and

‖𝜋𝑛(𝑥) − 𝑝(𝑥)‖2 ≤ 𝐵𝑔(𝐶𝑛), (5a)

and the sequence 𝐸𝑛 is such that

∫ { 1
𝑛

𝑛
∑
𝑘=1

|𝜑𝑘𝑛(𝑥)|2} [𝑟(𝑥)]2𝑝(𝑥) 𝜇(𝑑𝑥) ≤ 𝐻, (6a)

where 𝑔(𝑛) ↓ 0; 𝐵, 𝐶, 𝐻 are positive constants, then 𝑛 can be chosen as max
(roughly speaking, 𝑛𝑁 ≍ Γ(𝑁)) so that

𝜌(‖𝜋∗ − 𝑝‖) = 𝑂(√𝑁−1Γ(𝑁)) ,

where Γ(𝑦/𝑔(𝑦)) ≡ 𝑦.
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Theorem 1b. If it is known that 𝑝(⋅) ∈ 𝐿2(𝑟) and

‖𝜋𝑛(𝑥) − 𝑝(𝑥)‖2 ≥ 𝑏𝑔(𝑐𝑛), (5b)

∫ { 1
𝑛

𝑛
∑
𝑘=1

|𝜑𝑘𝑛(𝑥)|2} [𝑟(𝑥)]2𝑝(𝑥) 𝜇(𝑑𝑥) ≥ ℎ, (6b)

where 𝑏, 𝑐, ℎ are some positive constants, and, when the deviation is measured
by a quantile, also that for sufficiently small 𝛿

𝑄𝛿(
𝑛

∑
𝑘=1

[𝑎∗
𝑘 − 𝑎𝑘𝑛]2) ≥ 𝑙𝑀(

𝑛
∑
𝑘=1

[𝑎∗
𝑘 − 𝑎𝑘𝑛]2) ,

then, for any choice of 𝑛,

𝜌(‖𝜋∗ − 𝑝‖) = Ω(√𝑁−1Γ(𝑁)) .

Thus, if the conditions of the theorems are satisfied, the norm of the error ‖𝜋∗−𝑝‖
in the best case has order √𝑁−1Γ(𝑁). To prove the theorems, one estimates
from above and from below the minimum over 𝑛 of the expectation or quantile
of the sum (4). The first term decreases as 𝑔(𝑛), the second term behaves as
𝑛/𝑁 , and their sum will be nearly minimal when the terms are equal. Both of
these theorems can be extended to the case of a variable weight 𝑟𝑛(𝑥).
Corollary 1. Let 𝜋∗

𝑛𝑁(𝑥) be a histogram of the random variable 𝜉, 𝑎 ≤ 𝜉 ≤ 𝑏,
with distribution density 𝑝(𝑥), constructed from 𝑁 independent observations.
The 𝐿2-deviation of 𝜋∗(𝑥) from 𝑝(𝑥) in the best case (in particular, for 𝑛 ∼ 3√𝑁
grouping intervals of equal length) has, in probability, order 𝑁−1/3. (Here 𝑝′(𝑥)
is assumed to be continuous and not identically equal to zero.)

Corollary 2. The 𝐿2-deviation of the histogram 𝜋∗
𝑛𝑁( ⃗𝑥) of a vector random

variable ⃗𝜉 = {𝜉𝑚}, 𝑎𝑚 ≤ 𝜉𝑚 ≤ 𝑏𝑚; 𝑚 = 1, … , 𝑠, in the best case has, in
probability, order

𝑁− 1
𝑠+2 .

Corollary 3. If {𝜑𝑘(𝑥)} is an orthonormal basis in 𝐿2(𝑟) and

|(𝜑𝑘, 𝜌)| ≤ 𝐴𝑘−𝑚, ∫[𝜑𝑘(𝑥)𝑟(𝑥)]2𝜌(𝑥)𝜇(𝑑𝑥) ≤ 𝐻,

then, with the choice
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𝑛 ∼ 2𝑚√𝑁,

the deviation ‖𝜋∗ − 𝜌‖ has, in probability, order

𝑁− 1
2 + 1

4𝑚 .

Since the rate of approximation of 𝜌(𝑥) by a segment of the series ∑ 𝑎𝑘𝜑𝑘(𝑥)
may be unknown in advance, one can choose 𝑛 according to the results of the ob-
servations, restricting oneself in (3) only to those terms for which the coefficient
𝑎∗

𝑘𝑁 is substantially larger than its experimental root-mean-square error.

Above we considered approximation of 𝜌(𝑥) in the metric 𝐿2. In other metrics,
Theorems 1a and 1b may give upper or lower estimates. In particular, it follows
that the maximum of the absolute deviation of the histogram from the density
is a quantity Ω(𝑁−1/3). From the results of N. V. Smirnov (1) (see also (3)) it
follows that this estimate can be sharpened only by a logarithmic factor. Unlike
the histogram, for 𝜑𝑘𝑛(𝑥) of general form the polynomial 𝜋∗

𝑛𝑁(𝑥) may turn
out to be nonpositive. To avoid this, one may try to correct it by setting, for
example,

̃𝜋 ∗
𝑛𝑁(𝑥) =

𝑛
∑
𝑘=1

𝛾𝑘𝑛𝑎∗
𝑘𝑛𝜑𝑘𝑛(𝑥),

where 𝛾𝑘𝑛 are certain multipliers.

It is clear in advance that the estimate of 𝜌(𝑥) by formula (3) is not always
appropriate. However, if an estimate is needed which is suitable for any unknown
density 𝜌(𝑥) from a substantially infinite-dimensional set Π of densities, then
estimate (3) may turn out to be close to optimal (more precisely, with an error
only a finite number of times larger than that of the optimal estimate). Let us
consider two restrictions on the set Π and the weight 𝑟(𝑥):

sup
𝜌∈Π, 𝑥∈𝑋

𝜌(𝑥)𝑟(𝑥) ≤ 𝐴; (7a)

inf
𝜌∈Π, 𝑥∈𝑋

𝜌(𝑥)𝑟(𝑥) ≥ 𝑎. (7b)

If conditions (7a) and (7b) are both satisfied, then all densities 𝜌(⋅) ∈ Π are
uniformly “Lipschitz-equivalent”with respect to one another:

𝑎
𝐴 ≤ inf

𝜌,𝑞,𝑥
𝜌(𝑥)
𝑞(𝑥) ≤ sup

𝜌,𝑞,𝑥

𝜌(𝑥)
𝑞(𝑥) ≤ 𝐴

𝑎 . (8)
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Denote by 𝑑𝑛(Π) the 𝑛-dimensional width of Π (see (4)), and by 𝑟𝑛(Π) the
radius of the largest 𝑛-dimensional sphere inscribed in Π.

Theorem 2a. If condition (7a) is satisfied and

𝑑𝑛(Π) ≤ 𝐵𝑔(𝐶𝑛), (9a)

then one can choose a sequence of subspaces 𝐸𝑛 and a dependence of 𝑛 on 𝑁
such that

sup
𝜌∈Π

𝜌(‖𝜋∗
𝑛𝑁 − 𝜌‖) = 𝑂 (√𝑁−1Γ(𝑁)) .

Theorem 2b. If condition (7b) is satisfied and

𝑟𝑛(Π) ≥ 𝑏𝑔(𝑐𝑛), (9b)

then, for any estimate 𝜋∗
𝑁(𝑥; 𝜉(1), … , 𝜉(𝑁)), whatever the method of its construc-

tion,

sup
𝜌∈Π

𝜌(‖𝜋∗
𝑁 − 𝜌‖) = Ω (√𝑁−1Γ(𝑁)) .

Theorem 2a follows easily from Theorem 1a. The idea of the proof of Theorem
2b is that, on the one hand,

𝑀‖𝜋∗ − 𝜌‖2 ≥ ‖𝑀𝜋∗ − 𝜌‖2,

and, on the other hand, by the Cramér—Rao inequality (see (5)), for any 𝑛-
dimensional sub-

of the space 𝐸𝑛 ∋ 𝑝

𝑀‖𝜋∗ − 𝑝‖2 ≥ 𝑎 𝑛
𝑁 [ 1

𝑛 div 𝑀𝜋∗
𝑛]

2
,

where 𝜋∗
𝑛 is the projection of 𝜋∗ onto 𝐸𝑛.

If Π has property (8), and each weight 𝑟(𝑥) ∈ 𝑅 has properties (7a) and (7b),
then all the metrics 𝐿2(𝑟) are equivalent on Π. Under these conditions Theorem
2a can be strengthened by replacing in it

sup
𝑝∈Π

sup
𝑟∈𝑅

𝜌(‖𝜋∗
𝑛𝑁 − 𝑝‖),
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and in Theorem 2b by

sup
𝑝∈Π

inf
𝑟∈𝑅

𝜌(‖𝜋∗
𝑁 − 𝑝‖).

The most important example is the family of weights 𝑟(𝑥) = 1/𝑝(𝑥); at each
point 𝑝 ∈ Π there is its own scalar product and its own metric, so that Π may
be interpreted as a Riemannian manifold of infinite dimension. In this case the
quality of approximation is determined by the mean square of the relative error.
It should be noted, however, that for distributions defined on the entire real line
or on the entire Euclidean space, conditions (7a) and (7b), and still more (8),
turn out to be excessively restrictive.

In conclusion, the author considers it a pleasant duty to express gratitude to N.
V. Smirnov for his constant attention and valuable discussion.

Received
15 V 1962
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