Soviet-era science, translated into English

L. M. Vitaver

1962

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196201.25953

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-196201.25953

Abstract
Full Text

L. M. Vitaver

ON A VERTEX-EDGE FUNCTION OF GRAPHS
(Presented by Academician S. L. Sobolev on 23 I 1962)

A systematic study of recurrent functions of graphs was begun by A. A. Zykov
(1-*). We shall consider one of such functions, belonging to the class of vertex-
edge functions (3), and in doing so shall use the definitions and notation of (-
1),

1. Let L be an arbitrary nonempty graph whose edges are ordered in some
way; let ab be its first edge. Let L, be the graph obtained from L by
deleting the edge ab without deleting vertices; let L, be the graph obtained
from L by deleting the edge ab and replacing the vertices a and b by a
single vertex a, adjacent to those of the remaining vertices of L which were
adjacent to one and only one of the vertices a, b (the order of the edges in
the graphs L,, L, is induced by the order of the edges in the graph L).

Fig. 1

Further, let K be a ring with generators «, u, 1, and let ®(L) be a function of
graphs taking values in K and satisfying the conditions

(L) = a®(Ly) + p®(L,) +1; (1)

®(E,) =0, n=01,2.., (2)

where E, is the empty n-vertex graph.

In order that the value of the function ®(L) not depend on the manner of order-
ing the edges of the graph L, it is necessary and sufficient that the conditions

(ap — po)(a+ p)"p(a+ p+1) = 0; (31)

(@ =Dp"Ha+p+1) =0, (32)

where m,n = 0,1, 2, ..., be fulfilled.

The method of proof of this assertion is borrowed from (). Necessity is proved
by comparing the values of ® for the corresponding graph of Fig. 1 for two ways
of ordering its edges. In deriving (3,) we use the relation
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Fig. 2

Figure 1: Fig. 2

m

(a@mp" —p"a™)(a+p+1) =0, (33)

which is an algebraic consequence of (3;).

To prove sufficiency, we first show that, with the help of (3), the general expres-
sion ®(L) is brought to the form

— (—1)%(L)
B(L) = (o) + oy () +vp (et p+ 1)+ 0

where

ad2l)=2 1 qd2(l)=4 o 02 11, ifdy(L) =0 (mod 2),
fula) = { S (5)

ab(l)=2 4 qd2(l)=4 1.4 03 o, ifdy(L)=1 (mod 2),

and ¢y (1), ¥y (@) are polynomials with integer nonnegative coefficients, more-
over

pr(—p) = (=)= e (); Yp(—p) = (1) =Py, (). (6)

After this it remains to consider three cases of the mutual arrangement of the
pair of edges ac and be (or bd) in an arbitrary graph (Fig. 2); applying induction
on the number of edges of the graph and using once again relations (3), we
complete the proof of sufficiency.

Fig. 2

2. The expression (4) for the function ®(L) is uniquely recovered from the
general expression of the function ¥(L), satisfying the conditions

V(L) = (L) + p¥(L,) + 1% (1)

U(E,)=0, n=0,12,.. (2))

Obviously, U(L) is a polynomial with integer nonnegative coefficients: ¥(L) =
>0 @k (L) ¥, moreover

ap(L) = ay(Ly) + ay_1(L,,), k=12 ..; (7)
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We shall now show that

ap(L) = Z(_2)ipi+k+1,i(L)v 9)

>0

where Pji(L) is the number of edge subgraphs M of the graph L for which
doy(M) =jand (M) =i.

It is easy to see that Pj;(L) = Pj;(L,) + P (L), where P;(L) is the number of
those edge subgraphs (with number of edges j and cyclomatic number ¢) of the
graph L which contain the edge ab.

Let p be the number of triangles of the graph L containing the edge ab; the
vertices of these triangles distinct from a and b will be called the c-vertices of
the graph L.

Let P;;"°(L,) be the number of those edge subgraphs (with number of edges
j and cyclomatic number %) of the graph L, whose composition includes r c-
vertices of the graph L, of which ¢ belong to one connected component with the
vertex @ in the graph L,, while the remaining r — ¢ are distributed among s
connected components of the graph L,,.

In any edge subgraph M of the graph L we distinguish classes of vertices belong-
ing to the separate connected components of M itself or of the graph obtained
from M as a result of the operation L — L,. Among the c-vertices of each of
these classes we distinguish vertices adjacent to both a and b simultaneously,
adjacent to only one of the vertices a, b, and, finally, not adjacent—

* It is clear that for o = 1 the conditions (3) are fulfilled.

connected neither with a nor with b. The notation needed below for the numbers
of c-vertices of one or another type is given in Fig. 3.

Fig. 3
Then
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where the expression in braces is regarded as equal to one for ¢ = 0;

¢
J1=7—1—(2w—wy)— (g1 + 2¢,) ZQ%—QM

n=1
t

’[:1 :Z*(Q}*wl) 61 +2€2 Z 2qn QTLl t

n=1

Z(_2>ipi+k+1,i(L) - Z<_2)ipi+k+1,i([/a) = Z(_2>ipi+k+1,i(L) =

120 >0 >0
P r w e—e;q
w B e
Z Z Cot2%n E E CSroe E 05251
r=0 w=0w;=0 e=0¢,=0 £5,=0
s t T , q,
% LY i S oo | b x
an an
>0 t=0 ¢ gl B ~
5= Yooy GnS<r—w—e ™ n dn1
7 w,E,S8 _
X zl+k w—t, iy (LH) -
7120

In replacing the summation index ¢; by i we used the fact that P;; = 0 for ¢ <0.

Z 051251 51 z:l C 25!| ~

e=0 [&,=0 £5,=0

Z 00‘3)12‘“1(— w— w1‘| Z

/
s t dn qn
« ” E Cg:(_g)q E C;I;rlgqm( 2)n=dn1 X
520 t=0 Z'tn,:l qnﬁT*(.d*E n=1 qitzl In1=

P
XD (L) = 303D SRR, (L) =

= (—2)4 Z P;ille (L,) = . <*2)ipi1+k,il(Lu)-

1,20 T,€,8
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Thus

/7

D (2 Pri(L) =D (-2 Prgna(La) + (=2 Pry (L), (T)

i>0 i>0 i>0

k=1,2,..

Moreover,

Pyy(L) = Pyo(L,) + 1, (8")
for P,y(L) = dy(L). Comparing (7), (8) and (7’), (8'), and taking into account
the uniqueness of the function ¥(L), we obtain (9).

Thus,

= Z z+k+1 z L),uk~
i,k

)

3. It is easy to show that the quantities dy(L) and I(L) are connected by the
relation

UL) < dy(L) + 3 [1 = Vdy(D) + 1],

where the equality sign is attained if L is a graph almost isomorphic to a
complete graph. It follows that edge subgraphs M of the graph L, for which
do(M) = j and (M) = i, can exist only when

j<dy(L); i <min{l(L); j+ 51— /E+ 1)}

Taking this into account, we finally obtain

dy(L)—U(L)~1 C iy *—1

W(L) = Z Z (=2)" Py (L)pF

k=0 =0

The present work was carried out under the supervision of A. A. Zykov, to
whom the author expresses gratitude for posing the problem and for a number
of useful discussions.
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