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Let B(z) be a covariant, with respect to Z, continuous except for a finite number
of points and lines of discontinuity, defined on a closed Riemann surface R of
genus p > 2. The differential equation

U,=B(x)U (1)

is reduced to the integral equation

1 _
U(z)+ — Bt)U((t) A(t,z)dT = ®(z),
@)+ 1 [ BOT® A a7 = 0t )

where ®(z) is an analytic function. Here A(t, z) is the Cauchy kernel constructed
in (7). Its properties have been studied in more detail in the author’ s paper
(3). The kernel A(t,z) has a pole with residue +1 when P[t] = P[z] and poles
of first order in z, determined by the divisor §, ord(d) = p, dim(W — §) = 0,
called characteristic. The principal parts of the expansions at the points § are
covariants of the first kind with respect to t, forming a basis. With respect to
t, at the points ¢ the kernel has zeros and a pole of first order at the point F,.

It is not difficult to introduce a metric in which the operator

1 _
KU =—— B(t)U(t) A(t, z)dT
] BoT@ A Q

will be completely continuous.

The adjoint to (2) turns out to be the covariant equation

Vi(z)+ % //R B(t)V(t) Az, t)dT = ¥(2), (4)
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where ¥(z) is an analytic covariant. Its solutions are covariants satisfying the
differential equation

Vi + Wv =0, (5)

which we shall call the adjoint of (1).

For the solvability of equation (2), it is necessary and sufficient that

Re//RB(t)Vj(t)@(t) dt=0 (j=1,2,..,k), (6)

where V;(z) (j = 1,2, ..., k) is a complete system of solutions of the homogeneous
equation (4).

For the solvability of equation (4), it is necessary and sufficient that

Re//RB(t) U, U(t)dT =0 (j=1,2,..,k), (7)

where U;(z) (j = 1,2, ..., k) is a complete system of solutions of the homogeneous
equation (2).

As shown in (3), such solutions, generally speaking, exist.

From the integral representation

U(z) = p(z)exp {—i //T B(t)gg;/l(t,z) dT} inT, (8)

established by I. I. Danilyuk (?), the Liouville theorem easily follows in the
following formulation: a solution of equation (2), regular everywhere on R and
having at least one zero, is identically equal to zero. Hence it follows that the
number k; of solutions of equation (1) regular on R (in what follows we call
them generalized constants) does not exceed two. The number k; of covariants
regular on R satisfying equation (5) (we call them generalized covariants of the
first kind) does not exceed 2p.

Examples show that the numbers k;, and k; may vary depending on the choice
of B(z). In particular, for B(z) =0, k, = 2.

Let us construct an example with £, < 2. In the domain R — T consider an
analytic covariant having a pole of first order at P, and zeros in . Extend
it continuously into T. Put B(z) = —V_(z)/V(z), where V(z) is the covariant
constructed by us. Then it satisfies the integral equation
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V(z) + % // Bt)V(t) A(z,t)dT = Z'(z), 9)

T

where Z’(z) is an Abelian covariant of the first kind having a zero in 4. As a
consequence of the condition dim(W —¢§) = 0, Z’(z) = 0. In view of the fact
that the residue of V(z) at the point P,

1 (e
-2 //T B VD) dT #0, (10)

at least one of the equations is insoluble,

Uz)+ = //TB(t)U(t)A(t,z) dT =1 (i). (11)

s

It follows that k, < 2, since generalized constants, as is easy to see, satisfy one
of these equations.

Theorem 1. The difference between the number k, of generalized constants
and the number ky of generalized covariants of the first kind is equal to
ky — kg =2p—2. (12)
Let ky = 2. Then both equations are soluble,
U(z) + // Bt)U(t) A(t,z)dT =1 (1), (13)
R
and, consequently, for all solutions of the equation
1 .
Viz)+ = // B(t)V(t) A(z,t)dT =0 (14)
7r
R

the condition

// Bt)V(t)dT =0 (15)
R

is fulfilled. Thus all k£ solutions of equation (14) turn out to be generalized
covariants of the first kind. Let us consider the solvability conditions for the
equation

1 [ =———— i
zZ)+ — Alz, = x, 27 (2)",
V( )+7T//RB(t)V(t) (z,)dT =Y x,Z{(2) (16)

i=1
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*Zi(2) (i=1,2,...,2p)
is a real basis of the Abelian differentials of the surface R.

among whose solutions all the remaining generalized covariants of the first kind
are contained. We arrive at the system

2p
Y may =0 (j=1,2,.. k), (17)
i=1
where
a;; :Re// Bt)U,(t) Z{(t)dT  (i=1,2,....k), (18)
R
U;(t) (4 1,2,..., k) is a complete system of solutions of the homogeneous

equation (2). It is proved that rang |a,;| = k, and, consequently, equation (16)
has 2p—Fk linearly independent solutions, and all of them prove to be generalized
covariants of the first kind. The total number of generalized covariants of the
first kind is equal to 2p, and formula (12) is valid.

When ky =1 or k, = 0, among the solutions of equation (14) there are one or
two having poles at F,, and the number of generalized covariants of the first
kind proves to be equal to 2p — 1 or 2p — 2. Formula (12) also remains valid in
this case.

Theorem 2 (Riemann-Roch). The difference between the number M of
functions satisfying equation (1) and divisible by the divisor —A, and the number
N of covariants satisfying equation (5) and divisible by A, is equal to

M — N =2ord(A) —2p+ 2. (19)

Divide R into domains T and T~ so that all points of A lie in T~. We have
the representations

U(z) =UT(2) in TT,
U(z)=A(z)U (2) inT-,
where A(z) is a function analytic in T~ whose poles are determined by the

divisor A; U *(z) are functions regular in T+ and satisfying the equation U, =
B, (2)U, where
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B =S A (20)

U+(t) = AU~ (t) (21)

of index xy = ord(A).

For covariants we obtain the problem

for the conjugate equation.
The assertion of the theorem follows from the results of work (°).

In conclusion, consider the equation

Ozw, = Aw,, + Bw,, (23)

for differentials of dimension v.

Conjugate to the Riemann problem

wy(t) = Gt)w, (t) +g,(t),  (w,)+A >0, (24)

for differentials belonging to equation (23) and divisible by —A (see (%)), is
called the problem

WD = gD, )= A0, (25)

for differentials of dimension 1 — v, multiples of A, and satisfying the equation

3z7717u + A7717u + §ﬁ1,V = 01 (26)

conjugate to (23).
Using the results of work 6, one can prove the following assertions:

Theorem 3. The difference between the number [ of solutions of the homo-
geneous problem (24) and the number I’ of solutions of the conjugate problem
(25) is equal to

sovietrxiv.org/items/ru-196201.25647 Machine Translation


https://sovietrxiv.org/items/ru-196201.25647

=1 =2u+2v—1)(2p—2) + 2 ord(A), » = indp G. (27)

For solvability of the nonhomogeneous problem it is necessary and sufficient
that

Im / a9 =0 (=121, (25)

where nfgj) (j=1,2,...,0") is a complete system of solutions of problem (25).

Theorem 4. The difference between the number M of differentials of dimension
v, multiples of —A and satisfying equation (23), and the number N of differen-
tials of dimension 1 — v, satisfying the conjugate equation (26) and multiples of
A, is equal to

M—N=2ord(A)+ (2v—-1)(2p —2). (29)
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