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Abstract
Full Text
Physics

G. V. Rozenberg

Light Characteristics of Thick Layers of a Scat-
tering Medium with Small Specific Absorption
(Presented by Academician V. G. Fesenkov, 28 II 1962)

1. The exact solution of the transfer equation gives, for the brightness coef-
ficient 𝑅 = 𝐼/𝐼0𝜔0 of an arbitrary semi-infinite medium, the expression
1

𝑅∞(r, r0) =
∞

∑
1

𝑎𝑛(r, r0)(1 + 𝛽)−𝑛, (1)

where 𝐼0, 𝐼 are the brightnesses of the illuminating and reflected light beams;
r0, r are unit vectors of their directions; 𝜔0 is the solid angle of the illuminating
beam; 𝑎𝑛(r, r0) depends on the form of the scattering matrix 𝑓𝑖𝑘(r, r0); 𝛽 = 𝛼/𝜎
is the specific absorption of the medium (𝛼, 𝜎 are the volume coefficients of
absorption and scattering); 𝑛 is the order of scattering. Taking into account
that for 𝛽 ≪ 1 the mean order of scattering 2,3

𝑛̄ ≃ 𝑠(r, r0)𝜂
2√𝛽 (2)

and re-expanding (1) in a series in 𝑛−1, we find

𝑅∞(r, r0) ≃ 𝜇0
𝜋 ℎ(r, r0) exp[−𝑠(r, r0)𝜂√𝛽], (3)

where 𝜇 = cos 𝜗; 𝜗0 is the angle of incidence of the illuminating beam; ℎ, 𝑠, 𝜂
depend only on the form of the scattering matrix.

Using the approximate solution of the transfer equation in the depth of a scatter-
ing medium for 𝛽 ≪ 1 4, which has the form 𝐼(𝜇, 𝜏) = 𝐶(𝜇)𝑒−𝛾𝜏(1+𝛾𝑎(𝜇)+…),
where 𝜏 is the optical depth; 𝛾 ≃ √𝛽/𝑞, 𝑞 = 1

2 ∫+1
−1 𝜇𝑎(𝜇) 𝑑𝜇, and 𝑎(𝜇) = 𝑎(−𝜇)

depends only on the scattering matrix, we obtain 𝜂 = 4√𝑞.

2. Let us consider a layer with optical thickness 𝜏∗. If 𝜏∗ is sufficiently large,
so that the diffuse illuminance 𝐸 at the base of the layer is much greater
than the illuminance by direct rays, then the angular distribution of the
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brightness of the light emerging from the layer does not depend on 𝜏∗,
and one may put 𝐼(𝜇) = 1

𝜋 𝑔(𝜇)𝐸, where 𝑔 depends only on the scattering
matrix. Introduce the notation

𝑦 = 𝜂√𝛽; 𝑥 = 𝛾𝜏∗ = 𝑦
𝑙 𝜏∗; 𝑙 = 4𝑞 (4)

and consider a layer singled out in the depth of the scattering medium. Using
(3), the solution for the depth regime, and also the reciprocity and invariance the-
orems, we obtain expressions for the albedo 𝑅 and transmittance 𝑇 of the layer
under quasidiffuse illumination corresponding to the conditions of the depth
regime:

𝑇 = sh 𝑦
sh(𝑥 + 𝑦) ; 𝑅 = sh 𝑥

sh(𝑥 + 𝑦) , (5)

and also for the transmittance under directional illumination:

𝑡 ≡ 𝐼𝜔
𝐼0𝜔0

= 𝜔
𝜋 𝜇0𝑔(𝜇′

0)𝑔(𝜇) sh 𝑦
sh(𝑥 + 𝑦) +

⎧{
⎨{⎩

exp(−𝜏∗/𝜇0)𝛿𝑟,r0
, (𝜔 ⩾ 𝜔0),

𝜔
𝜔0

exp(−𝜏∗/𝜇0)𝛿𝑟,r0
, (𝜔 ⩽ 𝜔0), (6)

(𝛿𝑟,r0
is the Kronecker symbol; the last term takes into account the direct light

penetrating through the layer) and for the brightness coefficient of the layer:

𝑅(r, r0) = 𝜇0
𝜋 [ℎ(r, r0) exp[−𝑠(r, r0)𝑦] − 𝑔(𝜇0)𝑔(𝜇)𝑒−𝑥−𝑦 sh 𝑦

sh(𝑥 + 𝑦) ] . (7)

3. If the layer is located on a substrate with albedo 𝑅𝑝 and with brightness

indicatrix under quasi-diffuse illumination 1
𝜋 𝐶(𝜇), then (without taking

direct light into account)

𝑅(r, r0) = 𝜇0
𝜋 {ℎ(r, r0) exp[−𝑠(r, r0)𝑦] − 𝑔(𝜇0)𝑔(𝜇) sh 𝑦

sh(𝑥 + 𝑦) [𝑒−𝑥−𝑦 − 𝑅𝑝 sh 𝑦
sh(𝑥 + 𝑦) − 𝑅𝑝 sh 𝑥]} ,

(8)

𝑡 = 𝜔
𝜋 𝜇0𝑔(𝜇0) sh 𝑦

⎡
⎢
⎢
⎢
⎣

𝑔(𝜇) − 𝑅𝑝 [𝑔(𝜇) − 𝑦𝑔(𝜇) ⋅ 2 ∫
1

0
𝜇′𝑔(𝜇′)𝐺(𝜇′) 𝑑𝜇′]

sh(𝑥 + 𝑦) − 𝑅𝑝 sh 𝑥 ⋅ 2 ∫
1

0
𝜇′𝑔(𝜇′)𝐺(𝜇′) 𝑑𝜇′

−
1
𝜋 ∫ 𝜇′ℎ(r, r′) exp[−𝑠(r, r′)𝑦]𝐺(𝜇′) 𝑑r′

sh(𝑥 + 𝑦) − 𝑅𝑝 sh 𝑥 ⋅ 2 ∫
1

0
𝜇′𝑔(𝜇′)𝐺(𝜇′) 𝑑𝜇′

⎤
⎥
⎥
⎥
⎦

.

(9)
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If 𝐺(𝜇) does not differ greatly from

𝐺(𝜇) = 𝑒𝑦/2 [1 − 𝑦
𝑙 𝑎(𝜇)] ,

then the albedo of the layer under quasi-diffuse illumination is:

𝑅 = 𝑒−𝑦 − sh 𝑦
sh(𝑥 + 𝑦) [𝑒−𝑥−𝑦 − 𝑅𝑝 sh 𝑦

sh(𝑥 + 𝑦) − 𝑅𝑝 sh 𝑥] ; (10)

the illuminance from above at the base of the layer:

𝐸↓ = 𝐼0𝜔0𝜇0𝑔(𝜇0) sh 𝑦
sh(𝑥 + 𝑦) − 𝑅𝑝 sh 𝑥, (11)

or, as 𝛽 → 0,

𝐸↓ 𝐼0𝜔0𝜇0𝑔(𝜇0) 𝑙
(1 − 𝑅𝑝)𝜏∗ + 𝑙; (12)

the illuminance from above at the level 𝑥′ above the base of the layer:

𝐸↓(𝑥 − 𝑥′) = 𝐼0𝜔0𝜇0𝑔(𝜇0) sh(𝑥′ − 𝑦)

sh(𝑥 + 𝑦) − 𝑅𝑝 sh 𝑦 sh(𝑥 − 𝑥′)
sh(𝑥′ + 𝑦) − 𝑅𝑝 sh 𝑥′

; (13)

and the brightness at depth 𝑥 in the half-space (𝑅𝑝 = 𝑒−𝑦):

𝐼(𝑥, 𝜇) = 1
𝜋 𝐼0𝜔0𝜇0𝑔(𝜇0)𝑒−𝑥−𝑦/2 [1 + 𝑦

𝑙 𝑎(𝜇)] . (14)

4. The relations obtained are valid if the form of the scattering matrix does
not depend on 𝛽 (𝜕 ln 𝑓𝑖𝑘

𝜕√𝛽 ≪ 1), which is certainly the case when 𝑎 of the
dispersing medium is varied, or when the effective radius 𝑟 of the particles
is varied, if 𝜌 ≡ 2𝜋𝑟/𝜆 ≫ 1. In the latter case, for 𝛽 ≪ 1, 𝜎 ≃ 2𝜋𝑟2𝑁 (5),
where 𝑁 is the particle concentration, and 𝛼 ≃ 𝜋𝑟2 4𝜋𝜘

𝜆 𝐾𝑟𝑁 , where 𝜘 is
the absorption index of the substance forming the particles, and 𝐾 is the
particle shape factor. Accordingly, 𝛽 = 𝐾𝜌𝜘, and from (3) we obtain

𝑅∞(r, r0) = 𝜇0
𝜋 ℎ(r, r0) exp [−𝑠(r, r0)𝜂√𝐾𝜌𝜘] . (15)

If the dye is adsorbed by the particle, then 𝛼 = 𝐾′𝜋𝑟2𝑐 4𝜋𝜘
𝜆 𝑁 , where 𝐾′ is a

shape factor that, for particles of irregular shape, may depend weakly on size,
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and 𝑐 is the surface concentration of the dye. Therefore 𝛽, and consequently
also 𝑅∞, do not depend on 𝑟 for spherical particles and may depend only weakly
on 𝑟 for particles of irregular shape.

5. Comparison of relations (3), (5), (6), (7), (12) with solutions of the trans-
port equation on computers (6), and also of (3), (12), (14), and (15) with
data from a number of experiments, shows good quantitative agreement
for 𝛽 ≲ 0.2; 𝑅(𝜏∗, 𝛽) ≳ 0.2𝑅(∞, 0); 𝜏∗ ≳ 5𝜇0, and 1 mm ≳ 𝑟 ≳ 1 𝜇.
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